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A B S T R A C T

The accuracy of the stiffness matrix used as input in dispersion curve algorithm determine the accuracy of the
predicted wave speeds. Common practice is to use standard mechanical testing procedures to determining the
E E G, ,11 22 12 and ν12. The other engineering constants are then based on assumptions such as: =E E33 22. The
engineering constants are converted to the stiffness matrix and used as input. Due to this approach the dispersion
curves can vary significantly from those obtained experimentally.

In this research the stiffness matrix components are determined non-destructively using a newly introduced ul-
trasonic immersion technique, the LAMSS approach. The LAMSS approach utilizes the symmetry planes within an
orthotropic transversely isotropic material and the critical angle approach to divide the stiffness matrix retrieval
process into several steps to reduce the complexity of the process and increase the accuracy of the solution.

As last, the predicted group velocity dispersion curves obtained using a stiffness matrix based on mechanical
testing and the ultrasonic immersion technique are compared to experimentally obtained velocities.

1. Introduction/state-of-the-art

Dispersion curve algorithms require the user to provide the stiffness
matrix as an input. For an anisotropic material, this requires a matrix
such as
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It is, however, uncommon to have a fully anisotropic material as
shown in Eq. (1). In fact, the material most commonly used will be an
orthotropic transversely isotropic material (hereafter referred to as uni-
directional) with only 5 independent stiffness components instead of 36:
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The most common way to determine the stiffness matrix compo-
nents for unidirectional materials is to follow the ASTM standard
D3039/D 3039M and D 3518/D 3518M for the tensile and in-plane
shear properties respectively. The ASTM standards require destructive
mechanical testing and at least five specimens for each material prop-
erty that needs to be determined, this however is expensive both in time
and cost. Methods to determine the stiffness matrix components non-
destructively are therefore desired. In particular, focus has been set on
techniques based on the analysis of the propagation of bulk waves due
to the direct correlation between the material’s stiffness matrix com-
ponents and the characteristics of the bulk waves [1–4]. One specimen
can be used to determine all the stiffness matrix components by or-
ientating the specimen in different directions, measuring the time-of-
flight (ToF) experimentally and deriving the phase velocities [5–7,4,8].

In 1970, Markham [5] introduced a method to determine the elastic
constants for composite laminates using ultrasonics. By measuring the
ultrasonic wave velocities in multiple directions Markham determined
the elastic constants of the laminate. Smith [6] applied Markham’s
method and was able to determine five elastic constants for his mea-
surements. The number of elastic constants determined by Markham’s
method was later increased to nine by Gieske and Allred in 1972 [8].

At the same time Gieske and Allred in 1972 [8] correctly observed
that the ToF measurement used in Markham’s method result in the
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group velocity of the ultrasonic wave, while for determining the elastic
constant the phase velocity is required. Pearson and Murri [9], how-
ever, showed that for transversely isotropic material the group velocity
and phase velocity can be interchanged, therefore obtaining the correct
elastic properties.

Rokhlin and Wang [10] investigated Pearson and Murri [9] findings
in more details and derived the following equation (valid for generally
anisotropic materials) to obtain the phase velocity based on the ToF.
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where

= −t t t θΔ ( )i0 (4)

where t0 is the ToF without the presence of a specimen, t θ( )i is the ToF
with the presence of a specimen at an incident angle of θ v,i f is the ve-
locity of sound in the immersion fluid (water in this dissertation) and h
is the thickness of the specimen. A more detailed derivation of the Eq.
(3) the authors recommend reading [10].

Mal et al. [11] proposed an ultrasonic immersion technique based
on the travel time of reflected wave between a transducer and receiver
both aimed at an angle to a composite surface. The experiment was
based on the pitch-catch method while the specimen was immersed in
water. Mal et al. [11] reported all the five stiffness constants of a uni-
directional fiber-reinforced composite laminate.

Hosten et al. [4] and Castaings et al. [7], described a through-
transmission ultrasonic immersion technique to obtain the stiffness
matrix components for composites non-destructively. The ultrasonic
immersion technique was shown to retrieve the stiffness matrix com-
ponents including the transverse shear and out-of-plane properties. It is
important to note that the transversal shear and out-of-plane properties
are difficult to determine experimentally especially for thin laminates.

A different method that did not require the specimen to be sub-
merged into water was utilized by Kriz and Stinchcomb [12]. Kriz and
Stinchcomb [12] used two ultrasonic sensors; (i) a transducer placed on
the front surface of the specimen; and (ii) a receiver placed on a delay
block which in turn was placed on the back surface of the specimen.
The delay block was used to increase the distance between the trans-
ducer and receiver thereby increasing the difference in the time of flight
between waves. The non-submerged method used did not rotate the
specimen in the desired orientation to perform the different experi-
ments needed to retrieve all the stiffness components. The specimens
were cut in the desired plane to retrieve a specific stiffness component.
Kriz and Stinchcomb [12] reported that a 0.1% variation in phase ve-
locity resulted in a 35% variation in C12 an C13 values, they therefore
recommend recording the data with sufficient accuracy. Important to
state, not all the stiffness matrix components were retrieved directly,
only the components corresponding to E E G G, , ,1 2 12 23 and ν12 were re-
trieved from the experiments and the other values were obtained by
imposing the transversely isotropic conditions.

Karim et al. [13] and Mal et al. [14] on the other hand used leaky
Lamb waves (LLW) instead of through-transmission wave propagation
to determine the material properties. Both research groups inverted the
LLW dispersion curves and determined the corresponding elastic
properties. Hosten et al. [4], however, stated that phase velocity dis-
persion curves are not sensitive enough to determine the viscoelastic
properties of a material when using LLW.

Marguères and Meraghni [15] and Marguères et al. [16] performed
a series of investigation in which they characterize the effects of da-
mage on the stiffness components using the ultrasonic immersion
technique. When specimens were only impacted shear properties
showed a decrease in value, however, an overall stiffness reduction was
recorded when a post-impact fatigue cycle was applied. The in-
vestigations [15,16] showed that the ultrasonic immersion technique
was also applicable to damaged specimens.

Similar to [15,16] Hufenbach et al. [17] used the ultrasonic im-
mersion technique to investigate the damage evolution in glass fiber
and a thermoplastic polypropylene matrix specimen under tensile
loading.

Pant [18] proposed a technique using Lamb waves and the pitch-
catch method with a set of piezoelectric wafer active sensors (PWAS) to
determine the elastic constants. Pant [18] reported excellent results for
the tensile and transverse properties and acceptable results for the shear
modulus. A disadvantage of the method proposed by Pant [18] is it a
large plate with multiple PWAS bonded on it, while ultrasonic im-
mersion techniques require no bonding of PWAS and use smaller spe-
cimens.

More recently, Ong et al. [19] used a laser vibrometry to determine
the elastic properties of woven composite panels. The optimization and
retrieval of the elastic properties used by Ong et al. [19] is similar to the
ultrasonic immersion technique discussed earlier.

In this manuscript the LAMSS approach which combines the
through-transmission technique, the critical angle approach and pulse-
echo to retrieve the stiffness matrix of a material non-destructively is
introduced.

2. Ultrasonic characterization approaches

The experimental setup and methodologies for three different ap-
proaches (Markham’s-, Kriz and Stinchcomb’s- and LAMSS approach)
are discussed and elaborated in this section.

2.1. Marham’s approach

To retrieve the stiffness matrix components non-destructively the
ultrasonic immersion technique discussed in [1–5,7,8] were utilized.
The ultrasonic immersion technique is based on transmitting an ultra-
sonic plane wave through a specimen and receiving the wave field on
the other side; this method is known as the through-transmission
method. A variation of the through-transmission method replaces the
receiver with a reflector to reflect the wave field back through the plate.
The reflected waves are recorded using the same sensor used to gen-
erate the wave. This approach is known as the double through-trans-
mission method [20]. Both methods (schematically represented in
Fig. 1) used the time-of-flight (ToF) to determine the propagation ve-
locity, which in turn was used to retrieve the stiffness matrix compo-
nents.

The transmitter–receiver (the through-transmission method) setup
was preferred over the double through-transmission method due the
capability to obtain a 2D scan that contain additional information (re-
fraction angle of the transmitted wave). An existing water tank was
retrofitted and fixture (shown in Fig. 2)) to hold the composite spe-
cimen in place was manufactured. The fixture allowed for in-plane
rotation by the angle ϕ (Fig. 3)) and an out-of-plane rotation by angle of
θi (Fig. 3(a)) of the composite specimen. The out-of-plane rotation was
accomplished by utilizing the water tank turn table, such that an in-
cremental change in incident angle was feasible. The in-plane rotation
required manual adjustment to orientate the composite specimen in the
desired plane (markings on the fixture allowed the specimen to be ro-
tated with increments of 5°). The center of the specimen and fixture
coincide such that the transducer was focused to the same point re-
gardless of the rotation in ϕ or θi, this was important since material
properties change with location for anisotropic specimens. Prior to each
experiment the transducer was placed in position and lateral scan was
made using the receiver to determine the optimal location to receive the
strongest signal by the receiver. After the optimal position was de-
termined, the experiments were conducted: for each specimen at a
given ϕ the wave propagation was recorded for multiple incidents an-
gles.

In Markham’s approach the stiffness matrix components are re-
trieved by solving the inverse problem (the phase velocities are a given
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and the unknowns are the stiffness matrix components). Based on the
experimentally obtained ToF the phase velocity in the composite spe-
cimen is determined using the Rokhlin and Wang [10] formulation
given in Eq. (3) and repeated below for convenience
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where
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where t0 is the ToF without the presence of a specimen, t θ( )i is the ToF
with the presence of a specimen at an incident angle of θ v,i f is the ve-
locity of sound in the immersion fluid (water in this dissertation) and h
is the thickness of the specimen.

The inverse problem for an orthotropic material requires the opti-
mization of nine independent stiffness matrix components
(C C C C C C C C, , , , , , ,11 22 33 44 55 66 12 13 and C23) simultaneously. To reduce the
complexity and increase the accuracy of the solution, the optimization
process is divided into three parts where a fewer number of in-
dependent components are optimized at a time. The division into three
parts was obtained by utilizing the correlation between wave propa-
gation along the planes of symmetry of the material and certain stiffness
matrix components. The planes of symmetry for each stiffness matrix
component is listed below and illustrated in Fig. 4 [21]. It is important
to note there is a direct correlation between C33 and = °θ 0i in the
(x x,1 3)-plane, a subdivision in the (x x,1 3)-plane was therefore made.

• Propagation without a specimen
– Determine the ToF t0.

• Propagation with a specimen in combination with the previously
obtained t0
– Propagation in the (x x,1 3)-plane of symmetry
∗ At an incident angle of = °θ 0i determine C33

∗ At an incident angle of ≠ °θ 0i determine C C,11 55 and C13

Fig. 1. Different ultrasonic immersion technique
method: (a) through-transmission method and (b)
double through-transmission.

Fig. 2. Representation of the fixture holding the composite specimen.

Fig. 3. Ultrasonic immersion technique rotation angles: (a)
in-plane rotation ϕ; and (b) out-of-plane rotation θi.
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– Propagation in the (x x,2 3)-plane of symmetry
∗ At an incident angle of ≠ °θ 0i determine C C,22 44 and C23

– Propagation in a non-symmetry plane
∗ At an incident angle of ≠ °θ 0i determine C66 and C12.

After each part the optimized stiffness component is stored and the
initial guess is updated to be used in the next step. At the end all the
stiffness components are optimized and the full matrix is reconstructed.

2.2. Kriz and Stinchcomb approach

Kriz and Stinchcomb [12] proposed an approach based on the ToF
that used multiple specimens each cut at specific orientation to retrieve
the stiffness matrix components. Similar to Markham’s approach Kriz
and Stinchcomb’s approach requires an experiment without specimen
to determine the initial ToF; specific to this approach the ToF corre-
sponds to the ToF in the delay block. The delay block is placed between
the back surface of the specimen and the receiver to increase the path
traveled by the wave such that the different waves are separated upon
arrival. The transmitter is placed on the front surface and is used to
generate the bulk waves.

The advantage of Kriz and Stinchcomb’s approach is that one can
retrieve the stiffness matrix components directly without the need of an
optimization routine. For example, C11 can be immediately retrieve
from a through-transmission experiment in which the fibers are aligned
with the path of propagation; similarly the stiffness matrix components
C22 and C33 can also be retrieved directly. In their investigation Kriz and
Stinchcomb [12] reported stiffness matrix-wave relations to retrieve the
stiffness matrix components as is shown in Table 1.

2.3. LAMSS approach

A disadvantage of the through-transmission technique discussed
earlier is the need for an experiment without a specimen to determine
the initial ToF t0. To perform an experiment without specimen one
needs to remove the specimen, this required to handle the fixture,
therefore this was regarded as a potential source of errors (minor ad-
justments in the fixture would yield a difference in ToF). To overcome
the need to remove the specimen the through-transmission technique
was combined with the pulse-echo technique into the LAMSS approach.

In the LAMSS approach the data capturing was automated such that
a range of incident angles between ±60° was obtained for the specimen
orientated in both (x1,x3)- and (x1,x3)-plane of symmetry. From the
collected data the critical angles (the incident angle at which a wave no
longer propagates through the specimen but on its surface, see Fig. 5) in
the both (x1,x3)- and (x1,x3)-plane of symmetry were determined. The
critical angles allowed the retrieval of some stiffness matrix

components directly (similar to Kriz and Stinchcomb’s approach); as
can be seen from Fig. 5, at the critical angle the wave propagates along
the plate. Using the critical angle and Snell’s law, the velocity in the
fiber- (1-) or transverse (2)-direction were determined, which in turn
(using the equation presented in Table 1) yielded the C11 and C22 stiff-
ness matrix components directly and thereby reducing the complexity
of the optimization problem. In addition, it is important to notice that
when the material is assumed to be transversely isotropic several sim-
plifications can be applied to the steps listed above. Due to the trans-
versely isotropic conditions = =C C C C,66 55 12 13 and = −C C C( )/244 22 23 :
(i) no experiment in a non-symmetry plane is required; and (ii) in the
(x2,x3)-plane of symmetry only C23 had to be determined.

LAMSS approach

• Pulse-echo measurement
– The difference in ToF between the reflection from the front sur-
face (first reflection) and the back surface (second reflection) is
used in Eq. (3) to determine the C33 directly.

– The pulse-echo ToF is used to determine the t0 in the previous
method.

• Through-transmission measurements
– Propagation in the (x1,x3)-plane of symmetry
∗ At an incident angle of = °θ 0i and with the determined C33

component, the ToF without the presence of a specimen (t0) can
was determined;

∗ At an incident angle of ≠ °θ 0i and using the previously de-
termined t0 determine C C,11 55 and C13.

– Propagation in the (x1,x3)-plane of symmetry-plane of symmetry
∗ At an incident angle of ≠ °θ 0i and using the previously de-
termined t0 determine C C,22 44 and C23.

– Propagation in a non-symmetry plane
∗ At an incident angle of ≠ °θ 0i and using the previously de-
termined t0 determine C66 and C12.

3. Experimental methodology

The LAMSS approach was selected to retrieve the material proper-
ties of a composite specimen non-destructively. In this section the data
gathering procedure and the post-processing of the date prior to its use
in the inverse problem are discussed.

3.1. Data gathering procedure

To perform the required experiments the composite specimen was
placed in the fixture; the fixture and specimen together with the
transducers were then loaded into the water tank, see Fig. 6.

Once all the necessary equipment was in place, the data gathering
process was started. To ensure the correct data was collected, the fix-
ture had to be orientated to the normal (θ0) of the transducer. The
normal was found as follows:

Find the normal incident angle, θ0

• The transmitter was used to perform a pulse-echo scan for a range of
incident angles. For each incident angle the absolute peak amplitude
of the first reflected signal was recorded (through the use of a data
recording gate). The maximum reflected peak amplitude occurs
when the transducer is normal to the specimen, therefore, from the
recorded data the normal incident angle was retrieved. The normal
incident angle was required to take into account the misalignment of
the transducer prior to further processing of the data.

After the normal incident angle was found, the turntable of set to
that angle, then the through transmission approach was used to de-
termine the receiver position. The receiver position was obtained using
the absolute peak amplitude of the first incoming signal while scanning
in both the y- and z-direction; this resulted in the C-scan shown in

Fig. 4. Elastic constants, reference axes and planes of propagation of ultrasonic waves for
orthotropic material elaborated in the form of thin plate [21].
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Fig. 7. The receiver optimal location corresponds to the center of the C-
scan.

Once the normal incident angle and the receiver position were de-
termined the data used in the inverse problem (to retrieve the stiffness
matrix components) was collect as follows:

Data collection for the inverse problem

• The receiver was allowed to move approximately ±1 inch with an
increment of 0.01 inch from its optimum location in the y-direction;

• The incident angle is controlled by the turntable and it was allowed
to vary from ±60° with an increment of 0.1°;

• The wave form was recorded; this included the entire signal for each
increment in incident angle and y-location.

3.2. Post-processing of the data

The experimental data had to be processed before it could be used in
the inverse problem to retrieve the stiffness matrix components. The
post-processing steps after the data was collected are reported here. The
collected data consisted of the absolute peak amplitude for each

Table 1
Stiffness matrix-wave relations [12]

Specimen Direction cosines Particle direction Equation relating elastic moduli and phase velocity

1 n1 = 1 x1 =C ρvp11 1
2

n2 = 0 x2 =C ρvp66 2
2

n3 = 0 x3 =C ρvp55 3
2

2 n1 = 0 x1 =C ρvp66 1
2

n2 = 1 x2 =C ρvp22 2
2

n3 = 0 x3 =C ρvp44 3
2

3 n1 = 0 x1 =C ρvp55 1
2

n2 = 0 x2 =C ρvp44 2
2

n3 = 1 x3 =C ρvp33 3
2

4 n1 = 0 x1 + =C C ρv2 p66 55 1
2

n2 = 1/ 2 (x x,2 3)-plane = + − + − −( )( )C C C ρv C C ρv C2 2p p23 22 44 2
2

44 33 2
2

44

n3 = 1/ 2 (x x,2 3)-plane = + − + − −( )( )C C C ρv C C ρv C2 2p p23 22 44 3
2

44 33 3
2

44

5 n1 = 1/ 2 (x x,1 3)-plane = + − + − −( )( )C C C ρv C C ρv C2 2p p13 11 55 2
2

55 33 2
2

55

n2 = 0 x2 + =C C ρv2 p66 44 1
2

n3 = 1/ 2 (x x,1 3)-plane = + − + − −( )( )C C C ρv C C ρv C2 2p p13 11 55 3
2

55 33 3
2

55

6 n1 = 1/ 2 (x x,1 2)-plane = + − + − −( )( )C C C ρv C C ρv C2 2p p12 11 55 2
2

66 22 2
2

66

n2 = 1/ 2 (x x,1 2)-plane = + − + − −( )( )C C C ρv C C ρv C2 2p p12 11 66 3
2

66 22 3
2

66

n3 = 0 x3 + =C C ρv2 p55 44 1
2

Fig. 5. Wave propagates on the surface at the critical angle θcr .

Fig. 6. Experimental setup for the ultrasonic immersion
technique: (a) isometric view (b) front view.
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increment in incident angle and y-location as is shown in Fig. 8. As it
can be seen from Fig. 8 the collected data has an offset in both the
incident angle and y-location; the figure should be double symmetric
and its center should correspond to zero incident angle and zero y-lo-
cation.

The offset correction for the incident angle and y-location were
determined by examining the absolute peak amplitude versus y-location
and the absolute peak amplitude versus incident angle, as shown in
Fig. 9. In both cases the intersection between a user defined absolute
peak amplitude value and the plots was determined. The correction was
determined to equal the mean of the y-location and incident angle re-
spectively at which the intersection occurred, this is indicated by red
dashed vertical lines in Fig. 9. The corrected data (as shown in Fig. 10)
was used for further post-processing to retrieve the ToF and corre-
sponding phase velocity for each incident angle.

To determine the ToF, the signal corresponding to the maximum
absolute peak amplitude for each incident angle was extracted from the
data. First, the signal was normalized with respect to its maximum
absolute value; second, a Hilbert transform was applied to the signal to
determine the envelope of the wave packet; third, the intersections of
the first wave envelope with respect to a user defined threshold was
determined; fourth and last, the ToF extracted as the mean of the
threshold intersection values in the time domain; these steps are illu-
strated in Fig. 11.

It is important to note that determining the ToF by taken the ToF of
the highest peak can provide incorrect data, due to small differences in

ToF can yield large deviations in phase velocity and subsequently the
retrieved stiffness matrix components. Using the Hilbert transform and
the threshold approach (the ToF is equal to the average of the two in-
tersections) the possible error in ToF is reduced.

Prior to the ToF conversion to phase velocity (using Eq. (3)), the
initial ToF t0 was required. From the pulse-echo measurement (see
Fig. 12a) the change in ToF (the difference between the first and second
peak, tavg) was determined, this change in ToF was used to determine
the phase velocity using

=v h
t
2

p
avg (7)

The phase velocity from the pulse-echo measurement was used to
determine the difference in ToF ( tΔ ) by comparing it to the through-
transmission ToF at zero incident angle. Using Fig. 12b one can derive
that tΔ equals

= −t h
v

h
v

Δ
f p (8)

and from Eq. (4) one obtains

= −t t tΔ0 (9)

Once the initial ToF t0 was determined and ToF of the signal for each
incident angle t was extracted from the data the phase velocity was
calculated using Eqs. (3) and (4). In Fig. 13 the time, tΔ and phase
velocity for each incident angle for an experiment in the (x x,2 3)-plane of
symmetry is shown.

From Fig. 13c one can obtain the critical angle ( = =θ θ 28.5i cr °) at
which the faster pressure wave no longer propagates through the spe-
cimen but along the surface, in this case this incident angle was used to
retrieve the C22 stiffness matrix component directly via:

⎜ ⎟= ⎛
⎝

⎞
⎠

C ρ
v

θsin
f

cr
22

2

(10)

As last, the data was structured into a matrix and saved for the use
in the inverse problem.

4. Case study

The inverse problem required the stiffness matrix components to be
optimized for a set of experimentally obtained velocities; therefore, the
optimization routine is discussed first. Second, the optimization routine
is verified using a synthesis test case in which the velocities are cal-
culated for a known stiffness matrix, after which the stiffness matrix
retrieved from a random initial guess. As last, the stiffness matrix
components were determined for a composite specimen provided by
NASA. The engineering constants and group velocity based on the de-
termined stiffness matrix components were compared with those re-
ported by Leckey et al. [22].

4.1. Optimization routine

The optimization routine minimized the error between the experi-
mentally obtained velocities and the predicted velocities which de-
pended on the stiffness matrix. Minimizing the error was done using a
constraint nonlinear optimization algorithm in Matlab (fmincon in
combination with the sequential quadratic programming (sqp) algo-
rithm). The stiffness matrix corresponding to the minimized error was
regarded as the optimal solution. The flowchart for the inverse pro-
blem, which the optimization routine was part of is given in Fig. 14.

To ensure a global minimum was obtained, the global search algo-
rithm based on the basin of attraction was implemented. The optimi-
zation routine resulted in a fully retrieved stiffness matrix; however, to
compare the results directly to ASTM-standard procedure results, the
stiffness matrix had to be converted to engineering constants. The

Fig. 8. The maximum absolute peak amplitude for each incident angle and y-location
prior correcting the offsets.

Fig. 7. C-scan measurement used to determine y- and z-location.
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conversion from stiffness matrix to engineering constant can result in
non-realistic Poisson ratio values; ⩽ ⩽ν0.5 0. To enforce realistic
Poisson ratio values, a second optimization routine with the objective to
minimize the maximum difference between the stiffness matrix com-
ponents while constraining the Poisson ratio value to only realistic
values was applied. In the second optimization the engineering con-
stants were used as design variable instead of the stiffness matrix
components, due to the coupling of multiple stiffness matrix compo-
nents to one engineering constant. The second optimization routine is
summarized as:

Design vector
∗ ∗ ∗ ∗ ∗ ∗E E E G G G ν ν ν[ ]11 22 33 12 13 23 12 13 23

Constraint function

⩽ ⩽ν0 0.5

Objective

−∼C Cmin(| | )ij ij max

It is important to note that the asterix (∗) denotes design variables
that are normalized with respect to the corresponding pre-second op-
timization values. Without normalization, the Young’s- and shear-
moduli ranged between 2 GPa for ∗G12 and 170 GPa for ∗E11 while the
Poisson ratio values ranged between 0 and 0.5. Normalization resulted
in that Young’s-, shear-moduli and Poisson ratio values were in a same

range, thereby improving the results obtained.

4.2. NASA specimen

The specimen was loaded into the water tank and measurements
were taken in the (x x,1 3)- and (x x,2 3)-plane of symmetry. It is important
to notice that if it is known that the material is orthotropic transversely
isotropic one the data from the (x x,1 3)-plane of symmetry is required. In
this investigation, orthotropic transversely isotropic assumption was
verified through the condition that C22 had to equal C33, therefore, both
the data (x x,1 3)- and (x x,2 3)-plane of symmetry were used.

First, using (x x,2 3)-plane of symmetry both C22 and C33 were de-
termined. The C33 stiffness matrix component was retrieved using the
through-transmission data, while the C22 was retrieved using the critical
angle, the critical angle at which the pressure wave disappears and only
a slower shear wave propagates through the specimen, 28.5° in this
case. The through-transmission yielded a phase velocity of 3075m/s,
together with (from Table 1):

=C ρvp33 (11)

a value of 14.76 GPa was obtained for C33. Second, C22 was retrieved
using the critical angle in combination with Snell’s law:

=v
v

θsinp
f

cr (12)

the value for C22 was retrieved to equal 15.10 GPa. The difference be-
tween the retrieved values for C22 and C33 was 0.34 GPa, this difference
was deemed acceptable (∊⩽3%) and within the range due to measure-
ment errors. Due to the small difference it was concluded that C22 equals
C33, therefore the material was assumed to be orthotropic transversely
isotropic. For future calculations, the final value for C22 and C33 was set
to the average of the two; 14.93 GPa. Third, to retrieve the C11 stiffness
matrix component the critical angle was required similar to when re-
trieving the C22 stiffness matrix component. From the phase velocity
plots (see Fig. 15b and 15c) it is clear that the range of incident angle
beyond ±45° yielded inaccurate, therefore only the data up to 40° was
used for further processing. The incident angle in this case however,
had to be retrieved using Fig. 15a instead of Fig. 15c. The sharp de-
crease in phase velocity corresponds to the generation of a guided wave
with a larger amplitude than the pressure wave, therefore the ToF of the
guided wave was retrieved. Using Fig. 15a, however, the correct critical
angle can be retrieved anyways, by searching for the incident angles
that corresponds to a sudden decrease in amplitude. The most evident
decrease in amplitude in Fig. 15a corresponded to the incident angle at
which the phase velocity suddenly decreases in Fig. 15c. However, a
closer examination of Fig. 15a will yielded another sudden decrease in

Fig. 9. The maximum absolute peak amplitude in the: (a) y-direction; and (b) the range of incident angles.

Fig. 10. The maximum absolute peak amplitude for each incident angle and y-location
after to correcting the offsets.
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amplitude at an incident angle of approximately 8°, this incident angle
was used to determine the C11 stiffness matrix component; using a cri-
tical angle of 8.08° yielded C11 value of 173.77 GPa.

As last, the other (C C,44 55 and C13) stiffness matrix components were
retrieved using the optimization routine and equaled 4.96, 6.22 and
3.77 GPa respectively. It is important to recall the orthotropic

transversely isotropic conditions that yielded C66=C C,55 12=C13 and fi-
nally = −C C C223 22 44 which equaled to 5.00 GPa.

After the full stiffness matrix was retrieved, it was converted to the
engineering constant and a comparison was made between the re-
trieved values and those reported by Leckey et al. [22], as is shown in
Table 2. After the first optimization routine the retrieved values come

Fig. 11. Extraction of ToF from data illustrated: (a) normalized signal; (b) envelope of signal; and (c) threshold used to determine ToF.

Fig. 12. Determining the difference in ToF: (a)
normalized pulse-echo signal; and (b) illustration
to derive tΔ .
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close to those obtained through mechanical testing. Nevertheless, a
second optimization routine was performed in which the input were the
engineering constant obtained from the first optimization. It is im-
portant to state that the LAMSS approach yielded realstic values for all

the engineering constants. Even when the second optimization was
perform, no better values were retrieved. In this specific case a set of 92
initial points were examined of which 60 results in the same results
(LAMSS 2nd optimization), this does not necessary have to hold for a
different material. For most of the engineering constants there was no
significant change in values, only the G12 value changed noticeably
(which is almost double when compared to the G12 value obtained from
the literature).

Comparing the optimized result with those in the literature a sig-
nificant change can be seen for E E G, ,22 33 23 and the Poisson ratios. The
largest difference is between the G23 values, however, it is important
that the literature value for G23 was not considered reliable since it was
not directly obtained from testing but assumed. Another noticeable
difference are those in the Poisson ratios; first, ν23 was assumed and not
determined therefore the difference was deemed acceptable; second, ν12
and ν13 significantly varied as well. The Poisson ratio ν12 was de-
termined through testing (recall ν13 = ν12) and therefore the optimized
results was off. A possible reasoning for this was the difference in me-
chanics between the mechanical testing procedure which strains the
material significantly more (several tenths of a percent of strains are
possible) than the ultrasonic immersion in which the material proper-
ties were retrieved in the microstrain domain. In addition, the en-
gineering constants determined using mechanical testing where based
on the literature, therefore no comments can be made on the correct-
ness of the results unfortunately.

An additional comparison was, therefore, performed. In the

Fig. 13. Data extraction results: (a) ToF; (b) delta ToF; and (c) phase velocity.

Fig. 14. Flowchart inverse problem routine.
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literature, a guided wave experiment was performed to determine the
group velocity in the 0° direction. Both the literature and the second
optimization engineering constants were used as input in the unified

analytic method formulation to predict the group velocity for the given
frequency (200 kHz) and the accuracy of the predictions compared to
those reported in the literature. As it can be seen (Table 3) the predicted
group velocity error has decreased from 14.1% to 5.8% when using the
engineering constants obtained through the LAMSS approach. It was
therefore concluded that LAMSS approach yielded more accurate re-
sults when the objective was to retrieve accurate dispersion curves.

Fig. 15. Data from the (x x,2 3)-plane of symmetry for each incident angle θi: (a) maximum absolute peak amplitude in each y-location; and (b) phase velocity.

Table 2
Material properties M7/8552, engineering constants comparison.

Property Leckey et al.
[22] [GPa]

LAMSS 1st optimization
[GPa]

LAMSS 2nd optimization
[GPa]

E11 171.40 173.22 173.22
E22 9.08 13.32 13.32
E33 9.08 13.32 13.32
G12 5.29 6.26 6.26
G13 5.29 6.26 6.26
G23 2.80 5.01 5.01
ν12 [–] 0.320 0.204 0.204
ν13 [–] 0.320 0.204 0.204
ν23 [–] 0.500 0.329 0.329

Table 3
Group velocity [m/s] comparison at 200 kHz.

Experimental [22] Leckey et al. [22] LAMSS 2nd
optimization

Group velocity 2149 ± 13 1835 2012
Error ∊ – 14.1–15.1% 5.8–6.9%
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5. Discussing and conclusion

5.1. Discussion

This manuscript presented modified ultrasonic immersion technique
to retrieve the stiffness matrix components non-destructively; the
LAMSS approach.

The LAMSS approach combined the through-transmission and
pulse-echo technique such that there was no need for an additional
experiment without the presence of the specimen to determine the
time-of-flight in the coupling medium (water). Furthermore, to re-
duce the complexity of the inverse problem (determining the stiff-
ness matrix components from experimentally obtained velocities)
several stiffness matrix components were retrieved directly based
on the critical angle approach. In the critical angle approach the
incident angle at which the pressure wave no longer propagates
through the specimen but its surface was determined. The critical
angle was used in Snell’s law to determine the phase velocity which
in turn yielded a certain stiffness matrix component. The stiffness
matrix components C C,11 22 and C33 were determined directly. Based
on the value for C22 and C33 it was concluded the specimen was made
out of a transversely isotropic material; therefore, corresponding
conditions ( = = =C C C C C C, ,33 22 66 55 13 12 and = −C C C

44 2
22 23) were ap-

plied in the analysis.
If the material is transversely isotropic, only one experiment in the

(x x,1 3) is required to determine all the stiffness matrix components,
thereby reducing the complexity of the problem significantly.

For completeness, both the experimentally- and post-processing
methodologies were presented and discussed.

5.2. Conclusion

The LAMSS approach was evaluated using a specimen provided by
NASA for which its stiffness matrix components were retrieved. The
stiffness matrix components were converted to engineering constant
such that a direct comparison could be made between the values ob-
tained through the LAMSS approach and the engineering constants
presented in the literature.

The comparison revealed that the engineering constants retrieved
using the LAMSS approach were different from those listed in the lit-
erature. The Poisson ratio ν23, however, was more realistic than the
value of 0.50 as the literature suggested. The engineering constants in
the literature were determined using ASTM standard procedure, these
test required the specimen to be loaded until failure. The strains ex-
perienced by the specimen were orders of magnitude larger when
compared to the ultrasonic immersion technique, this is a possible
source of the error between the values.

However, the goal was to retrieve a stiffness matrix to use in a
dispersion curve algorithm. Therefore, both sets of the engineering
constants were used to predict the group velocity at a frequency of
200 kHz, which in turn were compared to the experimental velocity at
200 kHz (reported in the literature). To predict the group velocity the
unified analytic method as discussed in [23–25] was used. The en-
gineering constants obtained through the LAMSS approach yielded
more accurate predictions (5.8% error versus 14.1%).

It is therefore concluded that the LAMSS approach can yield a set of
engineering constants different from ASTM standards yet yield better
dispersion curve predictions.
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