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Abstract
This article presents a theoretical and numerical analysis of guided wave released during an acoustic emission event using
excitation potentials. Theoretical formulation showed that guided wave generated using excitation potentials follows the
Rayleigh–Lamb equation. The numerical studies predict the out-of-plane displacement of acoustic emission guided wave
on the plate surface at some distance away from the source. Parameter studies were performed to evaluate the effect of
(1) pressure and shear potentials acting alone and in combination, (2) plate thickness, (3) source depth, (4) rise time, and
(5) propagating distance away from the source. Numerical results showed that peak amplitude of S0 signal increases with
increasing plate thickness, whereas the peak amplitude of A0 signal initially decreases and then increases with increasing
plate thickness. Regarding the source depth, it was found that peak amplitude of S0 signal decreases and A0 signal
increases with increasing source depth. Peak time showed a notable contribution to the low-frequency component of
A0 signal. There were large losses in S0 and A0 peak signal amplitude over the propagation distance from 100 to
500 mm.
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Introduction

Elastic waves are generated by sudden energy release
due to a crack extension in the highly stressed zone of a
structure. Acoustic emission (AE) detection is a passive
technique that utilizes elastic waves generated by sud-
den energy release during crack propagation in a struc-
ture. When the structure is subjected to stress at a
certain level, a rapid release of strain energy takes place
due to crack growth in the form of elastic waves, which
can be detected by AE transducers placed on the struc-
ture. This AE detection technique is used not only to
detect crack but also to examine growth and location
of the crack. The AE detection technique is, therefore,
widely used in structural health monitoring (SHM) and
non-destructive testing (NDT) for the detection of
crack propagation and to prevent ultimate failure
(Bassim et al., 1994; Han et al., 2014; Harris and
Dunegan, 1974; Roberts and Talebzadeh, 2003;
Tandon and Choudhury, 1999).

Elastic waves emission from a crack growth due to
the energy released can be correlated by concentrated
excitation potentials. The Helmholtz decomposition
approach (Helmholtz, 1858) is applied to the

inhomogeneous elastodynamic Navier–Lame equation:
(1) for the displacement field, we use the usual decom-
position in terms of unknown scalar and vector poten-
tials, F and ~H ; (2) for the body forces, we hypothesize
that they can also be expressed in terms of potentials,
and we introduce the excitation scalar and vector
potentials, A and ~B. It is shown that these excitation
potentials can be traced to the energy released during
incremental crack propagation. Two types of potentials
exist on a plate for straight-crested Lamb waves: pres-
sure potential and shear potential. Guided waves
released during an AE event can be seen as a superposi-
tion of pressure and shear waves generated by pressure
and shear source potentials associated with the AE
event. AE excitation potentials are directly related to
the energy released during incremental crack
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propagation. The total energy released from a crack
can be decomposed as pressure excitation potential and
shear excitation potential. Theoretical formulation
showed that elastic waves generated in a plate due to
excitation potentials follow the Rayleigh–Lamb wave
equations.

In the numerical study, one-dimensional (1D;
straight crested) guided wave propagation simulation
was done using time profile of excitation potentials. A
real AE source releases energy at certain time rate as a
pulse over a finite period. A Gaussian pulse was used
to model the growth of the excitation potentials during
the AE event; as a result, the actual excitation potential
followed the error function (erf) variation in the time
domain. Based on that information a numerical study
on Lamb wave propagation was conducted. In this
analysis, fundamental symmetric (S0) and antisym-
metric modes (A0) were considered. Signal was received
at some distance from the point of excitation poten-
tials. Initially, a 6-mm-thick 304-steel plate was chosen
for the case study. Out-of-plane displacement was cal-
culated numerically on the top surface of the plate at
500 mm distance from excitation point, while excita-
tion point was located at mid-plane. A very short peak
time (3 ms) of the time rate of excitation potential was
considered during the case study. Later, a detailed
numerical study was conducted to understand the effect
of the pressure and shear potentials acting alone and in
combination, plate thickness, the source of depth, and
peak time on AE wave propagation in a plate using
excitation potentials. The peak amplitude of the S0 and
A0 signal as a function of propagating distance was
also determined.

State of the art

The basic concepts and governing equations of elasto-
dynamic for waves have been explained by several
authors (Achenbach, 2003; Aki and Richards, 2002;
Giurgiutiu, 2014; Graff, 1975; Lamb, 1917; Landau and
Lifschitz, 1970; Love, 1944; Viktorov, 1967). Wave pro-
pagation in an elastic plate is well known from Lamb’s
(1917) classical work. Achenbach (2003), Giurgiutiu
(2014), Graff (1975), and Viktorov (1967) considered
Lamb wave which exists in an elastic plate between two
traction free boundaries. Achenbach (2003) presented
Lamb wave in an isotropic elastic layer generated by a
time-harmonic internal/surface point load or line load.
Displacements are obtained directly as summations
over symmetric and antisymmetric modes of wave pro-
pagation. Elastodynamic reciprocity is used to obtain
the coefficients in the wave mode expansion. The inho-
mogeneous elastodynamic equation was not treated in
this case. Ohtsu and Ono (1986) characterized the
source of AE on the basis of that generalized theory.
AE waveforms due to point and a moving dislocation
were presented in that article. A complete solution to

the three-dimensional (3D) Lamb’s problem was pro-
vided by Johnson (1974), the problem of determining
the elastic disturbance resulting from a point source in
a half space. Bai et al. (2004) presented 3D steady-state
Green functions for Lamb wave in the layered isotropic
plate. A semi-analytical finite element (SAFE) method
was used to formulate the governing equations. Using
this method, in-plane displacements were accommo-
dated using an analytical double integral Fourier trans-
form, while the anti-plane displacement approximated
using finite elements.

There are numerous publications based on finite ele-
ment analysis for detecting AE signals. For example,
Hamstad et al. (1999) reported wave propagation due
to buried monopole and dipole sources with finite ele-
ment technique. Hill et al. (2004) compared waveforms
captured by AE transducer for a step force on the plate
surfaces by finite element modeling. Hamstad (2010)
presented frequencies and amplitudes of AE signals in
a plate as a function of source rise time. In that article,
an exponential increase in peak amplitude with source
rise time was reported. Cuadra et al. (2015) presented
an experimental data-driven finite element approach to
directly simulate crack initiation as an AE source.

Various deformation sources in solids, such as single
forces, step force, point force, dipoles, and moments,
can be represented as AE sources (Hamstad, 2010;
Ohtsu and Ono, 1986; Pao, 1978). An application of a
moment tensor analysis to AE has been studied to eluci-
date crack types and orientations of AE sources (Ohtsu,
1995). AE source characteristics are unknown, and the
detected AE signals depend on the types of AE source,
propagation media, and the sensor response (Haider
et al., 2017; Haider and Giurgiutiu, 2018). Therefore,
extracting AE source feature from a recorded AE wave-
form is always challenging. In this article, we proposed
a new technique to analyze the AE waveform using
excitation potentials. Excitation potentials can be
traced form of strain energy released from a crack.

Description of excitation potentials as strain energy
released from a crack

When a crack grows into a solid, a region of material
adjacent to the free surfaces is unloaded, and it releases
strain energy. The strain energy is the energy that must
be supplied to a crack tip for it to grow, and it must be
balanced by the amount of energy dissipated due to the
formation of new surfaces and other dissipative pro-
cesses such as plasticity. Fracture mechanics allows cal-
culating strain energy released during propagation of a
crack.

Figure 1(a) shows a plate with an existing crack
length of 2a and Figure 1(b) shows the typical strain
energy release rate with crack half-length (Fischer-
Cripps, 2007). If time rate of energy released is known
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(Figure 1(c)), then after integrating the time rate of
energy with respect to time gives the time profile of
energy (Figure 1(d)) released from a crack. Total
released energy from a crack can be decomposed to
pressure excitation potential and shear excitation
potential. The next section presents a summary of theo-
retical formulation for Lamb wave solution using time
profile of excitation potentials: a Helmholtz potential
technique.

Theory

Formation of pressure and shear potentials

Navier–Lame equations in the absence of excitation
force in vector form for Cartesian coordinates given as

(l+m)~r ~r �~u
� �

+mr2~u= r €~u ð1Þ

where~u= ux̂i+ uŷj+ uzk̂, with î, ĵ, k̂ being unit vectors
in the x, y, z directions, respectively.

If the excitation force is present, then the Navier–
Lame equation can be written as follows

(l+m)~r ~r �~u
� �

+mr2~u+ r~f = r €~u ð2Þ

Helmholtz decomposition states that any vector can be
resolved into the sum of an irrotational (curl-free) vec-
tor field and a solenoidal vector field, where an irrota-
tional vector field has a scalar potential and a
solenoidal vector field has a vector potential. Potentials

are useful and convenient in several wave theory deri-
vations (Giurgiutiu, 2014; Graff, 1975).

Assume that the displacement ~u can be expressed in
terms of two potential functions, a scalar potential F

and a vector potential ~H , where

~H =Hx
~i+Hy

~j+Hz
~k ð3Þ

~u= grad F+ curl ~H =~rF+~r3 ~H ð4Þ

This equation is known as the Helmholtz equation
and is complemented by the uniqueness condition, that
is

~r � ~H = 0 ð5Þ

Introducing additional scalar and vector potentials
A� and ~B� for body force ~f (Aki and Richards, 2002;
Graff, 1975)

~f = grad A�+ curl~B�=~rA�+~r3~B� ð6Þ

Here

�B�=Bx
�~i+By

�~j+Bz
�~k ð7Þ

The uniqueness condition is

~r �~B�= 0 ð8Þ

Substituting equations (4) and (6) into equation (2)
and upon rearrangement

(l+ 2m)(r2F)+ rA� � r €F= 0 ð9Þ

mr2~H + r~B� � r
€~H = 0 ð10Þ

In this derivation, only straight-crested Lamb wave
due to time-harmonic excitation potentials is consid-
ered (Haider and Giurgiutiu, 2017a, 2017b). The
assumption of straight-crested waves makes the prob-
lem z-invariant. Two types of potentials exist on a plate
for straight-crested Lamb waves: pressure potential and
shear potential. Now for P + SV waves in a plate,
corresponding potentials equations from equations (9)
and (10) under z-invariant condition can be written as

r2F+
1

c2
p

A�=
1

c2
p

€F ð11Þ

r2Hz +
1

c2
S

B�z =
1

c2
S

€Hz ð12Þ

Here, c2
p =(l+ 2m)=r and c2

S =m=r.
Equations (11) and (12) are the wave equations for

the scalar potential and the vector potential, respec-
tively. Equation (11) indicates that the scalar potential,
F, propagates with the pressure wave speed, cp, due to
excitation potential A�, whereas equation (12) indicates
that the vector potential, Hz, propagates with the shear

Figure 1. (a) Plate with existing crack length 2a, (b) energy
release rate with crack length, (c) time rate of energy from a
crack, and (d) total released energy from a crack.
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wave speed, cs, due to excitation potential, B�z . The exci-
tation potentials are indeed a true description of energy
released from a crack. The unit of the excitation poten-
tials is mJ/kg. The source can be treated as a localized
event, and Green function can be used as the solution
of inhomogeneous wave equations.

The P waves and SV waves give rise to the Lamb
waves, which consist of a pattern of standing waves in
the thickness y-direction (Lamb wave modes) behaving
like traveling waves in the x-direction in a plate of
thickness h = 2d (Figure 2). Excitation potentials are
concentrated (z-invariant) at the origin. If the source is
vibrating harmonically, then equations for excitation
potentials are

A�= c2
pAd(x)d(y)e�ivt ð13Þ

B�z = c2
s Bzd(x)d(y)e

�ivt ð14Þ

A and Bz is the amplitude of the source.
If the potentials F and Hz have the harmonic

response, then

F(x, y, t)=F(x, y)e�ivt

Hz(x, y, t)=Hz(x, y)e�ivt
ð15Þ

Then, equations (11) and (12) become

∂2F

∂x2
+

∂2F

∂y2
+

v2

c2
P

F= � A(x, y)d(x)d(y) ð16Þ

∂2Hz

∂x2
+

∂2Hz

∂y2
+

v2

c2
S

Hz = � Bz(x, y)d(x)d(y) ð17Þ

Equations (16) and (17) must be solved subject to
zero-stress boundary conditions at the free top and bot-
tom surfaces of the plate, that is

syy y=6d

�� = 0,sxy y=6d

�� = 0 ð18Þ

Solution in terms of displacement

A solution of equations (16) and (17) is presented in
the earlier publication (Haider and Giurgiutiu, 2017a,
2017b). For brevity, only the results from that solution
are presented here.

Symmetric Lamb wave solution. A symmetric solution of
equations (16) and (17) is

j2 � h2
s

� �
coshpd 2jhs coshsd

�2jhp sinhpd j2 � h2
s

� �
sinhsd

" #
C2

D1

� �

=
j2 � h2

s

� �
A

2hp
sinhpd +Bzj coshsd

� �
0

" # ð19Þ

The equation represents an algebraic system that can
be solved for C2, D1 provided the system determinant
does not vanish

Ds =
j2 � h2

s

� �
coshpd 2jhs coshsd

�2jhp sinhp j2 � h2
s

� �
sinhsd

�����
����� 6¼ 0

Let

PS = j2 � h2
s

� � A

2hp

sinhpd + jBz coshsd

 !
ð20Þ

PS is the source term for a symmetric solution which
contains source potentials A and BZ .

Then

C2

D1

� �
=

j2 � h2
s

� �
sinhsd �2jhs coshsd

2jhp sinhpd j2 � h2
s

� �
coshpd

" #
PS

0

� �
Ds

ð21Þ

C2

D1

� �
=

1

Ds

PS j2 � h2
s

� �
sinhsd

PS2jhp sinhpd

� �
ð22Þ

Here

Ds =
j2 � h2

s

� �
coshpd 2jhs coshsd

�2jhp sinhp j2 � h2
s

� �
sinhsd

�����
�����

= j2 � h2
s

� �2
coshpd sinhsd + 4j2hshp coshsd sinhpd

ð23Þ

By equating the Ds(j) term to zero, one gets the sym-
metric Rayleigh–Lamb wave equation.

Antisymmetric Lamb wave solution. An antisymmetric solu-
tion of equations (16) and (17) is

Figure 2. Plate of thickness 2d in which straight-crested Lamb
waves (P + SV) propagate in the x-direction due to
concentrated potentials at the origin, O.
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j2 � h2
s

� �
sinhpd �2jhs sinhsd

2jhp coshp j2 � h2
s

� �
coshsd

" #
C1

D2

� �

=
0

Aj coshpd + j2 � h2
s

� �
Bz

2hs
sinhsd

� �" # ð24Þ

The equation represents an algebraic system that can
be solved for C1, D2 provided the system determinant
does not vanish

DA =
j2 � h2

s

� �
sinhpd �2jhs sinhsd

2jhp coshp j2 � h2
s

� �
coshsd

�����
����� 6¼ 0

Let

PA =Aj coshpd + j2 � h2
s

� � Bz

2hs

sinhsd ð25Þ

PA is the source term for an antisymmetric solution
which contains source potentials A and BZ .

Then

C1

D2

� �
=

j2 � h2
s

� �
coshsd 2jhs sinhsd

�2jhp coshpd j2 � h2
s

� �
sinhpd

" #
0

PA

� �
DA

ð26Þ

C1

D2

� �
=

1

DA

PA2jhs sinhsd

PA j2 � h2
s

� �
sinhpd

� �
ð27Þ

Here

DA =
j2 � h2

s

� �
sinhpd �2jhs sinhsd

2jhp coshp j2 � h2
s

� �
coshsd

�����
�����

= j2 � h2
s

� �2
sinhpd coshsd + 4j2hshp sinhsd coshpd

ð28Þ

By equating the DA(j) term to zero, one gets the anti-
symmetric Rayleigh–Lamb wave equation.

Complete solution in the wavenumber domain. In wavenum-
ber domain displacement, uy becomes

�uy = PS

NS

DS

+PA

NA

DA

	 

ð29Þ

Here

Ns = 2j2hp sinhpd sinhsd � j2 � h2
s

� �
hp sinhpd sinhsd

NA = 2jhshp sinhsd coshpd + j j2 � h2
s

� �
sinhpd coshsd

ð30Þ

Complete solution in the physical domain. Lamb wave solu-
tion in the physical domain by applying inverse Fourier
transforms to equation (29) and obtain

uy =
1

2p

ð‘
�‘

PS

NS

DS

+PA

NA

DA

	 

eijxdj ð31Þ

The integrant in equation (31) is singular at the roots
DS and DA, that is

DS = 0 ð32Þ

DA = 0 ð33Þ

Equations (32) and (33) are the Rayleigh–Lamb equa-
tions for symmetric and antisymmetric modes. The eva-
luation of integral in equation (31) can be done by
residue theorem (Haider and Giurgiutiu, 2017a, 2017b).
The positive roots correspond to forward propagating
waves. To satisfy the radiation boundary condition at
x=‘, that is, no incoming waves from infinity, the
negative real poles are avoided. The integration of
equation (31) can be written as the sum of symmetric
and antisymmetric mode

uy = i
Xjs

j= 0

PS jS
j

� � NS jS
j

� �
D0s jS

j

� �
2
4

3
5ei jS

j x�vtð Þ+
XjA

j= 0

PA jA
j

� � NA jA
j

� �
D0A jA

j

� �
" #

ei jA
j x�vtð Þ

0
@

1
A ð34Þ

The summation of equation (34) is taken over the sym-
metric and antisymmetric positive real wavenumbers j

j
S

and j
j
A. At given frequency v, there are

j= 0, 1, 2, . . . , jS symmetric Lamb wave modes and
j= 0, 1, 2, . . . , jA antisymmetric Lamb wave modes.

Effect of source depth

If the source is present at a different location other than
mid-plane, that is, y= y0 (Figure 2), then equations for
excitation potentials are

A�= c2
pAd(x)d(y� y0)e

�ivt ð35Þ

B�z = c2
s Bzd(x)d(y� y0)e

�ivt ð36Þ

The corresponding source terms equations (20) and
(25) for symmetric and antisymmetric mode will be
(Haider and Giurgiutiu, 2017b)

PS = j2 � h2
s

� � A

2hp

sinhpd1 + jBz coshsd1 ð37Þ
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PA = jA coshpd1 + j2 � h2
s

� � Bz

2hs

sinhsd1 ð38Þ

Here, d1 = d � y0.

Numerical studies

AE Lamb waves will be generated by the AE event. AE
waves will propagate through the structure according
to the structural transfer function. The out-of-plane
motion of the Lamb waves can be captured by conven-
tional AE transducer installed on the surface of the
structure as shown in Figure 3.

For numerical analysis, 304-stainless steel material
with 6 mm thickness was chosen as a case study. The
signal was received at 500 mm distance from the source.
The excitation source was located at mid-plane. Very
short peak time of 3 ms was used for a case study.
Later, the effect of plate thickness, the source of depth,
and peak time were included in the study.

Time-dependent excitation potentials

The time-dependent excitation potentials depend on
time-dependent energy released from a crack. A real

AE source releases energy during a finite period. In the
beginning, the rate of energy released from a crack
increases sharply with time and reaches a maximum
peak value within very short time, then decreases
asymptotically toward the steady-state value, usually
zero. The time rate of energy released from a crack can
be modeled as a Gaussian pulse. Figures 4(a) and 5(a)
show the time rate of pressure potential and shear
potential. The corresponding equations are

_A
�
=A0t2e

�t2

t2

_B�z =Bz0t2e
� t2

t2

ð39Þ

The time profile of the potentials is to be evaluated by
integrating equation (39), that is

A�=A0

ffiffiffiffi
p
p

terf
t

t

� �
� 2te

� t2

t2

� �
Bz
�=Bz0

ffiffiffiffi
p
p

terf
t

t

� �
� 2te

�t2

t2

� � ð40Þ

The time profile of potentials is shown in Figures
4(b) and 5(b). The key characteristics of the excitation
potentials are as follows:

Figure 3. Acoustic emission propagation and detection by a sensor installed on a structure.

Figure 4. (a) Time rate of pressure potential ( _A�) and (b) time profile of pressure potential (A�).
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� Peak time: time required to reach the time rate of
potential to a maximum value;

� Rise time: time required to reach the potential to
98% of maximum value or steady-state value;

� Peak value: the maximum value of time rate of
potential;

� Maximum potential: the maximum value of time
profile of potential.

The amplitude of the source A and Bz for unit width
from equations (13) and (14) are

A=
2d

c2
p

A0

ffiffiffiffi
p
p

terf
t

t

� �
� 2te

� t2

t2

� �

Bz =
2d

c2
s

Bz0

ffiffiffiffi
p
p

terf
t

t

� �
� 2te

� t2

t2

� � ð41Þ

Here, 2d = plate thickness.

Example of AE wave propagation in a 6-mm plate

A test case example is presented in this section to show
how AE Lamb waves propagate over a certain distance
using excitation potentials. A 304-stainless steel plate

with 6 mm thickness was chosen for this purpose. The
signal was received at 500 mm distance from the source.
Excitation sources were located at mid-plane of the plate
(d1 = 3 mm). The time profile excitation potentials
(Figures 4(b) and 5(b)) were considered to simulate AE
waves in the plate. Both excitation potentials are
assumed to be same in this article but that could be dif-
ferent based on material types and nature of crack. Peak
time, rise time, peak value, and maximum potential of
excitation potentials are 3 ms, 6.6 ms, 0.28 mW/kg, and
1 mJ/kg. Based on this information, a numerical study
on AE Lamb wave propagation was conducted. Peak
time or rise time is one of the major characteristics of
AE source. Several researchers investigate the potential
effect of rising time on AE signal by varying the source
rise time between 0.1 and 15 ms (Cuadra et al., 2015;
Hamstad, 2010; Ohtsu, 1995). Initially, the peak time of
3 ms was considered for case study and then different
peak times were considered to study the effect of peak
time on different Lamb wave modes.

Each excitation potential was considered separately
to simulate the Lamb waves and then combined effect
of both potentials was analyzed. Figure 6 shows the
Lamb wave (S0 and A0 mode) propagation using

Figure 5. (a) Time rate of shear potential ( _B�z) and (b) time profile of shear potential (B�z).

Figure 6. Lamb wave (S0 and A0 mode) propagation at 500 mm distance in a 6-mm 304-steel plate for pressure potential
excitation (peak time = 3 ms) located at mid-plane.

Faisal Haider and Giurgiutiu 7



pressure potential only. It can be inferred from the fig-
ure that both A0 and S0 are dispersive. S0 contains a
high-frequency component at which it is dispersive,
whereas A0 contains low-frequency component at
which it is also dispersive. The notable characteristic is
that the peak amplitude of A0 is higher than peak S0
amplitude. Figure 7 shows the Lamb wave (S0 and A0
mode) propagation using shear potential only. Peak
amplitude of A0 is also higher than peak S0 amplitude
while using shear potential only (Figure 13). However,
by comparing Figures 6 and 7, the major difference can
be found as shear potential has more contribution to
the peak A0 amplitude where pressure potential has
more contribution to the peak S0 amplitude.

Figure 8 shows the Lamb wave (S0 and A0 mode)
propagation using both shear and pressure potentials.
When both potentials are activated, each of them has
contribution to the final waveform. As seen in Figures
6 and 7, shear potential has more contribution to the
peak A0 amplitude and pressure potential has more
contribution to the S0 peak amplitude in final wave-
form (Figure 8). But their contribution to the S0 and
A0 peak amplitude might change due to other factors
such as plate thickness, source depth, peak time, and
propagating distance. The next section discusses the

effect of abovementioned factors in AE Lamb wave
propagation using excitation potentials.

Effect of plate thickness

The numerical analysis of AE Lamb wave propagation
was performed using excitation potentials in 2-mm, 6-
mm, and 12-mm-thick 304-steel plates. Effect of pres-
sure and shear excitation potentials acting alone and in
combination was considered for each plate thickness.
Figures 9 to 11 show the Lamb wave (S0 and A0 mode)
propagation at 500 mm distance in 2-mm, 6-mm, and
12-mm-thick 304-steel plates for (1) pressure potential
only, (2) shear potential only, and (3) both shear and
pressure potential. Excitation potentials are located at
the mid-plane and the peak time of the time rate of exci-
tation potentials are 3 ms. Figure 9(a) and (b) shows the
individual contribution of pressure potential and shear
potential in a 2-mm plate. Shear potential shows more
contribution to the peak amplitude of the S0 wave
packets, and both pressure and shear potential have an
almost equal contribution to the peak A0 amplitude.
The contribution of pressure potential to the peak
amplitude of S0 increases with increasing plate thick-
ness (Figures 9(a), 10(a), and 11(a)), but a contribution

Figure 7. Lamb wave (S0 and A0 mode) propagation at 500 mm distance in a 6-mm 304-steel plate for shear potential excitation
(peak time = 3 ms) located at mid-plane.

Figure 8. Lamb wave (S0 and A0 mode) propagation at 500 mm distance in a 6-mm 304-steel plate for pressure and shear
potential excitation (peak time = 3 ms) located at mid-plane.
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to the peak A0 amplitude initially decreases and then
increases with increasing plate thickness. The contribu-
tion of shear potential to the peak amplitude of S0
increases with increasing plate thickness (Figures 9(b),
10(b), and 11(b)), but a contribution to the peak A0
amplitude decreases with increasing plate thickness.

By comparing Figures 9 to 11, it can be inferred that
the peak amplitude of S0 increases with increasing plate
thickness, whereas the peak amplitude of A0 initially
decreases and then increases with increasing plate thick-
ness. The peak amplitude of A0 is dominant over S0 in
a 2-mm-thick plate while using both excitation poten-
tials. As a result, S0 wave packet may not be significant
in real AE signal at this plate thickness. However, for a
12-mm-thick steel plate, S0 and A0 have equal ampli-
tude. At this thickness, S0 and A0 Lamb wave modes in
a plate can be viewed as the propagation of a Rayleigh

surface wave with equal amplitude. It should be noted
that S0 is non-dispersive in a 2-mm-thick plate due to
the low thickness–frequency product at which S0 is
non-dispersive (Figure 9). However, S0 becomes more
dispersive (Figure 10) for a 6-mm-thick plate due to the
high thickness–frequency product. In a 12-mm-thick
plate, Rayleigh surface waves (Figure 11) show non-
dispersive behavior. A comparison of peak amplitudes
of Lamb waves for different plate thickness is shown in
Table 1.

Effect of source depth

To study the effect of source depth, a 6-mm-thick plate
was chosen. The signal was received at 500 mm distance
from the source. The excitation sources were located at
the top surface, 1.5 mm and 3 mm depth from the top

Figure 9. Lamb wave (S0 and A0 mode) propagation at 500 mm distance in a 2-mm 304-steel plate for different excitation
potentials (peak time = 3 ms) located at mid-plane: (a) pressure potential excitation only, (b) shear potential excitation only, and (c)
both pressure and shear potential excitation.
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surface. Figures 12 to 14 show the out-of-plane displa-
cement (S0 and A0 mode) versus time at 500 mm pro-
pagation distance in a 6-mm-thick plate for different
source location.

Figure 12 shows that only A0 mode appears while
using pressure potential on the top surface, whereas
only S0 mode appears while using shear potential.
Therefore, pressure potential contributes only to the
peak A0 amplitude and shear potential contributes
only to the peak S0 amplitude in the final waveform.
Another notable characteristic is that pressure potential
has a contribution to the high amplitude of the trailing
edge (low-frequency component) of A0 wave packet
for the top-surface source. Pressure potential has the
only contribution to the A0 amplitude in the final
waveform (Figure 12(a) and (c)); as a result, the peak
amplitude can be seen at the trailing edge of A0 wave-
form (Figure 12(c)). This effect decreases with

increasing source depth (Figures 12(a), 13(a), and
14(a)) in A0 waveform. The peak amplitude of S0 and
A0 wave increases with increasing source depth while
using pressure excitation potential only (Figures 13(a)
and 14(a)), whereas S0 amplitude decreases and A0
increases with increasing source depth while using shear
potential only (Figures 13(b) and 14(b)). By comparing
Figures 12(c), 13(c), and 14(c), clearly amplitude scales
show the increase in peak A0 amplitude with increasing
source depth while using both potentials. The contribu-
tion of pressure potential to the peak amplitude of S0
increases with increasing source depth, whereas the
contribution of shear potential to the peak amplitude
of S0 decreases with increasing source depth. However,
peak S0 amplitude in the final waveform initially
decreases (Figures 12(c) and 13(c)) and then increases
slightly (Figures 13(c) and 14(c)) with increasing source
depth. It should be noted that also S0 becomes more

Figure 10. Lamb wave (S0 and A0 mode) propagation at 500 mm distance in a 6-mm 304-steel plate for different excitation
potentials (peak time = 3 ms) located at mid-plane: (a) pressure potential excitation only, (b) shear potential excitation only, and (c)
both pressure and shear potential excitation.
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dispersive with decreasing source depth. A comparison
of peak amplitudes of Lamb waves for different source
depth is shown in Table 2.

Effect of peak time

Figures 15 to 17 show the out-of-plane displacement in
time domains for propagating a distance of 500 mm

from the excitation source in a 6-mm plate. The numeri-
cal study was done for a selection of different peak
times of 3, 6, and 9 ms. These figures are for a source
located at mid-plane of the plate. The amplitude scales
show that rise time affects low-frequency A0 amplitude.

The important observation is that low-frequency
amplitude of A0 increases with increasing peak time. S0
has a high-frequency component at this plate thickness,

Figure 11. Lamb wave (S0 and A0 mode) propagation at 500 mm distance in a 12-mm 304-steel plate for different excitation
potentials (peak time = 3 ms) located at mid-plane: (a) pressure potential excitation only, (b) shear potential excitation only, (c) both
pressure and shear potential excitation.

Table 1. Comparison of peak amplitudes of Lamb waves (S0 and A0 mode) for different plate thickness (source peak time is 3 ms
and located at mid of the plate).

Plate thickness Peak S0 amplitude (m) Peak A0 amplitude (m)

Pressure Shear Both Pressure Shear Both

2 mm 9.5e–17 1.4e–15 1.5e–15 8.6e–14 6.5e–14 1.5e–13
6 mm 2.6e–16 1.9e–15 4.5e–15 1.5e–14 2.5e–14 4.0e–14
12 mm 4.4e–14 1.2e–14 5.6e–14 4.7e–14 1.7e–14 6.4e–14
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and rise time has barely effect on high-frequency ampli-
tude. As a result, peak S0 amplitude is not responsive
to peak time. Another important observation is that
peak A0 amplitude slightly decreases with increasing
peak time for both excitation potential (Figures 15(c),
16(c), and 17(c)). These figures also show some other
qualitative changes with changing in peak time. The
shapes in the time domain of the waveforms change sig-
nificantly with peak time.

Peak time might have more influence on amplitude
and shape if the source located near the top surface
rather than at mid-plane. A future study on the syner-
gistic effect of rising time and source depth is added in
the future study section. If the peak amplitude and
shape of the waveform are compared with peak time
and thickness of the plate, it might be possible to distin-
guish different source types and source location. A
comparison of peak amplitudes of Lamb waves for dif-
ferent peak time is shown in Table 3.

Effect of propagation distance

The attenuation of the peak amplitude of the signal as
a function of propagating distance was also deter-
mined. Figures 18 to 20 show the normalized peak
amplitude of out-of-displacement (S0 and A0) against
propagation distance from 100 to 500 mm for pressure
potential, shear potential, and both pressure and shear
potential, respectively. A0 and S0 amplitudes are nor-
malized with respect to their peak amplitude.

For this analysis, a 6-mm-thick 304-steel plate with
both excitation potentials is considered. Potentials are
located at mid-plane with peak time of 3 ms. Figures 18
to 20 show significant attenuation of S0 and A0 signal
with propagating distance from 100 to 50 mm.
However, peak A0 amplitude attenuates more than
peak S0 amplitude while using pressure potential only,
whereas peak S0 amplitude attenuates more than peak
A0 amplitude while using shear potential only. Large

Figure 12. Lamb wave (S0 and A0 mode) propagation at 500 mm distance in a 6-mm 304-steel plate for different excitation
potentials (peak time = 3 ms) located on the top surface: (a) pressure potential excitation only, (b) shear potential excitation only,
and (c) both pressure and shear potential excitation.
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attenuation of peak S0 and A0 amplitude can be
observed while using both of the potentials (Figure 20).
The attenuation of the peak amplitude is expected due
to the dispersion of the signal.

Time–frequency analysis

Time–frequency analysis provides an effective tool to
study a signal in both the time and frequency domains
simultaneously. The main objectives of the time–
frequency distributions are to obtain time–frequency
localized amplitude distribution with high resolution.
For brevity, the following extreme cases are considered
for time–frequency analysis:

1. Lamb wave (S0 and A0 mode) propagation at
500 mm distance in a 2-mm 304-steel plate for
both excitation potentials (peak time = 3 ms)
located at mid-plane.

2. Lamb wave (S0 and A0 mode) propagation at
500 mm distance in a 6-mm 304-steel plate for
both excitation potentials (peak time = 3 ms)
located at mid-plane.

3. Lamb wave (S0 and A0 mode) propagation at
500 mm distance in a 6-mm 304-steel plate for
both excitation potentials (peak time = 3 ms)
located on the top surface.

4. Lamb wave (S0 and A0 mode) propagation at
500 mm distance in a 6-mm 304-steel plate for
both excitation potentials (peak time = 9 ms)
located at mid-plane.

Figure 21(a) shows the time–frequency spectrum of
S0 and A0 waves in a 2-mm plate. The source was kept
at mid-plane and peak time of 3 ms was considered in
this case. Figure 21(a) shows that the peak amplitude
of S0 has frequency component of 200–400 kHz at
which it is non-dispersive. Therefore, a sharp S0 signal

Figure 13. Lamb wave (S0 and A0 mode) propagation at 500 mm distance in a 6-mm 304-steel plate for different excitation
potentials (peak time = 3 ms) located at 1.5 mm depth from the top surface: (a) pressure potential excitation only, (b) shear
potential excitation only, and (c) both pressure and shear potential excitation.
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is observed in time-domain signal (Figure 21(b)). The
peak amplitude of A0 has the frequency component of
50–100 kHz at which it is dispersive. The dispersive A0
signal can be observed in the time domain signal
(Figure 21(b)). The A0 signal also contains low ampli-
tude of high-frequency components that arrive earlier
than high-amplitude low-frequency components.

Figure 22(a) shows the time–frequency spectrum of
S0 and A0 waves in a 6-mm plate. The peak time of the
excitation potential and source location is kept same as

2-mm plate in order to compare the effect of thickness.
This figure shows the peak amplitude of S0 can be seen
around 500 kHz at which it is very dispersive. The dis-
persive behavior of S0 signal can be seen from time
domain S0 signal (Figure 22(b)). Peak amplitude of S0
reaches in between 200 and 300 ms. A0 has high ampli-
tude component at around 100–300 kHz. Frequency
components of peak amplitude for 6-mm plate are
higher than 2-mm plate. Therefore, the peak amplitude
of A0 reaches in 6-mm plate (;200 ms) earlier than

Figure 14. Lamb wave (S0 and A0 mode) propagation at 500 mm distance in a 6-mm 304-steel plate for different excitation
potentials (peak time = 3 ms) located at 3.0 mm (mid-plane) depth from the top surface: (a) pressure potential excitation only, (b)
shear potential excitation only, and (c) both pressure and shear potential excitation.

Table 2. Comparison of peak amplitudes of Lamb waves (S0 and A0 mode) and bulk waves for different source depth.

Source depth Peak S0 amplitude (m) Peak A0 amplitude (m)

Pressure Shear Both Pressure Shear Both

Top surface source – 5.0e–15 5.0e–15 7.3e–15 – 7.3e–15
1.5 mm from top surface 7.5e–16 3.8e–15 4.4e–15 7.4e–15 1.07e–14 1.7e–14
Mid-plane source 2.5e–15 1.9e–15 4.5e–15 1.6e–14 2.5e–14 4.0e–14
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2-mm plate (;400 ms). The A0 signal also contains low
amplitude of low-frequency component.

Figure 23(a) shows the time–frequency spectrum of
S0 and A0 waves in a 6-mm plate. The peak time of the
excitation potential is 3 ms as before, and source loca-
tion has changed from mid-plane to top surface to
study the effect of source of depth. These figures show
some qualitative and quantitative changes in the spec-
trum. The peak amplitude of S0 is observed at 400 kHz
at which it is very dispersive.

The frequency content in S0 signal for the top-
surface source is smaller than frequency content in S0
signal for the mid-plane source (Figures 22(a) and
23(a)). There is a leading edge of low-amplitude S0 sig-
nal containing frequency in between 300 and 400 kHz.
S0 signal is dispersive at this frequency range. The dis-
persive behavior can be observed in the time domain
signal of S0 (Figure 23(b)). There are some qualitative
and quantitative changes also observed in A0 time–

frequency spectrum. The peak amplitude of A0 is
observed below 100 kHz. The peak amplitude of A0
reaches at around 300–400 ms as shown in Figure
23(b). Another major observation is that A0 contains
low frequency with high-amplitude signal spreading
between 200 and 600 ms.

Figure 24(a) shows the time–frequency spectrum of
S0 and A0 waves in the same 6-mm plate. The peak
time of the excitation potential is changed to 9 ms from
3 ms, but the source location is kept at mid-plane to
compare the effect of rising time with case (2). Figure
24(a) shows the similar trend for S0 as a case (2), con-
taining peak amplitude at around 500 kHz at which it
is dispersive. However, A0 shows some qualitative
changes in the signal. It contains not only peak ampli-
tude around 200 kHz but also high-amplitude low-fre-
quency (50–100 kHz) component that reaches at
400 ms, as can be seen in the time domain signal
(Figure 24(b)). The significant difference between 3 ms

Figure 15. Lamb wave (S0 and A0 mode) propagation at 500 mm distance in a 6-mm 304-steel plate for different excitation
potentials (peak time = 3 ms) located at mid-plane: (a) pressure potential excitation only, (b) shear potential excitation only, and (c)
both pressure and shear potential excitation.
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peak time source and 9 ms peak time source is that
9 ms peak time source creates long trailing edge
extended up to 800 ms, which contains very low-
frequency components.

Summary, conclusion, and future work

Summary

Extension of a crack can generate the elastic waves and
that can be captured by AE transducer installed on a
structure far away from the source. The excitation
potentials were traced to the energy released during
incremental crack propagation. Inhomogeneous wave
equations for potentials using excitation potentials
were solved in this study. The resulting solution took
the form of a series expansion containing the superposi-
tion of all the Lamb wave modes existing for the partic-
ular frequency-thickness combination under
consideration.

A numerical study of the AE guided wave propaga-
tion in the 304-steel plate was conducted in order to pre-
dict the out-of-plane motion that would be recorded by
an AE sensor placed on the plate surface at some dis-
tance away from the source. Parameter studies were per-
formed to evaluate (1) the effect of the pressure and
shear potentials acting alone and in combination, (2) the
effect of plate thickness, (3) the effect of the thickness-
wise location of the excitation potential sources varying
from mid-plane to the top surface (source depth effect),
(4) the effect of rise time, and (5) the effect of propagat-
ing distance away from the source.

Conclusion

Out-of-plane velocity was calculated numerically at a
certain distance from the source. Both symmetric and
antisymmetric modes were extracted to get damage
information. The major observations from the numeri-
cal results are as follows:

Figure 16. Lamb wave (S0 and A0 mode) propagation at 500 mm distance in a 6-mm 304-steel plate for different excitation
potentials (peak time = 6 ms) located at mid-plane: (a) pressure potential excitation only, (b) shear potential excitation only, and (c)
both pressure and shear potential excitation.
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Figure 17. Lamb wave (S0 and A0 mode) propagation at 500 mm distance in a 6-mm 304-steel plate for different excitation
potentials (peak time = 9 ms) located at mid-plane: (a) pressure potential excitation only, (b) shear potential excitation only, and (c)
both pressure and shear potential excitation.

Figure 18. Effect of pressure excitation potential: variation of
out-of-plane displacement (S0 and A0) with propagation
distance in a 6-mm 304-steel plate for pressure excitation
potentials (peak time = 3 ms) located at the mid-plane.

Figure 19. Effect of shear excitation potential: variation of out-
of-plane displacement (S0 and A0) with propagation distance in
a 6-mm 304-steel plate for shear excitation potentials (peak
time = 3 ms) located at the mid-plane.

Faisal Haider and Giurgiutiu 17



1. The peak amplitude of S0 increases and A0
decreases initially and then increases with
increasing plate thickness.

2. The contribution of both potentials to the peak
amplitude of S0 increases with increasing plate

thickness, and peak amplitude of A0 initially
decreases and then increases with increasing
plate thickness.

3. For very thick plate, S0 and A0 Lamb wave
modes in a plate can be viewed as the propaga-
tion of a Rayleigh surface wave with equal
amplitude.

4. Peak S0 amplitude decreases and peak A0
amplitude increases with increasing source
depth while using both potentials.

5. Pressure potential has a contribution to the
high amplitude of low-frequency component
of A0 wave packet for the top-surface source.

6. The peak amplitude of A0 shifts to lower fre-
quency components with decreasing source
depth.

7. Pressure potential does not contribute to S0
amplitude if source located at top surface
where shear potential does not contribute to
A0 amplitude.

8. Frequency components of S0 changes with
changing source depth.

9. Peak time has a notable contribution to the
low-frequency component of A0.

Figure 20. Combined effect of pressure and shear excitation
potentials: (S0 and A0) with propagation distance in a 6-mm
304-steel plate for both excitation potentials (peak time = 3 ms)
located at the mid-plane.

Figure 21. (a) Time–frequency spectrum and (b) time domain signal of S0 and A0 waves for propagation distance of 500 mm in a
2-mm 304-steel plate for both excitation potentials (peak time = 3 ms) located at the mid-plane.
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10. Peak S0 amplitude is not sensitive to peak
time.

11. Low-frequency A0 amplitude increases with
increasing peak time; however, maximum peak
was observed relatively at a higher frequency.

Finally, a time–frequency analysis was done on some
extreme cases to get the qualitative and quantitative
information about frequency component of both A0
and S0 waves. If the peak amplitude, frequency compo-
nents, and shape of the waveform are compared with
peak time, source depth, and thickness of the plate, it
might be possible to distinguish different source types
and source location.

Future work

Substantial future work is still needed to verify the
hypotheses and substantiate the calculation of the AE
source potentials that produce the guided wave excita-
tion. The extensive experimental AE monitoring data
existing in the literature should be explored to find
actual physical signals that could be compared with
numerical predictions to extract factual data about the
amplitude and time evolution of the AE source poten-
tials. An inverse algorithm could then be developed to
characterize the AE source during crack propagation.
The source characterization can provide information
about the amount of energy released from the crack.
Therefore, it may help to generate a qualitative and
quantitative description of the crack propagation

Figure 22. (a) Time–frequency spectrum and (b) time domain signal of S0 and A0 waves for propagation distance of 500 mm in a
6-mm 304-steel plate for both excitation potentials (peak time = 3 ms) located at the mid-plane.

Table 3. Comparison of peak amplitudes of Lamb waves (S0 and A0 mode) and bulk waves for different peak time in a 6-mm plate
(mid-plane source).

Peak time (ms) Peak S0 amplitude (m) Peak A0 amplitude (m)

Pressure Shear Both Pressure Shear Both

3 2.58e–15 1.92e–15 4.51e–15 1.58e–14 2.52e–14 4.04e–14
6 2.58e–15 1.92e–15 4.51e–15 1.62e–14 2.50e–14 3.98e–14
9 2.58e–15 1.92e–15 4.51e–15 1.65e–14 2.48e–14 3.94e–14
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Figure 23. (a) Time–frequency spectrum and (b) time domain signal of S0 and A0 waves for propagation distance of 500 mm in a
6-mm 304-steel plate for both excitation potentials (peak time = 3 ms) located on the top surface.

Figure 24. (a) Time–frequency spectrum and (b) time domain signal of S0 and A0 waves for propagation distance of 500 mm in a
6-mm 304-steel plate for both excitation potentials (peak time = 9 ms) located at the mid-plane.
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phenomenon. A further extensive study on the syner-
gistic effect of rising time and source depth would be
recommended.

Straight-crested Lamb wave (1D wave guided propa-
gation) was considered in this article. However, realistic
AE guided wave propagation usually takes place events
in two-dimensional (2D) geometries (pressure vessels,
containment vessels, etc.). Hence, the present theory
should be extended to circular-crested Lamb waves (2D
wave guided propagation).
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