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ABSTRACT 

Health monitoring of structures is a major concern in the engineering community. Multi-

site fatigue damage, hidden cracks in hard-to-reach locations and corrosion are among the 

major flaws encountered in today’s extensive diagnosis and/or prognosis of civil and 

military vehicles and structures. One way to achieve structural interrogation is through 

ultrasonic waves by introducing a high frequency stress pulse or “wave packet” into a 

material and observing the subsequent propagation and reflection of this energy. Among 

ultrasonic waves, the Lamb waves are particularly advantageous because they can 

propagate at large distances as guided waves in plates and shells. The Lamb waves travel 

into the structure and are reflected or diffracted by the structural boundaries, 

discontinuities, and damage. By studying their propagation and reflection, many 

fundamental properties of the structure can be determined. Our Lamb wave-based active 

SHM method uses piezoelectric wafer active sensors (PWAS) to transmit and receive 

Lamb waves in a thin-wall structure. PWAS are lighter, smaller, and less expensive than 

the conventional ultrasonic transducers, and can be permanently attached to the structure. 

Thus, they permit on-demand structural interrogation. The PWAS phased arrays consist 

of a group of PWAS located at distinct spatial locations and with distinct phase delays in 

the signal pattern. A PWAS phased array may be used to point towards a fixed radiation 

pattern, or to scan the structure rapidly by varying the relative phases of the respective 

signals feeding the PWAS. The effective radiation patterns of the array are determined by 

the relative amplitudes of the signals radiated by the individual array element and the 
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configuration of the array.  

This dissertation is focused on using PWAS to construct guided Lamb-wave phased 

arrays for in-situ structural health monitoring. An unique feature of our method, which 

makes it essentially different from the traditional piezoelectric phased arrays, is that the 

PWAS phased array performs virtual scanning by steering the beam through a signal post 

processing procedure. The PhD dissertation will first address the background of using 

PWAS transducer and guided Lamb waves for damage detection. Then, it will intensively 

focus on the development of mathematical fundamentals and practical implementations 

of PWAS phased arrays in 1-D and 2-D patterns, followed by the use of advanced signal 

processing techniques to improve the phased array performance and detection capability. 

Mathematical formulation, numerical simulation, and experimental validation of the 

application of PWAS arrays for damage detection and structural health monitoring of 

plate and shell-type thin-wall structures will be presented. 
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PART I: USING PWAS GUIDED LAMB WAVES FOR SHM/NDE  

Health monitoring of structures is a major concern of the engineering community. Multi-

site fatigue damage, hidden cracks in hard-to-reach locations and corrosion are among the 

major flaws encountered in today’s extensive diagnosis and/or prognosis of civil and 

military crafts and structures. Embedded ultrasonic NDE permits active structural health 

monitoring (SHM), i.e., the on-demand interrogation of the structure to determine its 

current state of structural health. The area of SHM is of growing concern and worthy of 

new and innovative approaches. Though well established design and maintenance 

procedures exist to detect structural defect, new and unexpected phenomena must be 

accommodated by the application of advanced damage detection method. The enabling 

element of embedded ultrasonic NDE is the piezoelectric wafer active sensors (PWAS) 

and the embedded ultrasonic structural radar (EUSR). The first part of this dissertation 

begins with the reviewing of guided waves inspection for NDE/SHM. Then it is focused 

on the mechanisms of tuned Lamb waves excitation and detection with embedded PWAS 

transducers.  
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1. INTRODUCTION AND STATE OF THE ART 

Structural health monitoring (SHM) is an emerging research area with multiple 

applications. SHM has been defined in the literature as the “acquisition, validation and 

analysis of technical data to facilitate life-cycle management decisions (Hall, 1999)”. 

More generally, SHM denotes a system with the ability to detect and interpret adverse 

changes in a structure in order to improve reliability and reduce life cycle cost. SHM 

assesses the state of structural health and, through appropriate data processing and 

interpretation, predicts the remaining life of the structures. Once challenge in designing a 

SHM system is knowing what changes to look for and how to identify them (Kessler et 

al., 2002). 

SHM sets out to determine the health of a structure by reading a network of sensors that 

are embedded (permanently attached) into the structure and monitored over time. It can 

be performed in two ways, passive and active. Both approaches aim to perform a 

diagnosis of the structural safety and health, followed by a prognosis of the remaining 

life. Passive SHM consists of monitoring a number of parameters (loading stress, 

environment action, performance indicators, acoustic emission from cracks, etc.) and 

inferring the state of structural health from a structural model. This method uses passive 

sensors which only “listen” to the structure but do not interact with it. Therefore, passive 

SHM does not provide a direct measurement of the damage presence and intensity. In 

contrast, active SHM uses active sensors that interact with the structure and thus 

determine the presence or absence of damage. Active SHM performs proactive 
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interrogation of the structure, detects damage, and determines the state of structural 

health from the evaluation of damage extent and intensity. The methods used for active 

SHM, e.g., ultrasonics, eddy currents, etc., resemble those of nondestructive evaluation 

(NDE), etc., only that they are used with embedded sensors. Hence, the active SHM 

could be seen as a method of embedded (or in-situ) NDE.  

The ultrasonics-based active SHM method uses piezoelectric wafer active sensors 

(PWAS) to transmit and receive Lamb waves in a thin-wall structure (Figure 1). PWAS 

are lighter, smaller, and less expensive than the conventional ultrasonic transducers. 

PWAS are permanently attached to the structure and permit on-demand structural 

interrogation.  

2 in (50 mm) 

5-mm sq., 0.2-mm 
thin PWAS 

 
Figure 1 Piezoelectric wafer active sensors (PWAS) attached to a thin-wall structure 

PWAS operate on the piezoelectric principle and achieve direct transduction of electric 

energy into elastic energy and vice-versa. Their constitutive equations couple the 

electrical and mechanical variables in the material (mechanical strain, Sij, mechanical 

stress, Tkl, electrical field, Ek, and electrical displacement Dj) in the form 

 
,

E
ij ijkl kl kij k

T
j jkl kl jk k

S s T d E

D d T Eε

= +

= +
 (1) 

where E
ijkls  is the mechanical compliance of the material measured at zero electric field 
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(E = 0), T
jkε is the dielectric permittivity measured at zero mechanical stress (T = 0), and 

dkij represents the piezoelectric coupling effect. An alternating voltage applied to the 

PWAS terminals produces an oscillatory expansion and contraction of the PWAS 

material. Vice-versa, an oscillatory expansion and contraction of the PWAS material 

produces an alternating voltage at the PWAS terminals. In Lamb-waves applications, 

PWAS couple their in-plane motion, excited through the piezoelectric effect, with the 

Lamb-waves particle motion on the material surface. 

PWAS bear similarities with conventional ultrasonic transducers because they both use 

the piezoelectric effect to convert electric signals into acoustic waves (transmission) and 

acoustic waves back into electric signals (reception). However, PWAS differ from 

conventional ultrasonic transducers in several ways:  

(1) PWAS achieve Lamb wave transmission and reception through in-plane strains 

coupling with the structural surface;  

(2) PWAS are non-resonant wide-band devices;  

(3) PWAS are strongly coupled with the Lamb-waves in the structure and can be 

tuned to excite selective Lamb-wave modes, Giurgiutiu (2003)  

The Lamb waves transmitted and received by the PWAS can be used in pitch-catch, 

pulse-echo, and phased-array methods to detect the presence of cracks, delaminations, 

disbonds, and corrosion. The Lamb waves travel into the structure and are reflected or 

diffracted by the structural boundaries, discontinuities, and damage. The reflected or 

diffracted waves arrive back at the PWAS array where they are transformed into electric 

signals. Due to the similarities between this approach and NDE ultrasonics, it can be 



 5

termed embedded ultrasonics. Embedded ultrasonics will allow the transitioning of 

conventional ultrasonic methods to structural health monitoring (SHM).  

This dissertation is focused the use of PWAS to construct guided Lamb wave phased 

arrays for in-situ structural health monitoring. The research work addresses the 

background of using PWAS transducer and guided Lamb waves for damage detection. 

Then it is intensively concentrated on the development of mathematical fundamentals and 

practical implementations of PWAS phased arrays, plus advanced signal processing 

techniques for improved array performance. Mathematical formulation, numerical 

simulation, and experimental validation of the application of PWAS phased arrays in thin 

wall structures are presented. The dissertation consists of three main parts, each 

containing several chapters. The three main parts are: 

(a) Part I: using PWAS transducers to generate and receive Lamb waves 

(c) Part III: building PWAS phased array and implementation in in-situ SHM 

(b) Part II: advanced signal processing techniques and the potential applications 

1.1 State of the art on using guided wave for NDE/SHM 

There are a large number of NDE/NDT/NDI techniques for identifying local damage and 

detect incipient failure in critical structures. Among them, ultrasonic inspection is well 

established and has been used in the engineering community for several decades 

(Krautkramer and Krautkramer, 1990). Kudva et al. (1993) and Van Way et al. (1995) 

presented passive SHM systems utilizing an assortment of sensors such as acoustic 

emission transducers, resistance strain gages, fiber optic strain gages, filament crack 

gages, and corrosive environment sensors. Boller et al. (1999) showed that the reliability 
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of SHM systems increases when the sensors do not just “listen” but act as both actuators 

and sensors. Active SHM uses active sensors that interrogate the structure to detect the 

presence of damage, and to estimate its extent and intensity. One active SHM method 

employs piezoelectric wafer active sensors (PWAS), which send and receive ultrasonic 

Lamb waves and determine the presence of cracks, delaminations, disbonds, and 

corrosion. Viewing active SHM from the embedded-NDE point of view allows us to 

draw on the experience already developed in the NDE field and to transition it into SHM 

applications.  

Guided wave is the name of a family of waves that require boundary for their existence. 

The members of this family are named after the investigators who did great contributions 

to the understanding of these waves. A few examples are the Rayleigh waves, Love 

waves, Lamb waves, and Stonley waves. Rayleigh wave is the wave that propagates on 

the traction-free surface of a semi-infinite solid (Rayleigh, 1885). Love wave exist in a 

half-space covered by a layer of material with different elastic properties (Love, 1926). 

Lamb waves are the waves that propagate in plates with traction-free surfaces (Lamb, 

1917). Stonley waves are free waves that occur at an interface between two media 

(Stonley, 1924).  

Ultrasonic NDE methods rely on interpretation of these elastic wave propagation and 

reflection with the materials. The local damage and flaw will be represented as wave field 

disturbance and identified by damage detection algorithms. Guided waves are being used 

to detect cracks, inclusions, and disbonds in metallic and composite structures. Lamb 

waves are appropriate for thin plate and shell structures, while Rayleigh waves are more 

useful for the detection of surface defects. Worlton (1957, 1961) was among the first to 
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recognize the advantages that Lamb and Rayleigh waves offer over P-waves for NDE 

applications. Viktorov (1967) studied the use of Rayleigh and Lamb waves for ultrasonic 

testing. Rose (1995) and Krautkramer (1998) reviewed the applications of portable 

guided wave ultrasonic devices for inspecting steam generator tubing, aging aircraft 

structures and some powder injected molded parts in manufacturing settings. Good 

sensitivity and range of detection were demonstrated. Recently, Rose (2001) has 

reiterated the inspection potential of ultrasonic guided waves for thin-wall structures. 

Guided Lamb waves offer an improved inspection potential due to:  

• variable mode structure and distributions; 

• multimode character; 

• sensitivity to different types of flaws; 

• propagation over long distances; 

• guiding character, which enables them to follow curvature and reach hidden 

and/or buried parts. 

The potential use of guided waves for monitoring metallic aircraft structures was 

investigated by Alleyne and Cawley (1992) and Dalton et al. (2001). Among the 

ultrasonic guided waves, the Lamb waves are particularly advantageous because they can 

propagate at large distances in plates and shells (Rose 1995, 2002; Krautkramer, 1998; 

Seale et al., 1998; Dalton et al., 2001; Alleyne et al., 2001; Thomson and Chimeti, 2002). 

Active SHM systems using interrogative Lamb waves would be able to cover large areas 

from one single location. Such systems would be cost-effective and efficient. Several 

issues were of concern in the Lamb waves inspection: the selection of the Lamb wave 
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modes, the effect of skin tapering, the effect of sealants and paints, the propagation across 

double skin systems, and the propagation across aircraft joints. The results have shown 

that guided waves offer good potential for localized structural monitoring. Long range 

propagation through tapered skin presents little problem as long as dispersion is avoided. 

However, sealant layers can create severe damping problems. The effect of structural 

fasteners was not studied. Chahbaz et al. (1999) used the guided wave to conduct 

detection of corrosion damage in aircraft wing skin structures. It shows that compared to 

the conventional time consuming C-scan imaging, the guided waves demonstrates 

potential as promising, global and fast inspection method. Lamb waves have also been 

widely used for damage detection in composite structures to detect delamination defect 

(Sekhar et al., 2005) (Piece et al., 2000). It shows that Lamb waves are particularly 

suitable for probing thin plate structures of large area. The Lamb waves approach offers a 

considerable saving in time for the through-the-thickness inspection. However, it has also 

been noticed that the propagating complexity can introduce significant difficulties to this 

technique, known as the multimode and dispersion properties of Lamb waves. When 

applying guided waves for SHM, the capability to sense the flaws varies with different 

modes (Nieuwenhuis et al., 2005). Knowing the structure of the propagating media, it is 

essential to identify an appropriate mode of guided wave to suit the required flaw 

detection. Wilcox (2003) proposed a rapid signal processing method to remove the 

dispersion effect in the guided wave applications. 

Traditionally, guided waves have been generated by impinging the plate obliquely with a 

tone-burst from a relatively large ultrasonic transducer (Alleyne and Cawley, 1992). 

However, conventional ultrasonic transducers are inappropriate for SHM applications due 



 9

to their cost, weight, and size. Conventional ultrasonic transducers could not be 

embedded in large numbers into a structure without incurring important cost and weight 

penalties. In addition, Lamb waves can have one dimensional propagation, straight-

crested Lamb waves, and two dimensional propagations, circular-crested Lamb waves. 

The conventional ultrasonic transducers only generates straight-crested Lamb waves due 

to either an oblique impingement of the plate with a tone burst through a coupling wedge 

or a patterned tapping through a “comb” coupler. For SHM applications, new types of 

Lamb-wave transducers must be developed; they must be small, light weight, 

unobtrusive, and low cost. They should be embedded in the airframe with minimum 

weight penalty and at affordable costs. Commonly used conventional Lamb wave 

transducers introduce an angled induced wave and use the interference of the incident 

wave and the reflected wave to generate Lamb waves (Rose 1999). Comb transducers 

(Viktorov 1967) or interdigital transducers (Ditri et al 1993) are also able to introduce 

surface distributed stresses to generate Lamb waves. 

In recent years, piezoelectric wafers permanently attached to the structure have been 

extensively used for the generation and detection of guided waves. These simple devices 

are inexpensive, lightweight, and unobtrusive (Figure 1). Diaz and Soutis (2000) 

examined the application of low frequency Lamb waves for the detection of 

delaminations in composite laminates using surface amounted piezoelectric devices. A 

propagating stress wave was generated by exciting a tone burst of few cycles on 

composite beam specimens over 2 m. The feasibility of employing piezoelectric devices 

was demonstrated for the development of smart structures, in which a small and 

lightweight transducer system is required. Piezoelectric patches show they are suitable for 
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SHM applications since they can be applied with low power conformable sensors and can 

provide useful information about the state of a structure during operation (Kessler and 

Spearing, 2002). They can also be used as multipurpose sensors to detect damage by a 

variety of methods such as modal analysis, Lamb waves, acoustic emission, and strain 

based methods simultaneously, by changing driving frequencies. Experimental results 

show that the pulse-echo method combined with piezoelectric material can be used 

effectively to locate damage in various engineering materials and structures (Yang et al., 

2005). They seem well suited for SHM applications. Lemistre and Balageas (2001) used 

a group of disc-shaped, 100 μm thick and 5 mm diameter piezoelectric transducers 

(PZTs) working sequentially as Lamb wave emitters and receivers. Delimitations were 

detected as discontinuities produced by various outgoing modes generated by mode 

conversion. Tua et al (2005) successfully used a piezoelectric (PZT) actuator and sensor 

to detect and locate micro cracks of size 330 and 220 μm on an aluminum plate based on 

the time-of-flight and strength analysis of propagating Lamb waves. It shows 

experimentally that the detection using such a circular PZT actuator and sensor is 

possible for an aluminum pipe segment of up to at least 4 m in length.  

For lack of a better term, Giurgiutiu et al. (2000) called these embedded transducers 

PWAS. Typical PWAS weigh around 68 mg, are 0.2 mm thick, and cost ~$15 each. They 

can act as both transmitters and receivers of ultrasonic waves. Giurgiutiu and Zagrai 

(2000) characterized the PWAS for SHM and developed quality assurance techniques. 

The circular-crested Lamb waves can be easily excited with the PWAS transducers. 

Lamb wave NDE techniques are being transitioned to embedded applications using 

PWAS technology. The use of PWAS in active SHM has been explored experimentally 
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by Keilers and Chang (1995), Lakshmanan and Pines (1997), Chang (1995, 1998), 

Moulin et al. (1997), Dupont et al. (2001), Wang and Chang (2000), Lin and Yuan 

(2001a, 2001b), Diamandi et al. (2002), Ihn and Chang (2002), and others. Pitch-catch, 

pulse-echo, and even phased arrays have been experimentally demonstrated (Giurgiutiu 

et al., 2001, 2002). These successful experiments have positioned PWAS as an enabling 

technology for active SHM implementation.  

1.2 Research motivation 

One important aspect related to the structural health monitoring is that of cost. One of the 

main reasons for the rise in cost is that most of the inspections and structural health 

monitoring is performed manually and supplemental inspections are required. Selective 

use of condition-based maintenance with continuous online monitoring would 

significantly reduce the cost of inspection. “Retirement for cause” instead of “retirement 

as planned” would reduce the cost while maintaining a safe operation life for many aging 

structures. The replacement of the present manual inspection procedures with automated 

health monitoring systems would substantially reduce the associated life-cycle costs. 

Hence there is a need for reliable structural health monitoring systems that can 

automatically collect and process data, evaluate the structural condition, and signal the 

need for human intervention. 

1.3 Research goal, scope and objectives 

The goal of this dissertation research is to develop a phased array method combined with 

advanced signal processing techniques using PWAS and guided Lamb wave for in-situ 

structural health monitoring and damage detection in thin-wall structures. The scope of 



 12

the dissertation is to address the application of PWAS to generating and receiving Lamb 

wave, the signal processing techniques in structural health monitoring, and the 

development of specialized PWAS guided Lamb wave phased array. The objectives for 

this research are defined as follows: 

1. To present the fundamentals of using PWAS for Lamb wave generation and 

reception. 

2. To present the fundamentals of time frequency analysis including short-time 

Fourier transform (STFT) and wavelet transform analysis (WT), denoising by 

discrete wavelet transform (DWT), TOF detection using cross correlation method 

combined with Hilbert transform. 

3. To apply the signal processing techniques in damage detection. 

4. To present the fundamentals of phased array 

5. To develop the generic beamforming formulas for PWAS Lamb wave phased 

array. 

6. To design and simulate 1D and 2D PWAS Lamb wave phased arrays and explore 

the means of optimization. 

7. To implement the PWAS phased array damage detection algorithm for in-situ 

SHM using the the embedded ultrasonic structural radar algorithm and conduct 

laboratory experiments to validate the developed algorithms. 
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2. PIEZOELECTRIC WAFER ACTIVE SENSORS FOR STRUCTURAL HEALTH 

MONITORING AND NONDESTRUCTIVE EVALUATIONS 

Investigation on the generation and detection of structural waves with piezoelectric wafer 

active sensors (PWAS) has been explored intensively in recent years. Most of the 

methods used in conventional NDE, such as pitch-catch, pulse echo. And phased arrays, 

have been demonstrated experimentally with PWAS. These experiments have 

successfully positioned PWAS as an enabling technology for the development and 

implementation of active SHMs. A PWAS usually weighs 0.068g, is 0.2 mm thick, and 

costs around $10 each. Being inexpensive, nonintrusive, unobtrusive and minimally 

invasive, PWAS are especially useful for the in-situ SHM using phased array technique. 

2.1 PWAS operation principles 

Guided waves can be excited and detected with a variety of methods. In conventional 

ultrasonics, guided waves are generated by impinging the structural surface obliquely 

with an ultrasonic beam from a relatively large ultrasonic transducer affixed to a wedge. 

Snell’s law ensures mode conversion at the interface; hence, a combination of pressure 

and shear waves are simultaneously generated into the structure. If the structure is thin-

walled, guided waves are being created. Another method of crating the guided waves in a 

structure is by using a comb transducer. The com spacing is such that it tunes with the 

guided wave half-wavelength. However, conventional Lamb wave probes (wedge and 

comb transducers) are relatively too heavy and expensive to be considered for widespread 

deployment on an aircraft as part of an active SHM system (demonstrated in). 
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Conventional ultrasonic transducers could not be embedded in large numbers into a 

structure without incurring important cost and weight penalties. 

 
Figure 2 A conventional Lamb wave ultrasonic transducer (~25g, ~$400, 40 mm tall) 

PWAS are made from piezoelectric materials and operate on the piezoelectric. 

Piezoelectricity was discovered by Jacques and Pierre Curie in 1880 and describes the 

phenomenon of generating an electric field when the material is subjected to a 

mechanical stress (direct effect), or, inversely, generating a mechanical strain in response 

to an applied electric field. The direct piezoelectric effect predicts how much electric 

field is generated by a given mechanical stress. This sensing effect is utilized in the 

development of piezoelectric sensors. The converse piezoelectric effect predicts how 

much mechanical strain is generated by a given electric field. This actuation effect is 

utilized in the development of piezoelectric induced-strain actuators. 

PWAS constitutive equations couple the electrical and mechanical variables in the 

material (mechanical strain, Sij, mechanical stress, Tkl, electrical field, Ek, and electrical 

displacement Dj) in the form 

 E
ij ijkl kl kij kS s T d E= +  (2) 

 T
j jkl kl jk kD d T Eε= +  (3) 
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Where E
ijkls  is the mechanical compliance of the material measured at zero electric field 

(E=0), T
jkε  is the dielectric permittivity measured at zero mechanical stress (T=0), and 

kijd  represents the piezoelectric coupling effect. An alternating voltage applied to the 

PWAS terminals produces an oscillatory expansion and contraction of the PWAS 

material. Vice versa, an oscillatory expansion and contraction of the PWAS material 

produces an alternating voltage at the PWAS terminals. In Lamb waves applications, 

PWAS couple their in-plane motion, excited through the piezoelectric effect, with the 

Lamb waves particle motion on the material surface. PWAS can be either actuators or 

sensors of elastic Lamb waves traveling in the material. Though both PWAS and 

conventional ultrasonic transducers operate on the piezoelectric effect, their modes of 

operation are in fact quite different: 

1. Conventional ultrasonic transducers are weakly coupled with the investigated 

structure through gel, water, or air. In contrast, PWAS are permanently coupled 

with the structure through an adhesive bond. 

2. Conventional ultrasonic transducers are resonant narrowband devices. In contrast, 

PWAS are non-resonant broadband devices that can be tuned selectively into 

certain Lamb modes. 

3. Conventional ultrasonic transducers excite and sense the Lamb waves in the 

structure indirectly through acoustic waves impinging on the structural surface 

and the mode conversion phenomenon. In contrast, PWAS excite and sense the 

Lamb waves in the structure directly through in-plane strain coupling.  
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2.2 Shear layer coupling between the PWAS and the structure 

Consider a surface mounted PWAS and the adjacent structure. A typical micrograph of 

such a situation is shown in Figure 3a. Shown in this micrograph are 0.2 mm thick PWAS 

and the 1 mm thick structural substrate. Also shown is the thin bond line connecting the 

PWAS and the structure. The roughness on the upper and lower PWAS surfaces 

represents the Ni electrodes which were deposited onto the PWAS through a sputtering 

technique.  

(a)  

(b)  
Figure 3 Sheer layer interaction between the PWAS and the structure. (a) micrograph; (b) modelling 

The associated model assumes: 

1. PWAS of length la=2a, thickness ta, and elastic modulus Ea 

2. Bonding layer of thickness tb, and shear modulus Gb 
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3. Structure of thickness t=2d, and elastic modulus E 

The connection between the PWAS and the structure is achieved through the interfacial 

shear stress, ( , ) ( ) j t
ax t x e ωτ τ= . The shear stress integrity and distribution depend on the 

relative deformation of the PWAS and the structure. For static deformation and quasi-

static low frequency vibrations, a 1-D plane strain analysis using the Euler-Bernoulli 

hypothesis across the plate thickness has been developed (Cawley et al., 1987) (Cawley 

et al., 1990). It assumes uniform displacement for axial motion and linear displacement 

for flexural motion. The resulting shear transfer solution is written in terms of hyperbolic 

function, i.e., interfacial shear stress in the bond layer 

 0
sinh( )
cosh

a
a ISA

t xx E a
a a

ψτ ε
α ψ

Γ⎛ ⎞= Γ⎜ ⎟+ Γ⎝ ⎠
 (4) 

Where 

 
a a

Et
E t

ψ =    and   2 1b

a a b

G
E t t

α ψ
ψ
+

Γ =  (5) 

The parameter α depends on the stress and strain distribution across the structural 

thickness. For low frequency coupled axial-bending motion under the Euler-Bernoulli 

hypothesis, this parameter takes the value α=4. However, this value is expected to change 

as frequency increases and the Lamb modes gain curvature and nodal points across the 

thickness. 

The shear transfer along the PWAS is controlled by the produce between the shear lag 

parameter, Γ , and the PWAS half length, a. For low values of the aΓ  product the shear 

transfer is localized towards the PWAS ends, and the shear stresses have high intensity. 
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Figure 3 presents numerical results corresponding to an APC-850 PWAS (Ea=63 GPa, 

ta=0.2 mm, la=7 mm, d31=-175mm/kV) attached to a thin-wall aluminum structure (Ea=70 

GPa, t=1 mm) through a bond layer of Gb=2 GPa. The bond layer thickness was allowed 

to vary from 1 to 100 μm. It is apparent that a relatively thick bonding layer produces a 

slow transfer over the entire span of the PWAS (the ‘100 μm’ curves in Figure 3), 

whereas a thin bonding layer produces a very rapid transfer (the ‘1 μm’ curves in Figure 

3). As the bond layer becomes thinner and stiffer, the shear stress becomes more and 

more confined to the PWAS ends. In the case of ideal bonding we recover the pin force 

model, in which all the load transfer takes place over an infinitesimal region at the PWAS 

ends. In this case, the shear stress distribution along the PWAS interface can be expressed 

using Dirac function δ(x), i.e., 

 [ ]0( ) ( ) ( )a x a x a x aτ τ δ δ= − − +  (6) 

Where 0aτ  is the pin force applied at PWAS ends. 
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Figure 4 Variation of shear lag transfer mechanism with bond thickness for a APC-850 PWAS attached 

to a thin-wall aluminum structure through a bond layer 
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3. TUNED LAMB WAVE EXCITATION USING PIEZOELECTRIC WAFER ACTIVE 

SENSORS IN THIN WALL STRUCTURES 

Waves are disturbances that travel, or propagate, from one region of space to another. For 

using ultrasonic waves in NDE, each type of waves has its own advantages for a specific 

application. It is necessary to study the waves to understand the physical phenomena that 

occur. In this dissertation, only the bare essentials of Lamb waves will be provided. 

3.1 Waves fundamentals 

The general 1-D wave equation can be expressed as 

 
2 2

2
2 2c

t x
φ φ∂ ∂
=

∂ ∂
 (7) 

Where φ  is either displacement u, or strain ε, or any other; and c is the wave propagating 

speed in the medium. The left side of the equation is the 2nd derivative with respect to 

time and the right side is the 2nd derivative with respect to space. 

Gernally, from 1-D to 2-D or 3-D waves situations, we need to recall the use of the space 

derivative operators, i.e., 

 ( ) ( )
x

∂ ⋅
→∇ ⋅

∂

r
 (8) 

 
2

2
2
( ) ( ) () ( )

x xx
∂ ⋅ ∂ ∂ ⋅

= →∇⋅∇ = ∇ ⋅
∂ ∂∂

r r
 (9) 

Equation (8) defines the del operator and the Equation (9) defines the Laplace operator. 
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Note, 

 i j k
x y z
∂ ∂ ∂

∇ = + +
∂ ∂ ∂

rr r r
 (10) 

An alternative notation is the delta operator, Δ , defined as 

 2Δ = ∇  (11) 

Hence, the general form wave equation shown in Equation (7) can be expressed as 

 
2

2 2
2 c

t
φ φ∂
= ∇

∂
 (12) 

Where the Laplace operator, 2∇ , for various dimension situation is 

1-D: 
2

2
2x

∂
∇ =

∂
 (13) 

2-D: 
2 2

2
2 2x y

∂ ∂
∇ = +

∂ ∂
 (14) 

3-D: 
2 2 2

2
2 2 2x y z

∂ ∂ ∂
∇ = + +

∂ ∂ ∂
 (15) 

Using the generic wave equation expressed as Equation (12), the generic wave equation 

in 3-D is assumed as 

 
2

2 2
2 c

t
φ φ∂
= ∇

∂
 (16) 

Where ( , , , )x y z tφ φ=  is a generic disturbance. As the wave travels into the 3-D medium, 

the disturbance propagates. The location of all the points at which the disturbance has 
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arrived at a given moment constitutes a surface, called wave front. In 3-D situation, there 

are three major wave front types, the spherical wave front ( , )r tφ φ= , the plane wave 

front ( , )x tφ φ= , and the cylindrical wave front ( ( , ), )r x y tφ φ= , demonstrated in . 

(a)

 φ  r 

Point source 

(b) 

φ
x 

Plane source 
(c) 

 φ  r Line source 

 
Figure 5 Three types of wave fronts. (a) spherical wave front; (b) plane wave front; (c) cylindrical wave 

front 

In 2-D situation, the wave front type is simplified to two major types, the circular wave 

front ( , )r tφ φ=  and plane wave front ( , )x tφ φ= . The two wave fronts are illustrated as 

the 3-D wave fronts in Figure 5a and Figure 5b. 

Note that plane waves can be viewed as the asymptotic behavior of spherical waves when 

r →∞ . In 2-D situation, the plane waves can be viewed as the asymptotic behavior of 

the circular waves for r →∞ . Both the 3-D spherical waves and the 3-D cylindrical 

waves become circular waves for the 2-D situation.  

The 2-D plane waves are in facet line waves, but the name “plane waves” is generally 

used in 2-D as well as in 3-D situation. Assume a plane wave front propagating in the x 

direction. Since the wave front is plane, the disturbance function φ  must be self similar at 

any point (y,z) location within the wave front. Therefore, φ  can not depend on either y or 

z, and must have the form ( , )x tφ φ= . Substituting this wave form into the general wave 

equation (16) yields 
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2 2

2
2 2c

t x
φ φ∂ ∂
=

∂ ∂
 (17) 

The D’Alembert solution for Equation (17) is (Graff, 1975) 

 ( , ) ( ) ( )x t f x ct g x ctφ = − + +  (18) 

For a wave front propagating along the +x direction, only the f(x-ct) part is retained and 

yields 

 ( , ) ( )x t f x ctφ = −  (19) 

Equation (17)~(19) are considered for 1-D situations. 

For the 2-D circular waves, assume the disturbance is spreading outwards from a point 

source located at the origin of the 2-D coordinates. Due to the circular symmetry, the 

disturbance function φ  depends on r and t alone, i.e., 

 ( , )r tφ φ= ,   2 2 2r x y= +  (20) 

The D’Alembert solution for the 2-D waves is 

 ( , ) ( ) ( )r x t f r ct g r ctφ = − + +  (21) 

By retaining only the diverging circular wave from the origin, Equation (21) is simplified 

into  

 1( , ) ( )x t f r ct
r

φ = −  (22) 

If the function ( )f ⋅  is a generic disturbance of amplitude A, then in the far field, ( , )r tφ  

will be a disturbance of similar shape but of decaying amplitude, i.e., 
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 0
0( ) rA r A

r
=  (23) 

For more generic 3-D plane waves, the disturbance can be expressed using vector 

expressions as 

 ( )u Af n r ct= ⋅ −
rr r r  (24) 

Where nr  is the normal direction of the wave front.  

Specifically, for 3-D harmonic plane waves, assuming the harmonic waves propagating 

along x direction, the displacement {ux, uy, uz} can be represented as 

 ( )( , ) jk x ct
x xu x t A e −=  (25) 

 ( )( , ) jk x ct
y yu x t A e −=  (26) 

 ( )( , ) jk x ct
z zu x t A e −=  (27) 

Where k is the wavenumber, k=ω/c.  

Plane waves are like sine waves except that crests and troughs are not points, but form 

lines (2-D) or planes (3-D) perpendicular to the direction of wave propagation, as shown 

in Figure 6a. The large arrow vr  is a vector called the wave vector, which defines: (1) the 

direction of wave propagation by its orientation perpendicular to the wave fronts, and (2) 

the wavenumber by its length. For plane waves, wave fronts are lines or surfaces of 

constant phase, the equation defining a wave front is simply 

 constantt k xφ ω= − ⋅ =
r r  (28) 

Equation (28) can be re-written as 
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 ( )kt xφ ω
ω

= −
r
r  (29) 

The ratio of wavenumber k
r

 and angular frequency ω  is defined as slowness vector, i.e., 

 kα
ω

=
r

r  (30) 

For plane waves, the slowness vector is perpendicular to the wavefront and along the 

wave propagation direction. 

(a)

Propagating wave 

Wave front 

λ 

vr

 

 (b)

 Wave front 

λ 

vr
 

  
Figure 6 Propagating Lamb waves. (a) straight crested Lamb waves; (b) circular crested Lamb waves 

3.2 Elastic waves in solids 

Elastic waves of high frequency can be produced and detected easily to provide a 

powerful tool for studying the mechanical properties of the solids. When waves 

propagate in solids, only mechanical disturbances are considered. If the stresses in the 

material obey Hookie’s Law, it can be categorized into the elastic waves. Elastic waves 

may be propagated along the surface of a solid and the disturbances associated with them 

decay exponentially with depth. When a disturbance is imparted to a mass particle of 

solid media, it is transmitted to the next mass by the intervening spring. By this means, 

the disturbance is quickly transmitted to a remote point while any given particle of the 

system only moves a small amount. For the waves propagating in solids, two types of 
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action are present. For one case, the solid transmits tensile and compressive stress and the 

motion of particles will be in the direction of the wave motion. This behavior is 

analogous to that of fluids. For another case, the solid may transmit shear stress, and the 

motion of particles is transverse to the direction of propagation. This behavior is 

analogous to that of electromagnetic waves. When propagating outwards and 

encountering and interacting with boundaries, a single wave in solids, being compressive 

or shear, will generally produce both compression and shear waves on striking a 

boundary. This is different from acoustic and electromagnetic waves which only generate 

waves of their own types. 

As indicated by the definition, possible wave modes in solids include: (1) pressure wave 

(or longitudinal, compressional, dilatational, P-wave, axial wave) where particle motion 

is parallel to the direction of wave propagation; (2) shear wave (or transverse, 

distortional, S-wave) where particle motion is perpendicular to the direction of wave 

propagation; (3) flexural wave (or bending wave) where particle motion is elliptical and 

plane sections remain plane; (4) Rayleigh waves (or surface acoustic wave, SAW) where 

particle motion is elliptical and amplitudes decay quickly with depth; (5) Lamb wave (or 

guided, plate wave) where particle motion is elliptical and free-surface conditions 

satisfied at the upper and lower plate surfaces. Under harmonic excitation and depending 

on the specific assumptions and boundary conditions, for a 3-D unbound solid, the 

following wave speeds are obtained (Giurgiutiu and Lyshevski, 2004): 

Pressure waves 2
Pc λ μ

ρ
+

=  (31) 
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Shear Vertical waves SVc μ
ρ

=  (32) 

Shear Horizontal waves SHc μ
ρ

=  (33) 

Where ρ is the medium density and λ and μ are the Lame constants defined as 

 
(1 )(1 2 )

Eνλ
ν ν

=
+ −

 (34) 

 
2(1 )

EGμ
ν

= =
+

 (35) 

Where ν  is the Poisson’s ratio and E is the Young’s modulus. 

3.3 Guided Lamb waves 

Lamb waves, or called guided plate waves, are a type of ultrasonic waves that remain 

guided between two parallel free surfaces, such as the upper and lower surfaces of a plate 

or shell. Lamb wave theory is fully documented in a number of textbooks (Viktorov, 

1967) (Graff, 1975) (Achenbach, 1999) (Rose, 1999). 

Lamb waves can be one dimensional propagation, known as straight-crested lamb waves, 

or two dimensional propagation, known as circular-crested lamb waves. 

Straight-crested Lamb waves have been discussed in previous section. Circular-crested 

lamb waves are developed in axisymmtric cylindrical coordinates. They have the same 

characteristic equation and the same across-the-thickness Lamb modes as straight-crested 

Lamb waves. The main difference between straight-crested and circular-crested Lamb 

waves lies in their space dependence. The particle displacements of circular-crested 
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Lamb waves are governed by Bessel functions, whereas those of the straight-crested 

Lamb waves are governed by harmonic (sin and cosine) functions. In spite of this 

difference, the Rayleigh-Lamb frequency equation (Equation (50) which was developed 

for straight-crested Lamb waves), also applies to circular-crested Lamb waves. Hence, 

the wave speed and group velocity of circular-crested Lamb waves are the same as those 

of straight-crested Lamb waves. Close to the origin, circular-crested Lamb waves have a 

shape that varies rapidly with radial distance; however, beyond a distance of three 

wavelengths from the origin, the behavior of circular-crested Lamb waves is also 

stabilized, and the wavelength comes to within 0.1% of that of straight-crested Lamb 

waves. At large distances from the origin, the behavior of circular-crested Lamb waves 

approaches asymptotically that of straight-crested Lamb waves. Details of circular-

crested Lamb waves can be found in the reference book ( Giurgiutiu and  Lyshevski, 

2005). 

3.3.1 Lamb wave equations 

First given are the wave equations 

 
2 2 2

2 2 2+ + 0
Px y c

φ φ ω φ∂ ∂
=

∂ ∂
 (36) 

 
2 2 2

2 2 2+ + 0
Sx y c

ψ ψ ω ψ∂ ∂
=

∂ ∂
 (37) 

where φ  and ψ  are two potential functions, 2 ( 2 ) /Pc λ μ ρ= + and 2 /Sc μ ρ=  are the 

pressure (longitudinal) and shear (transverse) wavespeeds, λ and μ are the Lame 

constants, and ρ  is the mass density. The time dependence is assumed harmonic in the 
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form j te ω− . The general solution of Equation (36) and (37) is 

 ( ) ( )
1 2sin cos j x tA py A py e ξ ωφ −= +  (38) 

 ( ) ( )
1 2sin cos j x tB qy B qy e ξ ωψ −= +  (39) 

Where / cξ ω=  is the wavenumber and 

 
2

2 2
2
L

p
c
ω ξ= − ,     

2
2 2

2
T

q
c
ω ξ= −  (40) 

The four integration constants, A1, A2, B1, B2, are to be found from the boundary 

conditions. Using the relations between the potential functions and the displacements, 

stresses, and strains shown as following 

 xu
x y
φ ψ∂ ∂

= +
∂ ∂

 (41) 

 yu
y x
φ ψ∂ ∂

= −
∂ ∂

 (42) 

 
2 2 2

2 22yx x y x y
φ ψ ψτ μ

⎛ ⎞∂ ∂ ∂
= − +⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

 (43) 

 
2 2 2 2

2 2 22yy x yx y x
φ φ φ ψτ λ μ

⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂
= + + −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂∂ ∂ ∂⎝ ⎠ ⎝ ⎠

 (44) 

 x
x

u
x

ε
∂

=
∂

 (45) 

We obtain 

 ( ) ( ) ( )
2 1 1 2cos cos sin sin j x t

xu A j py B q qy A j py B q qy e ξ ωξ ξ −= + + −⎡ ⎤⎣ ⎦  (46) 
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 ( ) ( ) ( )
2 1 1 2sin sin cos cos j x t

yu A p py B j qy A p py B j qy e ξ ωξ ξ −= − + + −⎡ ⎤⎣ ⎦  (47) 

The terms in Equation (46) and (47) have been grouped into two parts. The first part 

corresponds to symmetric motion and the second part corresponds to antisymmetric 

motion, as demonstrated in Figure 1. 

For free wave motion, we derive the homogenous solution by applying the stress-free 

boundary conditions at the upper and lower surfaces ( y d= ± , where d is the plate half 

thickness). One obtains the characteristic equations (Achenbach, 1999) 

Symmetric motion 

 ( )22 2 2cos sin 4 sin cos 0SD q pd qd pq pd qdξ ξ= − + =  (48) 

Antisymmetric motion 

 ( )22 2 2sin cos 4 cos sin 0AD q pd qd pq pd qdξ ξ= − + =  (49) 
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Figure 7 symmetric and antisymmetric motion of Lamb waves across the plate. 

Equation (48) and (49) can be rewritten in the more compact form as the Rayleigh-Lamb 

equation 

 
( )

1
2

22 2

tan 4
tan

pd pq
qd q

ξ

ξ

±
⎡ ⎤
⎢ ⎥

= − ⎢ ⎥
⎢ ⎥−
⎣ ⎦

 (50) 
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Where +1 corresponds to symmetric (S) motion and -1 to antisymmetric (A) motion. 

Equations (48) and (49) accept a number of eigenvalues, 0
Sξ , 1

Sξ , 2
Sξ , …, and 0

Aξ , 1
Aξ , 2

Aξ , 

…, respectively. To each eigenvalue corresponds a set of eigencoefficients: (A2, B1) for 

the symmetric case, and (A1, B2) for the antisymmetric case. Substitution of these 

coefficients into Equation (46) and (47) yields the corresponding Lamb mode shapes. The 

symmetric modes are designated S0, S1, S2,…, while the antisymmetric are designated A0, 

A1, A2,… 

Since the coefficients p and q in Equations (48) and (49) depend on the angular frequency 

ω, the eigenvalues S
iξ  and A

iξ  will change with the excitation frequency. The 

corresponding wavespeeds, given by /i ic ω ξ= , will also change with frequency. The 

change of wavespeed with frequency produces wave dispersion. Lamb waves are highly 

dispersive, and their speed depends on the product fd between the frequency, f, and the 

plate half thickness, d. At a given frequency thickness product, for each solution of the 

Rayleigh–Lamb equation, one finds a corresponding Lamb wavespeed and a 

corresponding Lamb wave mode. The plot of the Lamb wavespeeds against the fd 

product gives the wavespeed dispersion curves (Figure 8). Figure 9 presents the 

displacement fields across the thickness for various Lamb modes at various frequencies. 

It is apparent that the bow and number of nodes of the Lamb wave mode across the 

thickness increases with frequency and mode number. At low frequencies, the symmetric 

S0 Lamb wave mode is almost straight across the thickness and resembles the 

displacement field of the simple axial wave. Similarly, the antisymmetric A0 Lamb wave 

mode resembles the displacement field of the simple flexural wave. Another important 

fact to be noticed is that the Lamb waves have the dual characteristic of being standing 
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waves across the thickness and traveling wave along the plate. For illustration, Figure 10 

shows typical displacement fields of the S0 and A0 Lamb wave modes in both x- and y-

directions. 
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Figure 8 Wave speed dispersion curves for Lamb waves in an aluminum plate (cs=sheer wavespeed, 
d=half thickness of the plate). (a) symmetric mode; (b) antisymmtric mode). 
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Figure 9 Displacement fields across the thickness for various Lamb modes at various frequencies 

showing how Lamb mode curvature increases with frequency and mode number (Giurgiutiu, 
2005) 
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(a)

 

 

(b)

 

 
Figure 10 PWAS interaction with Lamb modes. (a) symmetric Lamb mode S0; (b) antisymmetric Lamb 

mode A0  (Giurgiutiu and Lyshevski, 2004) 

3.4 Lamb wave pulse-echo method for crack detection 

In conventional NDE, the pulse-echo method has traditionally been used for through-the-

thickness testing. For large area inspection, through-the-thickness testing requires manual 

or mechanical moving of the transducer over the area of interest, which is labor intensive 

and time-consuming. It is apparent that guided wave pulse-echo appears more 

appropriate, since a wide coverage could be achieved from a single location. 

Using embedded PWAS pulse-echo method follows the general principles of 

conventional Lamb wave NDE. A PWAS transducer attached to the structure acts as both 

transmitter and detector of guided Lamb waves traveling in the structure. The wave sent 

by the PWAS is partially reflected at the crack. The echo is captured at the same PWAS 
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acting as receiver (Figure 11).  

(a)

 

 

(b)

 

 
Figure 11 Using Lamb waves pulse-echo method for through-the-thickness crack detection. (a) principles 

of embedded ultrasonic damage detection with the pulse-echo method; (b) practical signal 
received in pulse-echo pattern (Giurgiutiu, 2005) 

For crack detection with the pulse-echo method, higher frequency S0 mode Lamb waves 

are required, such that the wavelength is sufficiently smaller than the crack. In addition, 

an appropriate Lamb wave mode must be selected. Previous research has shown that the 

S0 Lamb waves can give much better reflections from the through-the-thickness cracks 

than the A0 Lamb waves (Giurgiutiu, 2005). This effect can be attributed to S0 being: 

1. Better reflected from the crack 

2. Much less dispersive 

The first item gives a strong signal for feature extraction while the second item ensures 

that the wave packet is compact and easy to interpret.  

For the mothod to be successful, it is important that a low dispersion Lamb wave is used. 

The selection of such a wave, e.g., the S0 mode, is achieved through the Lamb wave 
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tuning method (Giurgiutiu, 2005). 

3.5 Lamb wave modes tuning with PWAS transducers 

During Lamb wave actuation using PWAS, an alternating voltage is applied to the PWAS 

terminals to produce an oscillatory expansion and contraction of the PWAS material. 

Vice versa, an oscillatory expansion and contraction of the PWAS material will produce 

an alternating voltage at the PWAS terminals. In Lamb wave applications, PWAS couple 

their in-plane motion, excite through the piezoelectric effect, with the Lamb waves in-

plain strain on the material surface. Thus, PWAS can be both exciters and detectors of 

elastic Lamb waves traveling in the material.  

When PWAS is surface amounted to the structure, as shown in Figure 3, it is mounted 

asymmetric with respect to the middle thickness axis. Therefore, both symmetric and 

antisymmetric wave modes can be excited and detected. In addition, the dispersion 

property of Lamb waves add more complexity to the application of such waves for 

NDE/SHM, which means the wave propagating speed of each mode changes with 

frequency. It is essential to couple the PWAS preferentially with only one of these Lamb 

wave modes. That is to say, the PWAS needs to be tuned with that particular Lamb wave 

mode suitable for specific NDE/SHM applications. 

Consider a surface-mounted PWAS (Figure 3b). The PWAS is excited electrically with a 

time-harmonic voltage j tVe ω− . As a result, the PWAS expands and contracts, and a time 

harmonic interfacial shear stress, ( ) j tx e ω
ατ

− , develops between the PWAS to the 

structure. This shear stress acts on the structure over the interval ( ),x a a∈ − + . Thus, the 
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yxτ  boundary condition on the structure upper surface (y=d) is given by 

 [ ]0| ( ) ( ) ( ) ( )yx y d a x x H x a H x aτ τ τ= = = + − −  (51) 

Where H(x) is the Heaviside step function and the timeharmonic variation j te ω−  is 

implied. From this point onwards, the analysis is performed in the wavenumber domain 

by applying the space domain Fourier transform 

 ( ) ( ) j xf f x e dxξξ −+∞∫−∞=%  (52) 

 1( ) ( )
2

j xf x f e dξξ ξ
π

+∞∫−∞= %  (53) 

The space domain Fourier transform of the excitation represented by Equation (51) is 

 [ ]0( ) ( ) ( ) j x
a x H x a H x a e dxξτ τ −+∞∫−∞= + − −%  (54) 

Applying the space domain Fourier transform to the wave equations (36) and (37) and the 

displacements, stresses, and strains, it produces 

 
2

2
2 0d p

dy
φ φ+ =
%

%  (55) 

 
2

2
2 0d q

dy
ψ ψ+ =
%

%  (56) 

 xu j
y
ψξφ ∂

= +
∂
%%%  (57) 

 yu j
y
φ ξψ∂

= −
∂

%
%%  (58) 
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2

2
22yx

dj
dy y
φ ψτ μ ξ ξ ψ

⎛ ⎞∂
= − +⎜ ⎟⎜ ⎟∂⎝ ⎠

% %
%%  (59) 

 
2

2 2
2 2yy

dj
dyy

φ ψτ λ ξ φ μ ξ φ ξ
⎛ ⎞ ⎛ ⎞∂

= − + + − −⎜ ⎟ ⎜ ⎟⎜ ⎟∂ ⎝ ⎠⎝ ⎠

% %% %%  (60) 

 x j xε ξ=  (61) 

Where p and q are given by Equation (40). Equation (55) and (56) have the general 

solution 

 1 2sin cosA py A pyφ = +%  (62) 

 1 2sin cosB qy B qyψ = +%  (63) 

The constants A2 and B1 correspond to symmetric motion, while A1 and B2 correspond to 

antisymmetric motion. The excitation can be also split into symmetric and antisymmetric 

components as 

Upper surface 1 1| | |
2 2y d a y d a y d aτ τ τ τ= = == + =% % % %  (64) 

Lower surface 1 1| | | 0
2 2y d a y d a y dτ τ τ= =− =−= − + =% % %  (65) 

The symmetric and antisymmetric excitation is demonstrated in Figure 12. Note that the 

negative sign on the symmetric part of |y dτ =−%  is due to the sign convention defining the 

shear stresses on the upper and lower surfaces. 
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Figure 12 Symmetric and antisymmetric excitation from a PWAS of width 2a mounted on the plate upper 

surface. (a) symmetric excitation; (b) antisymmetric excitation (Giurgiutiu and Lyshevski, 2004) 

3.5.1 Symmetric solution 

The symmetric boundary conditions are 

 ( ) | ( ) |x y d x y du uξ ξ=− =−=% %  (66) 

 ( ) | ( ) |y y d y y du uξ ξ=− =−= −% %  (67) 

 ( ) | ( ) |
2
a

yx y d yx y d
τ

τ ξ τ ξ=− == − =
%

% %  (68) 

 ( ) | ( ) | 0yy y d yy y dτ ξ τ ξ=− == − =% %  (69) 

Since the motion is assumed symmetric, only the constant A2 and B1 in Equation (62) and 

(63) are retained. Substitute into Equation (57)~(61), obtain 

 2 1cos cosxu j A py qB qyξ= +%  (70) 

 2 1sin sinyu pA py j B qyξ= −%  (71) 

 ( )( )2 2
2 12 sin sinyx j pA py q B qyτ μ ξ ξ= − + −%  (72) 
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 ( )( )2 2
2 1cos 2 cosyx q A py j qB qyτ μ ξ ξ= − +%  (73) 

 2
2 1cos cosx A py j qB qyε ξ ξ= − +  (74) 

Substitute Equation (70)~(73) into the boundary conditions in Equation (66)~(69) and 

yield 

 ( ) ( )2 2
2 1

12 sin sin
2 aj p py A q qy Bξ ξ τ
μ

⎡ ⎤− + − =⎢ ⎥⎣ ⎦
%  (75) 

 ( ) ( )2 2
2 1cos 2 cos 0q py A j q qy Bξ ξ⎡ ⎤− + =⎢ ⎥⎣ ⎦

 (76) 

Solution of Equation (75) and (76) is 

 2
2 2

A

S

N
A

D
τ
μ

=
%

 (77) 

 
2

2 cosAN j q qdξ=  (78) 

 1
1 2

B

S

N
B

D
τ
μ

=
%

 (79) 

 ( )1

2 2 cosBN q pdξ= −  (80) 

 2 2 2 2( ) cos sin 4 sin cosSD q pd qd pq pd qdξ ξ= − +  (81) 

Note that the denominator DS is the same as the left-hand side of the characteristic 

equation(48). This indicates that the poles of Equation (81) correspond to the symmetric 

Lamb wave eigenvalues. Substitution of Equation (81) into Equation (74) yields the 

wavenumber domain displacement and strain at the plate upper surface 
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 1|
2

S S
x y d

S

Nu
D

τ
ξ μ= = −

%
%  (82) 

 |
2

S S
x y d

S

Nj
D

τε
μ= = −
%

%  (83) 

Where 

 2 2( )cos cosSN q q pd qdξ ξ= +  (84) 

3.5.2 Antisymmetric solution 

The antisymmetric boundary conditions are 

 ( ) | ( ) |x y d x y du uξ ξ=− =−= −% %  (85) 

 ( ) | ( ) |y y d y y du uξ ξ=− =−=% %  (86) 

 ( ) | ( ) |
2
a

yx y d yx y d
τ

τ ξ τ ξ=− == =
%

% %  (87) 

 ( ) | ( ) | 0yy y d yy y dτ ξ τ ξ=− == − =% %  (88) 

Since the motion is assumed symmetric, only the constant A1 and B2 in Equation (62) and 

(63) are retained. Substitute into Equation (57)~(61), obtain 

 1 2sin sinxu j A py qB qyξ= −%  (89) 

 1 2cos cosyu pA py j B qyξ= −%  (90) 

 ( )( )2 2
1 22 cos cosyx j pA py q B qyτ μ ξ ξ= + −%  (91) 

 ( )( )2 2
1 2sin 2 sinyx q A py j qB qyτ μ ξ ξ= − +%  (92) 
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 2
1 2sin sinx A py j qB qyε ξ ξ= − −  (93) 

Substitute Equation (89)~(92) into the boundary conditions in Equation (85)~(88) and 

yield 

 ( ) ( )2 2
1 2

12 sin cos
2 aj p py A q qy Bξ ξ τ
μ

⎡ ⎤+ − =⎢ ⎥⎣ ⎦
%  (94) 

 ( ) ( )2 2
1 2sin 2 sin 0q py A j q qy Bξ ξ⎡ ⎤− + =⎢ ⎥⎣ ⎦

 (95) 

Solution of Equation (94) and (95) is 

 1
1 2

Aa

A

N
A

D
τ
μ

=
%

 (96) 

 
1

2 sinAN j q qdξ=  (97) 

 2
2 2

Ba

A

N
B

D
τ
μ

=
%

 (98) 

 ( )2

2 2 sinBN q pdξ= − −  (99) 

 2 2 2 2( ) sin cos 4 cos sinAD q pd qd pq pd qdξ ξ= − +  (100) 

Note that the denominator DA is the same as the left-hand side of the characteristic 

equation (47). This indicates that the poles of Equation (100) correspond to the 

symmetric Lamb wave eigenvalues. Substitution of Equation (100) into Equation (93) 

yields the wavenumber domain displacement and strain at the plate upper surface 

 1|
2

A A
x y d

A

Nu
D

τ
ξ μ= = −

%
%  (101) 
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 |
2

A A
x y d

A

Nj
D

τε
μ= = −
%

%  (102) 

Where 

 2 2( )sin sinAN q q pd qdξ ξ= +  (103) 

3.5.3 Complete response 

The complete response to the PWAS excitation is obtained by combining the symmetric 

and antisymmetric responses, i.e., 

 |
2

a S A
x y d

S A

N Nj
D D

τ
ε

μ=
⎛ ⎞

= − +⎜ ⎟
⎝ ⎠

%
%  (104) 

 1|
2

a S A
x y d

S A

N Nu
D D

τ
ξ μ=

⎛ ⎞
= − +⎜ ⎟

⎝ ⎠

%
%  (105) 

Using the inverse Fourier transform to return from the wavenumber domain into the 

space domain, i.e., 

 ( )( ) ( )1( , ) | ( ) ( )
2 2 ( ) ( )

j x tS A
x y d a a

S A

N Njx t e d
D D

ξ ωξ ξε τ ξ τ ξ ξ
π μ ξ ξ

+∞ −
∫=
−∞

⎛ ⎞−
= +⎜ ⎟

⎝ ⎠
% %  (106) 

 ( )( ) ( )1 1 1( , ) | ( ) ( )
2 2 ( ) ( )

j x tS A
x y d a a

S A

N Nu x t e d
D D

ξ ωξ ξτ ξ τ ξ ξ
π μ ξ ξ ξ

+∞ −
∫=
−∞

⎛ ⎞−
= +⎜ ⎟

⎝ ⎠
% %  (107) 

Though not explicitly shown, the functions NS, DS, NA, DA, also depend on ω. The 

integral in Equation (106) and (107) are singular at the roots of DS and DA, which are the 

symmetric and antisymmetric eigenvalues of the Rayleigh–Lamb equation, i.e., 

0 1 2, ,S S Sξ ξ ξ , …, and 0 1 2, ,A A Aξ ξ ξ , …. Since the functions DS and DA depend on ω, the 

number of eigenvalues that exist for a given ω will also vary. At low frequencies, i.e., 
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ω→0,  only two eigenvalues exist, 0
Sξ  and 0

Aξ . At higher frequencies, several 

eigenvalues will exist. The evaluation of the integral in Equation (106) and (107) is done 

by the residue theorem, using a contour consisting of a semicircle in the upper half of the 

complex ξ  plane and the real axis (Figure 9). Hence, 

 
S A

S A ( )1( , ) | Re @ Re @
2

j x t
x y dx t s s e ξ ω

ξ ξ
ε ξ ξ

μ
−∑ ∑=

⎛ ⎞
= +⎜ ⎟

⎝ ⎠
  

 ( ) ( )
S A

S A
S A ( )

' S ' A
( ) ( )1( , ) |

2 ( ) ( )
j x tS A

x y d a a
S A

N Nx t e
D D

ξ ω

ξ ξ

ξ ξε τ ξ τ ξ
μ ξ ξ

−∑ ∑=
⎛ ⎞

= +⎜ ⎟⎜ ⎟
⎝ ⎠

% %  (108) 

The summations are taken over all the symmetric and antisymmetric eigenvalues that 

exist at the particular frequency at which the analysis is conducted. Similarly, 

 ( )( ) ( ) ( ) ( )1( , ) |
2 ( ) ( )S A

S S A A
j x ta S a A

x y d S S A A
S A

N Nju x t e
D D

ξ ω

ξ ξ

τ ξ ξ τ ξ ξ
μ ξ ξ ξ ξ ξ

−∑ ∑=
⎛ ⎞−

= +⎜ ⎟⎜ ⎟
⎝ ⎠

% %
 (109) 

 

  
Figure 13 Contour for evaluating the inverse Fourier transform integral (only the positive wave numbers 

are included) (Giurgiutiu and Lyshevski, 2004) 

3.5.4 Closed-form solution for ideal bonding 

For thin and stiff bonding layers, ideal bonding between the PWAS and the structure may 
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be asymptotically achieved. For ideal bonding conditions, the shear stress in the bonding 

layer takes the simple form of Equation (6), which admits a closed-form Fourier 

transform, i.e., 

 [ ]0( ) | ( ) ( )y dx a x a x aτ τ δ δ= = − − +   

 0 ( 2 sin )a j aτ τ ξ= −%  (110) 

Hence, the strain wave solution becomes 

 
S

A

S
( )0

' S

A
0

' A

( )( , ) | (sin )
( )

( )                     (sin )
( )

SS j x tS
x y d

S

A A

A

a Nx t j a e
D

a Nj a
D

ξ ω

ξ

ξ

τ ξ
ε ξ

μ ξ

τ ξξ
μ ξ

−∑=

∑

= −

−

 (111) 

Similarly, the displacement wave solution becomes 

 ( )0 0( ) ( )sin sin( , ) |
( ) ( )

S

S A

S AS A
j x tS A

x y d S S A A
S A

j N a Na au x t e
D D

ξ ω

ξ ξ

τ ξ τ ξξ ξ
μ μξ ξ ξ ξ

−∑ ∑= = − −  (112) 

These expressions for Lamb wave response under PWAS excitation have been first 

published by Giurgiutiu (2003). Equations (111) and (112) contain the sin aξ  function. 

Thus, mode tuning is possible through the maxima and minima of the sin aξ  function. 

Maxima of sin aξ  occur when (2 1) / 2a nξ π= − . Since 2 /ξ π λ= , maxima will occur 

when the PWAS length la=2a equals on odd multiple of the half wavelength λ/2. This is 

wavelength tuning. In the same time, minima of sin aξ  will occur when 2aξ π= , i.e., 

when the PWAS wavelength is a multiple of the wavelength. Since each Lamb wave 

mode has a different wavespeed and wavelength, such matching between the PWAS 

length and the wavelength multiples and submultiples will happen at different 
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frequencies for different Lamb modes. An extensive discussion of this effect in terms of 

wavenumber spectra was given by Sonti et al. (1995). Another factor that must be 

considered in Lamb wave tuning under PWAS excitation is the mode amplitude tuning, 

i.e., the matching of the PWAS location across the structural thickness with the modal 

displacement at that location. This factor is contained in the values taken by the function 

/ 'N D . For example, if the PWAS is surface mounted, it is conceivable that, at a given 

frequency, some modes may have less surface amplitudes, while other may have larger 

surface amplitudes. Thus, two important factors for the design of PWAS-based Lamb 

wave embedded NDE for structural health monitoring have been identified: 

1. The variation of sin aξ  with frequency for each Lamb wave mode 

2. The variation of the surface strain with frequency for each Lamb wave mode 

A plot of Equations (111) and (112) in the frequency range up to 1000 kHz is presented 

in. (The S0 mode response is drawn with continuous line, while the A0 mode response is 

drawn with dotted line.) It is apparent that the strain response is stronger at higher 

frequencies than the displacement response. This observation is consistent with the fact 

that the strain varies like sinα , while the displacement varies like sinc sin /α α α= . This 

indicates that the PWAS transducers, which are strain coupled, may have a better high 

frequencies response than displacement and velocity transducers. The Lamb wave mode 

tuning principles derived here for an exciter PWAS apply equally well for a receiver 

PWAS. In this case, the receiver PWAS would be able to selectively detect certain Lamb 

wave modes from a multimodal Lamb wave reception. An extension of this approach to 

circular crested Lamb waves was recently presented by Raghavan and Cesnik (2004). 



 46

3.6 Experimental verification of PWAS generated Lamb waves 

The basic principles of Lamb wave generation and detection by PWAS transducers were 

verified through simple laboratory experiments. A 1.6-mm thick, 2024-aluminum alloy 

rectangular plate (914x504x1.6mm3) was instrumented with eleven 7-mm2, 0.2-mm thick 

PWAS (American Piezo Ceramics, APC-850) placed on a rectangular grid (Figure 15). In 

this experiment, we have verified that:  

1. Lamb waves can be satisfactorily generated and detected with PWAS; 

2. PWAS have an omnidirectional transmission; and  

3. Signals are strong enough and attenuation is sufficiently low for echoes to be 

detected.  

The proof of these attributes is especially important for using PWAS in Lamb wave 

structural health monitoring, since PWAS are at least an order of magnitude smaller, 

lighter, and less power intensive than the conventional ultrasonic transducers (Giurgiutiu, 

2005).  

Using a pair of PWAS placed at some distance apart, we verified first the mode tuning 

capabilities. Experimental confirmation is shown in Figure 16a. It was found that at low 

frequencies, the A0 mode was excited very strongly while the S0 mode was barely 

visible. As the frequency increased beyond 100 kHz, the S0 mode gained strength. At 

frequencies beyond 200 kHz, the excitation of the S0 mode increased dramatically while 

that of the A0 mode diminished. At around 300 kHz, the excitation of the S0 mode 

packed, while the A0 mode seemed to be completely rejected. Beyond 400 kHz, the S0 

mode became again very weak, while the A0 mode picked up strength. Thus, a ‘sweet 
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spot’ for the preferential excitation of the S0 mode at around 300 kHz was found. 

(a)

 

 

(b)

 

 
Figure 14 Predicted Lamb wave response of a 1.6 mm aluminum plate under PWAS excitation. (a) strain 

response for a 7 mm PWAS; (b) displacement response for a 14 mm PWAS (Giurgiutiu and 
Lyshevski, 2004) 

 (b)

 

 
Figure 15 Experimental setup for rectangular plate wave propagation experiment (Giurgiutiu, 2005)  

It must be noted that the excitation was performed solely with one surface mounted 

PWAS, i.e., placed asymmetrically about the midsurface of the plate. The tuning into the 
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S0 mode seemed to be entirely due to the wavelength matching effects that rejected the 

A0 mode and encouraged the S0 mode. In this frequency range, the across the thickness 

mode shapes of the A0 and S0 modes are such that maximum displacements are achieved 

at the plate upper and lower surfaces. Hence, no mode shape tuning was applicable. 

However, mode shape tuning will play a role at higher frequencies, where the mode 

shape distribution across the thickness changes considerably and A1, S1, and higher 

modes come into play (see Figure 9). 

 (b)

 

 

(b) 

 

 
Figure 16 Experimental confirmation of the PWAS Lamb mode tuning capabilities. (a) excitation ‘sweet 

spot’ for S0 mode observed experimentally at 300 kHz in a 1.6 mm aluminum plate under a 7 
mm PWAS excitation; (b) prediction of the S0 excitation ‘sweet spot’ (Giurgiutiu, 2005)  

Figure 16b presents the theoretical prediction in roughly the same frequency range 

50~600 kHz. It can be seen that around 300 kHz, the A0 mode goes through a minimum. 

This explains the A0 rejection observed experimentally around this frequency. At the 

same time, the response of the S0 mode at 300 kHz is strong and near its peak. Thus 
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around this frequency, the excitation energy goes entirely into the S0 mode. Similarly, at 

around 100 kHz, the excitation energy was captured entirely in the A0 mode. Thus, we 

have shown our predictions have been confirmed very well by the experiments. 

3.7 Application of tuned PWAS Lamb waves to damage detection 

Finite element simulation study shows that the use of pulse-echo method using S0 mode 

Lamb wave is optimal for the detection of through the thickness crack. On the other hand, 

the A0 wave mode seems more appropriate for the detection of disband, delaminations, 

and corrosion with the pitch-catch method (Giurgiutiu et al., 2003). Therefore, the use of 

tuned Lamb wave modes is very important because it permits the researchers to address 

the detection of specific defects with specific Lamb wave modes. In this dissertation 

research, the focus is on the detection of through-the-thickness cracks in metallic plates 

using tuned S0 Lamb wave mode and a group of PWAS operating in the pulse-echo 

pattern as both transmitter and receptor. The frequency tuning technique was used to 

ensure the single mode single tone propagating Lamb wave assumption used by the 

PWAS phased array. 
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PART II: PWAS LAMB WAVES PHASED ARRAY  

One application of PWAS for ultrasonic guided Lamb wave NDE is implemented in the 

way of phased arrays. A phased array is a group of sensor organized in a pattern to detect 

signals and to determine characteristic information about them and can focus the signal 

energy in a specific direction while erasing out the signals coming from other directions.  

Embedded-ultrasonics structural radar (EUSR) is a new concept and methodology for in 

situ nondestructive evaluation (NDE) and structural health monitoring (SHM) of thin-

wall structures. EUSR utilizes guided elastic waves (Lamb waves) generated 

omnidirectionally into the thin-wall structure by surface-mounted permanently attached 

PWAS. EUSR consists of: (a) an array of piezoelectric wafer active sensors (PWAS) 

embedded into the structure; and (b) electronic modules for signal transmission/reception, 

processing, (c) virtual beamforming using software algorithm; and (d) signal 

interpretation. In the third part of the dissertation, the fundamentals of phased array 

theory are first described. Generic beamforming of PWAS guided wave phased array is 

then formulated. Various PWAS array designs and theoretical beamforming is present. 

Actual implementation of the EUSR method in a proof-of-concept demonstration is 

illustrated using a 1D linear PWAS array and a 4x8 2D rectangular PWAS array. The 

method is verified through a visually interactive LabViewTM interface. The proof-of-

concept experiments presented in this paper were illustrated on metallic structures; 

however, the EUSR concept may also work on composite and hybrid structures, although 

the range of detection may be reduced by the medium attenuation.  
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4. STATE OF THE ART OF USING PHASED ARRAYS 

Ultrasonic phased arrays use multiple ultrasonic elements and electronic time delays to 

create beams by constructive interference. They are similar to phased array radar, sonar, 

and other wave physics applications. However, ultrasonic applications use shorter 

wavelength and subject to mode conversions and more complicated issues related to 

ultrasonic waves. The advantages of using a phased array of transducers for ultrasonic 

testing are multiple (Krautkramer and Krautkramer, 1990) (Rose, 1999). The arrays offer 

significant technical advantages for inspection over conventional ultrasonics by 

electronically steering, scanning sweeping, and focusing the beam (Moles et al., 2005): 

• Permits very rapid coverage of the components 

• Tailored angles of the ultrasonic transducers can be used for mapping components 

to maximize detection of defects 

• Azimuth scanning is useful for inspections where only a minimal information is 

possible 

• Electronic focusing permits optimizing the beam shape and size t the expected 

defect location, and consequently to optimize defect detection 

4.1 Applications of ultrasonic phased arrays 

By sequentially firing the individual elements of an array transducer at slightly different 

times, the ultrasonic wavefront can be focused or steered in a specific direction (Silvia, 
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1987). Thus, inspection of a wide zone can be achieved by electronically sweeping and/or 

refocusing without physically manipulating the transducer. Some of the advantages of 

phased arrays over conventional ultrasonic transducers include high inspection speed, 

flexible data processing capability, improved resolution, and the capability of scanning 

without requiring mechanical movement, i.e., dynamic beam steering and focusing 

(Wooh and Shi, 1999). The backscattered ultrasonic signals can be analyzed and then 

mapped into an image.  

The Krautkramer company produces a line of phased-array transducers for the inspection 

of very thick specimens, and for the sidewise inspection of thick slabs, etc. as shown in 

Figure 17 (Krautkramer, 2002). The principles of phased-array ultrasonic inspection 

resemble the phased-array principles used in radar, sonar, seismology, oceanography, and 

medical imaging (Lines and Dickson, 1999). The common terminology between these 

application fields, such as the term ‘‘phased array’’, shows their common ancestry.  

 

 
Figure 17 Conceptual representation of phased array principles (Krautkramer, 2002) 

A project named as “High Frequency Guided Wave Phased Array Focusing in Pipe” was 

recently conducted by Rose et al. (2004). This guided wave phased array claimed an 

improvement in obtaining higher signal to noise ratios and better sensitivity to finding 

smaller defects in pipeline structures. Focusing is achieved associated with the angular 
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beam profiling by using phased arrays and sending multiple nonaxisymmetric mode 

waves and controlling the superposition process so that focusing can occur at any 

position inside a pipe. This allows very quickly scanning on the entire pipe and obtaining 

smaller defects less than one percent cross-sectional area. The work would go beyond 

straight pipes to waves traveling beyond elbow sections.  

(a)

 

 (b) 

 Focal point: 400 mm, 0°  

 
Figure 18 High frequency guided wave phased array focusing in a pipe (Rose et al., 2004) 

Typical setup of using an ultrasonic transducer phased array on a weld and schematics of 

electronic scanning are shown in Figure 19 (Moles et al., 2005).  

(a) 
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Figure 19 Ultrasonic phased array on a weld. (a) schematic showing phased array performing 45° and 60° 

scan on a weld; (b) scanning schematic (Moles et al., 2005) 

Overall, the use of phased arrays permits maximizing defect detection while minimizing 

inspection time. When use the ultrasonic phased array, besides the array itself, a typical 

setup includes the inspection angle, focal distance, scan pattern, etc. It can be time 
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consuming to prepare such a setup.  

Deutsch et al. (1998) demonstrated a phased array for the Lamb wave inspection of thin 

plates utilizing wedge-coupled conventional ultrasonic transducers and elaborated 

electronics. Steering and focusing of the Lamb waves beam were demonstrated. Potential 

applications of this method can be found in the wide-area ultrasonic inspection of aircraft, 

missiles, pressure vessels, oil tanks, pipelines, etc.  

Beamformers is a device consisting of phased sensor or actuator arrays and can be used in 

the nondestructive evaluation of homogeneous and heterogeneous structural components 

(Sundararaman et al., 2005). Beamforming can be used by suitably applying weights and 

delays from an array in a narrow frequency band to obtain the desired adaptive 

directional sensitivities and optimal array gains. Damage, which can be characterized as a 

local change in impedance, is diagnosed by using propagating elastic waves.  

For the practical long-term monitoring of structural integrity, a permanently attached 

guided ultrasonic wave array prototype has been designed and built (Fromme, 2005). The 

array consists of a ring of piezoelectric transducer elements for excitation and reception 

of the guided wave (Figure 20a). The array device has been developed as a compact 

sensor for the fast and efficient inspection of large areas, allowing battery operation and 

wireless data transfer (Figure 20b). The guided wave array consists of a ring of 32 PZT 

transducer elements, equally spaced on a diameter of 70 mm. The transducer element is a 

PZT disc of diameter 5 mm, thickness 2 mm and a backing mass. The excitation signal 

was a 5-cycle toneburst with a center frequency of 160 kHz, generating the A0 mode. 

Experimental result on a steel plate (thickness 5 mm, 2005 mmx1020 mm) shows that the 

front and back corner of the hole can be discerned from the B-scan map. 
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(a) 

  

 (b) 

 

 
 

 
Figure 20 Guided wave ultrasonic array. (a) guided wave array prototype; (b) multiplexing electronics unit; 

(c) schematic of guided ultrasonic wave monitoring of large plate like structures (Fromme, 
2005) 
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Figure 21 Inspection result on a steel plate (Fromme, 2005) 

Lamb waves have been widely used for impact damage in composite plates. Diamanti et 

al. (2004) used relatively small piezoceramic patches for the generation and reception of 

the fundamental anti-symmetric Lamb mode, A0, in composite structures. The patches 

were arranged in a linear array in order to cover larger inspection areas. The optimal 

number and spacing of the transmitters was also discussed and determined. The result 

show that impact damage can be successfully detected in mult-directional carbon fiber 

reinforced plastic laminates. 

Electromagnetic Acoustic Transducers (EMATS) is non-contact device without a 
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coupling fluid and can operate under high temperature using shear horizontal waves. 

MacLauchlan et al. (2004) used an EMAT phased array to conduct a real time beam 

sweeping along and into a weld at over 300 °F for detecting welding discontinuities. 

Another method for guided waves generation is the comb transducer, which consists of a 

linear array of ultrasonic transducers that are fired consecutively (Rose et al., 1998) 

(Alleyne et al., 2001) (Wooh and Shi, 2001). With this method, the generated waves tend 

to stay in a narrow beam aligned with the array axis. Tuning of the comb transducer 

element spacing and the excitation frequency permits the selection of the appropriate 

guided wave mode most suitable for the desired application. Norton (2002) proposed a 

procedure to derive the synthetic point-spread function (PSF) of a full aperture using 

transmitting and receiving arrays of general shapes. The arrays are assumed to lie in the 

same plane and can be open (e.g. curved or straight line segments) or closed (e.g. circles). 

Hay et al. used circular PVDF arrays for large area inspection from a single probe 

position. The circular Lamb wave array is constructed by patterned circular electrodes 

and 100 μm PVDF film to excite shear horizontal guided waves. The device has an 

extremely flat profile and can be coated with a protective epoxy with little or no 

performance tradeoff (as shown in Figure 21). The spacing between the elements is equal 

to the wavelength of the desired Lamb wave mode in the plate which is calculated using 

the phase velocity dispersion curve. The element width is generally equal to half the 

wavelength. Such an array can be divided into elements to provide a circumferential 

image of the damage in the vicinity of the sensor. It is favored for embedded and leave-

in-place sensors applications due to the low profile, cost, and weight compared to 

EMATs. 
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Figure 22 Lamb wave circular array (Norton, 2002) 

Phased array can also be treated as a directional filter using along with wave propagation 

approach using piezoelectric sensors to detect damage in isotropic plates (Pureka et al., 

2004). By using the phased sensor array response, the location of the damaged area can 

be located if there is a significant change in the transient response of the plate.  

Adaptive phased array design was also proposed by Richardson et al. (2000). A receiving 

only phased array with a circular configuration using 1171 elements has been developed 

primarily as a source of real phased array data for validation of adaptive beamforming 

techniques. While conventional full phased array produces the best image quality by 

using all elements for both transmission and reception, the coherent array, or phased 

subarray, performs partial transmit and receive beamforming using a subset of adjacent 

elements at each firing step. By this means, the number of active channels can be greatly 

reduced to the number of subarray elements. The low resolution subarray images was 

later unsampled, interpolated, weighted, and coherently summed to form the final high 

resolution images. The use of subarray greatly reduces the complexity of the front end 

hardware while achieving image quality of the conventional full phased array. 

Though the Lamb wave-phased array methods are promising, the fact that they utilize 

conventional ultrasonic transducers, which are bulky and expensive, may make them 

unsuitable for structural health monitoring (SHM). Three reasons are apparent: (i) size 
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and weight, (ii) cost, and (iii) principle of operation. Conventional ultrasonic transducers 

are resonant devices that consist of a piezoelectric oscillator disk, a protective layer, and a 

damping block. When activated, they generate high-frequency oscillations that impinge 

perpendicular to the contact surface. To generate an oblique incident wave, a wedge 

interface needs to be employed. Due to their internal complexity, conventional ultrasonic 

transducers are relatively bulky and expensive. It seems impractical and costly to 

conceive an SHM system based on conventional ultrasonic transducers permanently 

installed in an aircraft structure in a number sufficient to achieve the required structural 

coverage. However, this might be possible if a different class of transducers, which are 

both small and inexpensive, were available (Giurgiutiu, 2001). The phased array 

developed in this research will employ the PWAS as the constructing element to generate 

and receive the propagating Lamb waves. 

4.2 Investigation of phased array beamforming 

Array beamforming and signal processing has been extensively researched by Johnson 

and Dudgeon (1997). Many researchers have done extensive investigation in this field as 

well.  

There are many way for beamforming of the phased array (Godara, 1997), including: (1) 

conventional beamforming by simply delaying and summing up; (2) null-steering 

beamforming which assumed that the interference is known; (3) optimal beamforming. 

The paper indicated that mainlobe quality degrades when steering angles get close the 

array itself. A 16-element array is sufficient to ensure reasonably good directivity. Also, 

beam directivity improves with increasing d/λ values. However, if d is selected too large, 

the grating lobes start showing up and get more with larger d. In summary, an 
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optimization procedure of the beamforming can be obtained by adjusting the parameters: 

number of sensors; sensor spacing; or d/λ value. Once these parameters are fixed, the 

mainlobe width, grating lobe and its location, sidelobes magnitude are all set (with 

uniform excitation assumption).  

In piezoelectric phased array application, several aspects of these phased arrays are of 

special concerns: 1) wave speed in solids is much higher compared to in water and 

tissues; 2) requires sophisticated electronics; 3) much more complicated wave 

propagation (Wooh and Shi, 1998) (Wooh and Shi, 1999) (Wooh and Shi, 1999) (Clay et 

al., 1999). For the linear phased array, the design optimization can be obtained by 

• minimizing the main lobe width  

• eliminating grating lobes 

• suppressing side lobe amplitudes 

Possible affecting elements on the optimization were the number of sensors M, sensor 

spacing d, and wavelength λ, especially the first two factors. It was found that the width 

of the main lobe is inversely proportional to number of sensor M, but the relative height 

of the first sidelobe does not decrease as M becomes large. 

Steering angle θs was also found able to affect the beamforming of the linear phased 

array. There is a maximum angle θgr at which the beam can be steered without producing 

any detrimental grating lobes. In fact, the ratio d/λ influences both the steerability and 

main lobe width. When d<<λ, grating lobes are suppressed but the directivity is rather 

poor, showing a broad main lobe. If d>>λ, the directivity is superior at the intended 

steering angle, but the existence of additional grating lobs obfuscates the main lobe. Thus 
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the beam is no long steerable. With experimental results and comparison, the authors 

have concluded the effects of several parameters: 

1. Steering angle θs. The width of the main lobe will change with θs. A grating lobe 

will show up within certain θs range; 

2. Number of elements M. Increasing the number of elements M will improve the 

directivity. A sharper main lobe can be achieved by using more elements; 

3. Interelement spacing d. The tradition in phased array design is to keep d=0.5 λ; 

4. Array aperture D=(M-1)d. If aperture length D remains constant, the main lobe 

width will remain unchanged as well. 

In summary, the effect of increasing the number of elements M was shown to sharpen the 

main lobe by a factor of 2. therefore, this is the safest method for improving beam 

steering quality. The long dimension of the array can be approximated as D=(M-1)d. If 

we keep this value fixed, we may not observe any change in the main lobe sharpness. We 

may want to keep the aperture small in order to reduce the dead zone. This will also 

permit a greater inspection area for steering in the material. In this case, we may choose 

to sacrifice a large value for d but use many elements to fill up the aperture. This 

approach will ensure a relatively lighter and more compact design with good steering 

characteristics. Design strategy of linear phased array was summarized as: 

1. Preference is given to the larger M since it is not only improves the steering 

quality but also suppresses side lobe amplitudes and increases maximum steerable 

angle. It also guarantees there are no grating lobes present if the inter-element 

spacing d is chosen below the critical value. 
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2. However, if both M and d are increased simultaneously, the near-field length of 

the array will be increased, resulting in larger blind area and reduced inspectable 

area. 

3. The same array performance can be achieved without changing the aperture size 

or the near-field length by using certain number of elements and the 

corresponding inter-element spacing. 

4. Determine the aperture length D that meets the requirement of near-field length 

depending on the type of inspection tasks. Smaller array will have shorter near-

field length and thus will provide an enlarged inspection area. 

After exploring the beamforming theory, Sundararaman and Adam (2002) (2004) (2005) 

found that the beam steering is affected by the number of sensors, sensor spacing, sensor 

dimensions, propagating wave carrying frequency, etc. With larger sensor number, the 

mainlobe becomes sharp and the sidelobes are reduced, and with larger spacing of 

sensors, however, grating lobes will be resulted. It has also found that the optimal shape 

of the beam can be obtained by introducing the weighting factors. Since one dimensional 

linear array cannot discriminate between waves arriving at angles in the neighborhood of 

0° and 180°, a nonlinearly shaped array is necessary to solve this problem. An L-shape 

array was proposed in this work. The L-shape array implementation shows that the 

nonlinear arrays perform better for larger steering angles and the output of the array 

equals to the multiplication of the two wings of the array. An experiment using a set of 

eleven 1/8” square PZT-5H piezoceramic sensors array was conducted on a 43”x24” 

aluminum plate to detect the damage in the form of increased stiffness, which is 

simulated by a hole. The elements were spaced at ½”. Center element in the array was 
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employed as the actuator sending out an inspection chirp signal, while the others receive. 

Results show that the directional filtering array was working properly. 

(a)

 

 

b)
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Figure 23 Using a piezoelectric phased array to detect stiffness change. (a) diagram of experimental plate; 

(b) experimental array response (Sadararaman et al., 2004) 

Omnidirectional (directional within 360°) phased arrays require the nonlinear array 

configuration. A circular pattern of elements has been proposed thereby (Wilcox, 2003). 

Twp types of circular array using EMAT transducers were used. Type I contains a fully 

populated circular area of elements and type II contains a single ring of elements, as 

shown in Figure 24. Diameter of both arrays is 2λ0 (10.7 mm). Results from simulation 

data by using S0 Lamb wave in a 5 mm thick aluminum plate with an ideal reflector 

located at (2λ0, 0°) show that the result by using type I array (as shown in Figure 25a) 

was found to be good, but the results from type II array had many large sidelobes (as 

shown in Figure 25b). A deconvolution method was proposed and verified with 

experimental data that the sidelobe effect could be completely removed such that the type 
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II array performs as well as the type I.  

(a)

 

Type I 
 (b) Type II  

Figure 24 Circular EMAT array for omni-directional guided wave inspection of large plate structures. (a) 
type I; (b) type II (Wilcox, 2003) 

(a)

 

 (b)  
Figure 25 Inspection results using simulation data from an ideal reflector. (a) using type I array; (b) using 

type II array (Wilcox, 2003) 

Experiment using single ring array for transmitter array and for receiver array is shown in 

Figure 26a. It was used to detect the bonded steel disk indicated in Figure 26a. Inspection 

result using simulation data (assuming the bonded steel disk being an ideal reflector) after 

deconvolution process is presented in Figure 27a. It shows that the shading due to 

sidelobe effect has been successfully removed and the accented shade correctly indicates 

the occurrence of the ideal reflector. Figure 27b is the result from experimental data. The 

shade indicated by Q represented the bonded steel disk. Though deconvolution method is 

effective in removing the sidelobe effect for the specific single ring circular array, its 

application to other array configuration is limited. 
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(a)  (b)  
Figure 26 Experiment using single ring circular array. (a) array configuration; (b) specimen layout 

(Wilcox, 2003) 

 (a) 

 

(b) 

 

 
Figure 27 Using type II array with deconvolution process. (a) using simulation data; (b) using experimental 

data (Wilcox, 2003) 

The circular ring array has been applied as a permanently attached device for the 

structural integrity monitoring (Fromme et al., 2004). Experimental setup for preliminary 

measurements on a 5 mm thick aluminum plate (2.45 mx1.25 m) with a 15 mm radius 

through hole is shown in Figure 28a. Experimental B-scan is shown in Figure 28b using 

20dB scale. Further research work on using this EMAT phased array can be found by 

Wilcox et al. (2005). 



 65

(a) 
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Figure 28 Using phased array for structural integrity monitoring. (a) schematic view of the experimental 

setup; (b) B-scan of plate with a through hole (r=15 mm) in 20dB scale (Fromme et al., 2004) 
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5. THE PHASED ARRAY PRINCIPLES 

Phased array is a group of sensors located at distinct spatial locations in which the 

relative phases of the respective signals feeding the sensors are varied in such a way that 

the effective propagation pattern of the array is reinforced in a desired direction and 

suppressed in undesired directions. The relative amplitudes of the signals radiated by the 

individual array element determine the effective radiation pattern of the array. A phased 

array may be used to point towards a fixed radiation pattern, or to scan rapidly in azimuth 

or elevation.  

An array processing system spatially samples the propagating field. The sensors can be 

omnidirectional, i.e., having equal sensitivity to all directions of propagation. The array 

acts as a spatial filter, attenuating all signals except those propagating from certain 

directions. “Beamforming” is the name given to a wide variety of array processing 

algorithms that are used to focus the array’s signal-capturing or signal-transmitting 

abilities in a particular direction. A beam refers to the main lobe of the directivity pattern. 

Beamforming can apply to transmission from the array, to reception in the array, or to 

both. A beamforming algorithm points the array’s spatial filter toward desired directions. 

This is similar to the dish antenna of conventional radar swiveling to steer its beam into a 

desired direction; however, the phased-array beam steering is achieved algorithmically 

rather than physically. Beamforming algorithm generally performs the same operations 

on the sensors’ signals regardless of the number of sources or the character of the noise 

present in the wave field. 
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5.1 Array Signal Processing 

Humankind strives to extend its senses. We have evolved long-range acoustic detection 

systems (Figure 29) and underwater arrays that can “hear” ships across a thousand miles 

of ocean. The goal of signal processing is to extract as much information as possible from 

our environment.  

 

 
Figure 29 An acoustic array was used by the French in World War I to detect enemy aircraft. The array 

consists of two “sensors”, each of which consists of six subsensors arranged hexagonally, i.e. six 
hexagonally shaped continuous apertures comprise the subsensors. (Johnson and Dudgeon, 
1993) 

Array signal processing is a specialized branch of signal processing that focuses on 

signals conveyed by propagating waves (Johnson and Dudgeon, 1993). An array, i.e. a 

group of sensors located at distinct spatial locations, is deployed to measure a 

propagating wave field be it electromagnetic, acoustic, seismic, etc. See example in 
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Figure 30. The sensors serve as transducers, converting field energy to electrical energy. 

The mth sensor’s output ym(t) is related to the field at the sensor’s location by at least a 

conversion factor (gain) and possibly by temporal and spatial filtering. An array collects 

these waveforms to create the output signal z(t). In the process of creating this output, 

information about the propagating signal(s) is extracted. 
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Figure 30 An array consists of a collection of sensors that spatiotemporally measure a wave field ( , )f x tr . 

In some situations, the outputs of several arrays are merged for tracking the locations of the 
sources producing the propagating energy. 

The goals of array processing are to combine the sensors’ outputs and then the array’s 

outputs so as: 

 To enhance the signal-to-noise ratio beyond that of a single sensor’s output 

 To characterize the field by determining the number of sources of propagating 

energy, the locations of these sources, and the waveforms they are emitting 

 To track the energy sources as they move in space 

Signal enhancement with an array can be explained easily. A common assumption for 

array signal processing is that the waveform ym(t) produced at mth sensor consists of a 

signal, which is identical from sensor to sensor, plus random noise which is independent 

from sensor to sensor. Such a signal can be represented mathematically as 
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 ( ) ( ) ( )m my t s t N t= +  (113) 

where s(t) is the signal and Nm(t) is the noise at the mth sensor. By averaging the 

waveforms received by all the M sensor, the result is 
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It is seen that the signal at each sensor is reinforced while the noise level is reduced by a 

factor of 1 M . 

In many applications, we want to characterize and/or quantify the signals received by an 

array. A model of the signal that results from an event of interest is therefore needed. By 

measuring various characteristics of the received waveforms, we can draw conclusions 

about the events that caused them. For example, the direction of propagation is of great 

importance; this can be used to determine the location of the object. Tracking relies on 

the emission or reflection of propagating signals from remote objects to provide 

information about them. Array signal processing techniques can be used to measure 

signal characteristics such as direction of propagation and frequency content. These 

measurements, perhaps from several arrays, combined with a model for the object’s 

dynamics, form the fundamental data exploited by the tracking system to estimate the 

object’s position and velocity (the latter is not within the topic of this dissertation). 

5.2 Array Signal Processing Assumptions 

5.2.1 Wave propagation assumptions 

The array signal processing is based on previous Lamb wave propagation properties and 

following assumptions are made: 
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1. Propagating single mode single tone signals are function of a single variable, s(·), 

with space and time relation t xα− ⋅
r r  where /kα ω=

rr .  

2. The speed of propagation depends on physical parameters of the medium. If the 

characteristics of medium are known, the speed can be calculated and direction of 

propagation inferred. If the direction of propagation is known, the speed of 

propagation can be measured, allowing at least a partial characterization of the 

medium due to the speed’s dependence on physical parameters. 

3. Signals propagate in a specific direction that is equivalently represented by the 

wavenumber vector, k
r

 or the slowness vector ,αr , where /kα ω=
rr . 

4. Cylindrical waves describe the radiation pattern of most sources (at least near 

their location). Most signals are situated at discrete locations and radiate energy in 

no preferred direction. The medium may, however, distort the wave pattern as it 

propagates, causing it to cease being a Cylindrical wave. Far from the source, 

however, the wave resembles a plane wave as the wave front curvature decreases. 

Thus, plane wave model is used in far-field condition, but other models are 

needed in near-field conditions. 

5. The superposition principle applies. This allows several propagating waves to 

occur simultaneously without interaction.  

6. For applying the wave equation: 

 The medium must be homogenous, having constant propagation speed 

throughout space and time. If not, refractive effects distort the propagation. 

 Regardless of the wave’s amplitude and its frequency content, the wave must 
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interact with the medium in the same way. Otherwise, nonlinearities and 

frequency-dependent propagation, dispersion, occur. 

 The medium is lossless. The propagating wave may still attenuate as it 

propagates, but only as a consequence of the ideal wave equation’s properties. 

5.2.2 Dispersion and attenuation assumptions 

Since real medium is lossy and dispersive, there are some concerns we need to confront: 

 Lossy media cause signals to decay more rapidly than predicted by the ideal 

wave equation. Consequently, an array’s range is limited. The further the 

source is located from the array, the more difficult it becomes to extract its 

radiation from noise. 

 In dispersive media, narrowband sources propagate to the array at speeds 

different than the medium’s characteristic speed. Group velocity determines 

how quickly the waves propagate through space and time. 

 Dispersion causes the received waveform emanating from a broadband source 

to vary with range. Each frequency component of the source propagates at a 

different speed so that the signal received at various locations differs even for 

a homogeneous medium. The array processing algorithm must employ 

dispersion compensation. 

 Dispersion can remove some frequency components entirely. 

In the following sections, we will first recall some fundamental results of the space-time 

Fourier transform and apply them to the study of wave propagation through spatial 

apertures. This will be expanded to the study of sampled wave signals propagating 
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through sampled spatial apertures, which are representative of phased array geometries. 

Then we will develop phased array processing algorithms. We will start with 1-D phased 

arrays followed with 2D phased arrays of various shapes. 

5.3 Spatial-frequency analysis 

5.3.1 Fourier transform  

A short review of the Fourier transform principles is given next in accordance with 

Appendix I. 

Consider a signal x(t) defined on ( ),−∞ +∞ . Its Fourier transform is defined as 

 ( ) ( ) j tX x t e dtωω
+∞

−

−∞

= ⋅∫  (115) 

Its inverse Fourier transform is defined as 
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For a function x(t) defined on limited duration [ ]0,T . Its Fourier transform is defined as 
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where 0 2 /Tξ π= . The inverse Fourier transform is then defined as 
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A rectangular pulse pT(t) as shown in Figure 31a it is defined in time domain as 
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The spectrum of this signal is plotted in Figure 31b. Notice that the sinc(x) function is 

equal to 1 at the point x = 0. When x =  ±1, ±2, …,  the sinc(x) crosses the zero. Therefore, 

X(ω = 0) = T and X(ω) crosses zero when ω = ±2π/T, ±4π/T, …  

X(ω) 
T

2
T
π  

2
T
π

−

4
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pT(t) 
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Figure 31 A rectangular pulse and its Fourier transform, (a) a pulse of duration T seconds; (b) the Fourier 
transform of the pulse 

For a sampled signal (i.e., the discretization of a continuous signal), we have the sampled 

version of signal ( )x t  as ( )sx n tΔ  where tΔ  is the sampling interval and n = 0, 1, …N, 

with N being the sample points. The sampled signal can be represented using a 

summation of impulses of the type ( ) ( )
n

p t t n tδ
∞

=−∞

= − Δ∑ , i.e., 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )s
n n

x t x t p t x t t n t x n t t n tδ δ
∞ ∞

=−∞ =−∞

= = − Δ = Δ − Δ∑ ∑  (120) 
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We define 2
s t

πω =
Δ

 as the angular sampling frequency. As shown in Appendix I, Section 

2, the impulse train p(t) can be represented using Fourier series as ( ) sjn t
k

n
p t c e ω

∞

=−∞

= ∑  

1
sjn t

n

e
t

ω
∞

=−∞

=
Δ∑ . Thus, 

 1( ) ( ) ( ) ( ) sjk
s

n
x t x t p t x t e

t
ω

∞

=−∞

= =
Δ∑  (121) 

According to the property of Fourier transform about multiplication with a complex 

exponential in time domain (see Appendix I, Section 1), the Fourier transform of a 

sampled signal is 

 1( ) ( )s s
n

X X n
t

ω ω ω
∞

=−∞

= −
Δ ∑  (122) 

5.3.2 Multidimensional Fourier transform: wavenumber-frequency domain 

The multidimensional Fourier transform is briefly reviewed according to Fontaine(1996). 

If we consider a signal 1 2( ) ( , ,... )Nf r f r r r=
r  defined in a N-dimensional space and each 

variable ri extends from −∞  to ∞ , we apply Fourier transform to each dimension by 

assigning a sinusoid i ij re ξ . This will yield 

 ( ) ( ) j r

r
F f r e drξξ − ⋅= ∫

r r

r

r r r  (123) 

Where 1 1 2 2 .... N Nr r r rξ ξ ξ ξ⋅ = + + +
r r , ( )1 1 2 2 .... N Nj r r r j re eξ ξ ξ ξ− + + + − ⋅=

r r

, and 1 2.. Ndr dr dr dr=
r . 

Therefore, the Fourier transform and inverse Fourier transform of an N-dimensional 

signal are 
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 ( ) ... ( ) j rF f r e drξξ
+∞

− ⋅

−∞

= ∫ ∫
r rr r r  (124) 

 
( )

1( ) ... ( )
2

j r
Nf r F e dξξ ξ

π

+∞
⋅

−∞

= ∫ ∫
r rr rr  (125) 

If the signal is a space-time signal, i.e., ( , )f r tr  where rr  denotes the spatial dimensions 

and t denotes the time, then k
r

 denotes the transformed  variable corresponding to the 

spatial variable rr  and ω  denotes the transformed variable corresponding to the time 

variable t . Usually k
r

 is named wavenumber or spatial frequency, while ω  is usually 

known as frequency, or temporal frequency. ( ),k ω
r

 is called the wavenumber-frequency 

domain. The spatial-frequency transform and its inverse transform are 

 ( )( , ) ( , ) j t k r

r t
F k f r t e dtdrωω − − ⋅= ∫ ∫

r r

r

r r r  (126) 

 
( )

( )
4

1( , ) ( , )
2

j t r

k
f r t F k e d dkω ξ

ω
ω ω

π
− ⋅= ∫ ∫
r r

r

r rr  (127) 

The fundamental harmonic function in this transform is ( )j t k re ω − ⋅
r r

. This is called a plane 

wave. For a fixed time t0 and a constant phase 0θ , the surface 0 0k r tω θ⋅ = −
r r  is called a 

wave front. Furthermore, we define the unit vector in the direction of k
r

 as 

 /k kξ =
r rr

 (128) 

Then ξ
r

 is normal to the wave front and called as the direction of wave propagation. 

Parallel wave front crests are separated by a wavelength distance λ given by 

 2 / kλ π=
r

 (129) 



 76

5.3.3 Spatial-frequency transform of a single-mode plane wave 

First we consider a single-tone single-mode plane wave 

 0 0( )( , ) j t k rf r t e ω − ⋅=
r rr  (130) 

where 0ω  is the temporal frequency (which is related to the temporal period, T0, by the 

relation 0 02 /Tω π= ) and 0k
r

 is the wavenumber vector (hence wavelength is 

0 02 / kλ π= ). The spatial-frequency transform of this signal is 

 0 0( ) ( )( , ) j t k r j t kr

r t
F k e e drdtω ωω − − −= ∫ ∫

r rr r

r

r r   

 { }0 0( ) ( )( , ) j t j k k r

r t
F k e drdtω ωω − − + −

= ∫ ∫
r r r

r

r r   

 0 0( ) ( )( , ) j k k r j t

r t
F k e dr e dtω ωω − − −= ∫ ∫

r r r

r

r r   

 0 0( , ) jk r j tjkr j t

r t
F k e e dr e e dtω ωω − −= ∫ ∫

r rr r

r

r r  (131) 

Using the common Fourier transform pair ( )0
0

j te ω δ ω ω↔ − , Equation (131) generates 

 0 0( , ) ( ) ( )F k k kω δ δ ω ω= − −
r r r

 (132) 

Second we consider a wave propagating at a particular direction 0ξ
r

 

 0( , ) ( )rf r t f t
c

ξ= −
rrr  (133) 

Using the slowness vector 0ar  of the propagating wave  

 0 0 / cα ξ=
rr  (134) 



 77

Equation (133) becomes 

 0( , ) ( )f r t f t a r= −
r r r  (135) 

Similarly, the wavenumber-frequency spectrum of this wave can be obtained 

 0 0( ) ( )( , ) j t a r j t kr

r t
F k e e drdtω ωω − ⋅ − −= ∫ ∫

rr r r

r

r r   

 0 0 0( ) ( )( , ) j k a r j t

r t
F k e e drdtω ω ωω − − −= ∫ ∫

r r r

r

r r   

 0 0 0( , ) ( ) ( )F k k aω δ ω ω δ ω= − −
r r r  (136) 

In Equation (136), the first multiple 0( )δ ω ω−  is the Fourier transform of the original 

temporary signal f(t), i.e., 0( ) ( ), ( ) ( )f t F  Fω ω δ ω ω↔ = − . Therefore Equation (136) 

can be written as 

 0 0( , ) ( ) ( )F k F k aω ω δ ω= −
r r r  (137) 

Equation (137) shows that the propagating wave 0( )f t a r−
r r  contains energy only along 

the direction 0 0k aω=
r r  in the wavenumber-frequency space1. 

5.3.4 Filtering in the wavenumber-frequency space 

In signal processing field, a filter is a device that rejects unwanted frequency components 

(i.e. the frequencies that fall into the stopband) while keeping others (i.e. the frequencies 

in the passband). Extending this concept to space-time domain, we may implement 

spatial temporary filtering to retain signal components at certain temporal frequency or 

                                                 

1 For a delta function ( )δ ξ , ( ) 1δ ξ =  when ξ = 0, and  otherwise ( ) 0δ ξ = . Hence 0 0( ) 1kδ ω α− =
r r  when 0 0k ω α=

r r  
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those propagating in certain directions while filtering out noise and/or signal components 

in other directions. Extending the concept of linear time-invariant filter to the 

wavenumber-frequency domain, in effect, an input signal ( , )F k ω
r

 is multiplied with a 

spatial-temporary filter with wavenumber-frequency response ( , )H k ω
r

 to generate a 

modified output wavenumber-frequency spectrum ( , )Z k ω
r

, i.e., 

 ( , ) ( , ) ( , )Z k H k F kω ω ω=
r r r

 (138) 

 

Spatial filter 
( , )H k ω
r

 

input 
( , )F k ω
r

 
output 

( , )Z k ω
r

 

 

The output spectrum ( , )Z k ω
r

 corresponds to a modified space-time signal ( , )z x tr , which 

can be reconstructed using the inverse Fourier transformation formulas. This spatial filter 

concept expresses the direction-finding array signal processing discussed in this chapter. 

5.4 Apertures and Arrays 

Propagating waves may vary in space and time. Specific sensor designs are needed to 

gather energy propagating from specific directions, having significant spatial extent. That 

is to say, the sensors spatially integrates energy such that it focuses the sensor on 

particular propagation directions. This type of sensors are said to be directional, while the 

sensors that only sample the wave field are omnidirectional. Sensors that gather signal 

energy over finite area are called aperture sensors. A sensor array consists of a group of 

sensors, directional or not, combined to produce a single output. Sensor arrays can be 

treated as sampled or discretized apertures. We start with the aperture to understand the 

phased array technology. To simplify the exploration, the field is limited to one spatial 
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dimension xr . 

5.4.1 Continuous finite apertures 

The effects of a finite aperture on a spatial signal ( , )f x tr  are represented through the 

aperture function ( )w xr  with two main properties: (1) the size and shape of the aperture; 

(2) within the aperture, the relative weight of the wave field resulting from the aperture. 

The aperture weighting function generates the situation in which the sensor is weighted 

within the aperture region and zeroed outside. In terms of signal processing, it serves as a 

filter to eliminate signals outside the interested field. That is to say, a continuous finite 

aperture in spatial domain is similar to a continuous finite duration impulse signal. For 

example, if an aperture covers the region x R≤
r , the size and the shape of the aperture is 

therefore known. The aperture (weighting) function for this sensor can be represented as 

 
1,

( )
0,

x R
w x

otherwise
⎧ ≤

= ⎨
⎩

r
r  (139) 

If we observe a field through a finite aperture, then the sensor’s output becomes 

 ( , ) ( ) ( , )z x t w x f x t=
r r r  (140) 

Corresponding relationship in space-time domain can be expressed using convolution2 in 

the frequency domain 

 ( , ) ( ) ( , )Z k CW k F kω ω= ∗
r r r

 (141) 

                                                 

2 Convolution property: multiplication in the time domain is convolution in the frequency domain: 1( ) ( ) ( ) ( )
2

x t y t X Yω ω
π

= ∗ . See 

Appendix I, Section 1 for details. 
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Where C is a constant. ( , )Z k ω
r

, ( )W k
r

, and ( , )F k ω
r

 are corresponding Fourier transform 

in space-time domain with 

 ( ) ( ) jkx

x

W k w x e dx= ∫
rr

r

r r r  (142) 

 ( )( , ) ( , ) j t kx

x t

F k f x t e dxωω − −= ∫ ∫
rr

r

r r r  (143) 

Substitute Equation (142) and (143) into (141) 

 ( , ) ( ) ( , )
l

Z k W l F k l dlω ω= ∗ −∫r
r r r r r

 (144) 

First consider a single plane wave s(t) propagating in a particular direction with the 

slowness vector 0α
r , i.e., 0( , ) ( )f r t s t rα= − ⋅

rr r . Using Equation (137) wavenumber-

frequency spectrum of this propagating field is 

 0( , ) ( ) ( )F k S kω ω δ ωα= −
r r r  (145) 

( )S ω  is the Fourier transform of the source signal s(t) and ( )kδ
r

 is the spatial impulse 

function. Substitute Equation (145) to (144) and yield 

 0( , ) ( ) ( ) ( )
l

Z k C W l S k l dlω ω δ ωα= ∗ − −∫r
r r r r rr   

 0( , ) ( ) ( ) ( )
l

Z k CS W l k l dlω ω δ ωα= ∗ − −∫r
r r r r rr   

 0( , ) ( ) ( )Z k S W kω ω ωα= −
r r r  (146) 

Equation (146) shows that when 0k ωα=
r r , we have 0( , ) ( ) (0)Z S Wωα ω ω=

rr . Along this 



 81

particular path in the wavenumber-frequency space, the output spectrum equals the signal 

spectrum amplified by a constant value (0)W
r

, the value of ( )W ⋅  at the origin. In this case, 

in the form of the original signal spectrum ( )S ω , all the information concerning the 

propagating signal is passed to the aperture output. For other values of k
r

, the spectrum 

( )S ω  will be multiplied by a frequency dependent gain 0( )W k ωα−
r r . This frequency 

dependent gain will distort the relative strengths and phases of the frequency components 

in the original signal spectrum, effectively filtering it. 

If the original signal is a superposition of various plane waves, i.e., ( , )f x t =
r  

0,( )i i
i

s t xα− ⋅∑ r r , then its space-time spectrum will be 0,( , ) ( ) ( )i i
i

F k S kω ω δ ωα= −∑
r r r

. 

After applying the aperture function, the output spectrum will be 

0,( , ) ( ) ( )i i
i

Z k S W kω ω ωα= −∑
r r r

. When 0, jk ωα=
r r  where j is the index corresponding to 

one of the propagating signals, the output spectrum can be re-written as 

 { }0, 0, 0,
,

( , ) ( ) (0) ( ) ( )j j i j i
i i j

Z S W S Wωα ω ω ω ω α α
≠

= + −∑
rr r r  (147) 

From Equation (147) we see that if the aperture smoothing function spectrum W(·) can be 

designed in such a way that { }0, 0,( )j iW ω α α−
r r

 is small compared to (0)W
r

, then the 

aperture will acts as a spatial filter that passes signals propagating in the direction of 

determined by the slowness vector 0, jα
r  while rejecting the others. 

5.4.2 1-D linear aperture  

Now, let us consider the simplest finite continuous aperture, a 1-D linear aperture 

nonzero only along a finite length D in the x axis direction (Figure 32a). Since this 
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aperture lies only along the x-axis, its aperture function depends only on component kx. 

The simplified 1-D aperture function is 

 
1, / 2

( )
0, otherwise

x D
w x

⎧ ≤
= ⎨
⎩

 (148) 

We see that the aperture is sensitive only to the variable x of the field. Recalling the 

Fourier transform of a rectangular pulse of time duration T (Equation (119)), similarly, 

the space time Fourier transform of this linear aperture can be represented using the sinc 

function 

 ( ) sinc
2 /

x
x

kW k D
Dπ

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (149) 

Or 

 { }sin sin / 22 /( )
/ 2

2 /

x

x
x

x x

k
k DDW k D k k

D

π
π

π
π

⋅ ⋅
= =

⋅
 (150) 

Equation (150) shows that the aperture function spectrum depends only on the 

wavenumber component xk  and the maximum aperture length D. The spectrum is shown 

in Figure 32b. 
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Figure 32 Linear 1-D aperture with span D. (a) 1-D linear aperture schematic; (b) wavenumber spectrum of 

the aperture function  

According to the properties of the sinc function, some characteristics of the 1-D linear 

aperture can be concluded as follows: 

1. Main lobe. At the point kx = 0, the aperture function reaches its maximum value 

(0)W , (0)W D= . This is called the height of the main lobe. We see that the 

mainlobe height is completely determined by the size of the aperture. 

2. Sidelobe. The aperture function has infinite number of sidelobes with decreasing 

amplitude. At the points kx = ±2π/D, ±4π/D, … the aperture function crosses zero. 

3. The ratio of the height of the largest sidelobe to the height of the mainlobe is 

called sidelobe level (SLL), measuring an aperture’s ability to reject unwanted 

signals and focus on particular propagating waves. By differentiating the aperture 

function, the location and the height of the largest sidelobe can be determined. For 

1-D linear aperture of span D, the first largest sidelobe occurs at about 

8.9868/xk D≈  or 2.86 / Dπ . The value of ( )xW k  at this point is approximately 

0.2172D . So for it the SSL is 0.2172. We see this ratio is a constant, independent 

of the aperture length D, which means changing the size of the aperture will not 

improve the aperture’s filtering ability. 
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4. Resolution. As we stated before, the aperture function can be interpreted as a 

spatial filter with the mainlobe as the passband and the sidelobes as the stopband. 

Spatial resolution is the minimum spatial measurement that two plane waves can 

be distinguished. According to the classical definition of resolution Rayleigh 

criterion3, the resolution equals the value of the smallest wavenumber where the 

aperture function equals zero. Spectrum in Figure 32b shows that it happens when 

2 /xk Dπ= ± , which is half of the mainlobe width 4 / Dπ . Therefore, the 

mainlobe’s width determines the aperture’s ability to separate propagating waves. 

Suppose there are two plane waves passing an aperture, the resulting spectrum is 

 1 0,1 2 0,2( , ) ( ) ( ) ( ) ( )x x xZ k S W k S W kω ω ωα ω ωα= − + −
r r rr r  (151) 

Equation (151) indicates that each plane wave causes an aperture function to 

appear in the wavenumber-frequency spectrum. According to the 1-D linear 

aperture properties, the aperture function is zero when 

2 / 4 / , 6 / ....xk D, D  Dπ π π= ± ± ± ., and the mainlobe width is 4 / Dπ .  

For a propagating plane wave, the relationship of wavenumber k
r

 and wavelength 

λ  is 2 /k πξ λ=
r r

, where ξ
r

 is the direction vector in the direction of k
r

. By using 

finite amounts, we have 

 2 /k π ξ λΔ = Δ
r r

  

                                                 

3  Two incoherent plane waves that propagate in two slightly different directions, are resolved if the mainlobe peak of one aperture function 

falls on the first zero of the other aperture function. 
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Since 2 /xk Dπ= , we will have 

 / Dξ λΔ =  (152) 

Equation (152) shows that the directional resolution ξΔ , i.e., the spacing between 

two neighboring aperture function spectrum (as shown in Figure 33), depends on 

both the wave length and the aperture span. 

 δξ

 
Figure 33 Aperture resolution in terms of distinguishing two propagating waves 

5.4.3 Spatial sampling 

In contrast to an aperture, an array consists of a group of individual sensors that sample 

the environment spatially. Each sensor could be an independent aperture or an 

omnidirectional sensor. In terms of receiving, it also can be treated as a group of 

individual sensors that spatially sample the wave field of the source.  

If a signal ( , )f x t  (which is a function of both spatial dimension and time) is spatially 

sampled at the spatial sampling interval d along the x axis, a sequence of temporal 

signals can be obtained as { } { }0 0( ) ( , )my t f md t= , m−∞ < < +∞ , ( 0t  is a particular time). 

The spatial sampling function is 

 ( ) ( )
m

x x mdδ
+∞

=−∞

Ρ = −∑  (153) 
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The sampled signal is obtained by multiplying the original signal with the sampling 

function 

 0 0 0( , ) ( , ) ( ) ( , ) ( )s
m

f x t f x t x f md t x mdδ
+∞

=−∞

= Ρ = −∑  (154) 

Similar to the sampling of temporary signal, the spatial sampling should assure that the 

original signal 0( , )f x t  can be correctly reconstructed from a series of sampled points 

{ }0( )my t . Using Shannon sampling theorem, the space-time signal 0( , )f x t  should have 

no wavenumber components above the Nyquist wavenumber NQk  with /NQk dπ= . If the 

original signal is wavenumber bandlimited to the bandwidth wavenumber Bk , the spatial 

sampling interval d must meet the requirement of / Bd kπ≤  (since B NQk k≤ ). Under this 

condition, the original signal can be considered well represented by its spatial samples, 

i.e., 

 0 0 0( , ) ( , ) ( , ) ( )s
m

f x t f x t f md t x mdδ
+∞

=−∞

≈ = −∑  (155) 

Using Fourier transform properties, the Fourier transform of the spatially sampled signal 

is 

 0 0
1( , ) ( , )s s

m

F k t F k mk t
d

+∞

=−∞

= −∑  (156) 

Where 0( , )F k t  is the spatial Fourier transform of the original signal and ks is the 

sampling spatial frequency, 2 /sk dπ= . Equation (156) indicates that the wavenumber 

spectrum of the sampled signal is periodic with wavenumber period ks. However, this is 

not a problem as along as the original signal was wavenumber bandlimited as indicated 



 87

above. 

If the signal 0( , )f x t  is not spatially bandlimited to below kNQ, since the spatial spectrum 

0( , )sF k t  of the sampled signal is periodic at multiples of ks, the overlapping, or, aliasing 

occurs (Figure 34). The spatial sampling theorem can be summarized as follows: if a 

continuous spatial signal is bandlimited to a frequency below kNQ, then it can be 

periodically sampled without loss of information so long as the sampling spacing d is 

smaller than or equal to π/ kB. 

 F(k, t0) 

π/d 2π/d -π/d -2π/d k 

NO 
aliasing 

Aliasing 
F(k, t0) 

π/d 2π/d -π/d -2π/d k  
Figure 34 How aliasing occurs if the spatial signal is not spatially bandlimited below kNQ 

5.4.4 Arrays–the sampled finite continuous apertures 

Array composed of individual sensors which sample the wave field at discrete spatial 

locations. We will analyze the wave field of a propagating wave ( , )f x t  measured by a 1-

D linear array’s elements. This array is constructed by spatially sampling a 1-D linear 

finite aperture, resulting M equally spaced point-wise sensors separated by d spacing 

along the x axis. By definition, the wavenumber frequency spectrum of the original signal 

( , )f x t  is 

 { }( , ) ( , ) exp ( )F k f x t j t kx dxdtω ω
+∞ +∞

−∞ −∞

= − −∫ ∫  (157) 
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After the wave field is sampled every d distance by the array, the resulting wavenumber 

frequency spectrum of the sampled signal { } { }( ) ( , )my t f md t=  is 

 { }( , ) ( ) exp ( )s m
m

F k y t j t kx dtω ω
+∞ +∞

=−∞−∞

= − −∑∫  (158) 

Using Equation (156), the spectrum of the spatially sampled signal becomes 

 1 2( , ) ( , )s
m

F k F k m
d d

πω ω
+∞

=−∞

= −∑  (159) 

Recalling Equation (140), the output signal z(x,t) equals to the product of w(x) and 

( , )f x t , using the convolution theory the output wavenumber frequency spectrum can be 

achieved  

 
/

/

( , ) ( , ) ( ) ( , ) ( )
2

d

d

dZ k F k W k F k W k k dk
π

π

ω ω ω
π

∗ ∗ ∗

−

= = −∫  (160) 

where W(k) is the wavenumber frequency spectrum of the sampled aperture function 

{wm}. 

 ( ) : jkmd
m

m

W k w e=∑  (161) 

The function {wm} is called discrete aperture function. Substitute Equation (159) to 

(160), we can express Equation (160) as 

 
/

/

1 2( , ) ( ) ( )
2

d

md

Z k F k m W k k dk
d

π

π

πω
π

+∞
∗ ∗ ∗

=−∞−

⎡ ⎤= − −⎢ ⎥⎣ ⎦
∑∫  (162) 

Hence, ( , )Z k ω  is a window-smoothing result of the spectrum ( , )F k ω  with W(k) as the 

smoothing window. When the spacing d becomes too large for the spatial bandwidth, the 



 89

aliasing effect will occur. 

5.4.5 Properties of 1-D linear array of M sensors 

For a 1-D linear array consisting of M sensors, the aperture function wm(x) is 

 1/ 2

1/ 2

1,
( )

0,m

m M
w x

m M
⎧ ≤⎪= ⎨ >⎪⎩

 (163) 

1/ 2M  equals M/2 when M is even or M-1/2 when M is odd. The spectrum in the spatial 

field is 

 
1/ 2

1sin
2( ) 1 1sin
2

jkmd

m M

Mkd
W k e

kd≤

= ⋅ =∑ 4 (164) 

A plot of the W(k) mangnitude |W(k)| is given in Figure 35. As shown in Figure 35, W(k) 

repeats the aperture function of a continuous aperture every 2π/d. Compared Figure 35 to 

Figure 32b, the aperture function for a linear array is a periodic function of variable k 

with period 2π/d, while for a finite continuous aperture it is not.  

                                                 

4 Using the formulas 
1

0

1
1

NN n

n

rr
r

−
∑
=

−
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2

N inx ix N

n

Nx
e e
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=
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Figure 35 Aperture function magnitude spectrum of a linear array 

Observing Figure 35, at each period, there is one mainlobe and a lot of sidelobes. The 

mainlobes are located at m·2π/d, m = 0, ±1, ±2, … and have a height of W(0) of the value 

M. W(k) first crosses zero at positive x-axis when k = 2π/Md. Therefore the mainlobe 

width equals 4π/Md. We see that the mainlobe width decrease when M or d increases. 

Recalling the resolution analysis in section 5.4.2, we can see that the resolution improves 

when M or d increases. 

To avoid aliasing the signal wavenumber k has to be less than or equal to π/d. Since 

k=ω/c, we can state the relationship between d and ω for avoiding aliasing in the form 

 cd π
ω

≤  (165) 

In terms of wavelength λ, ( /c fλ =  and 2 fω π= ), we get the relationship between the 

sensor spacing d and wavelength λ as 

 
2

d λ
≤  (166) 

Hence, the spatial aliasing is avoided as long as the sensor spacing is less than or equal to 
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a half wavelength. It shows that though by increasing the spacing d thinner mainlobe 

width and higher resolution can be obtained, the spacing d cannot be enlarged without 

limitation since larger d may result in aliasing effect. 

5.4.6 Grating lobes 

In previous section, we have found out that the wavenumber-frequency spectrum of a 

linear array is 2 / dπ periodic. As shown in Figure 35, the mainlobe is repeated at the 

locations of any integer multiple of 2 / dπ  such as 2 / dπ± . These lobes are often called 

grating lobes. Grating lobes have the same amplitude as the mainlobe. As a result, the 

signals propagating at the spatial frequencies of grating lobes can not be distinguished 

from the signal propagating at the mainlobe spatial frequency.  

Similar to the 1-D finite continuous aperture of section 5.4.2, we now consider a linear 

array consisting of M sensor and separated at distance d along the x-axis (Figure 36). The 

array’s aperture function is W(kx) where ( )0 0 0
0

2cos cosxk k πφ φ
λ

= ⋅ = . As we know, W(kx) 

is 2 / dπ  periodic and grating lobes occur at the locations of integer multiples of the 

period, 2 / dπ± , 4 / dπ± , etc. For an incident wave of angle 0φ , we want to find out what 

is the incipient angle grφ  corresponding to the first grating lobe locating at 2 / dπ . 

 

O x 
0φ  

z

 
Figure 36 1-D linear array of M sensors separated by d with an incident wave at the direction 0φ  

 



 92

Denote 

 0
0

2 2( )cosgrk
d
π π φ

λ
= = −

0

   cos gr
dφ
λ

→ = −   

Since the amplitudes of sinusoidals are within the range [-1, 1], we get the physical 

restriction 

 
0

1d
λ

≤  (167) 

For the upper limit when d=λ, the corresponding incident angle grφ  is 180º, i.e., along the 

opposite x-axis direction. If the incident angle for the mainlobe is 90º along the z-axis 

direction. These means, both the signals coming in the -x and z directions yield the same 

spatial response, i.e., the signals in these two directions are indistinguishable. 

Since 0 02 cos /xk π φ λ=  and 0cos 1φ ≤ , we have 02 /xk π λ≤ ± . This region is called the 

visible region for a given wavelength λ0 with the real incident angle ranging from 90o−  to 

90o . Recalling the no aliasing condition, the wavelength should be 2dλ ≥ . If 2dλ <  but 

dλ > , the spatial field is undersampled and aliasing occurs though without grating lobes.  

5.5 Delay-and-Sum Beamforming 

Delay-and-sum beamforming is the oldest and simplest array signal-processing 

algorithm, remaining a powerful approach today. The underlying idea is quite simple: If a 

propagating signal is present in an array’s aperture, the sensor outputs, delayed by 

appropriate amounts and added together, reinforce the signal with respect to noise or 

waves propagating in different directions. The delays that reinforce the signal are directly 

related to the length of time it takes for the signal to propagate between sensors. To be 
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specific, let s(t) denote the signal emanating from a source located at the point sr . Several 

sources may be present, and their radiations sum comprises the wave field ( , )f s tr  

measured by the sensors. An array of M sensors is considered, located at { }msr , m = 0,…, 

M-1. The phase center of the array is defined as the vector quantity 1
mM s∑ r . For 

convenience, we choose the origin of our coordinate system to coincide with the phase 

center (Figure 37). 

 1 0mM s =∑ r  (168) 

Once the origin is established in the phase center, all the sensor positions { }sm
r  can be 

defined relatively to it and the axes of the coordinate system can be chosen arbitrarily.  

The waveform emitting from the mth source is ( ) ( , )m my t f s t=
r . The delay-and-sum 

beamformer consists of two steps: 

(1) Applying a delay mΔ  and an amplitude weight factor mw to the output of each 

sensor 

(2) Then summing the resulting signals (Figure 38) 

We define the delay-and-sum beamformer’s output signal as 

 
1

0

( ) ( )
M

m m m
m

z t w y t
−

=

= −Δ∑  (169) 

The amplitude weight is sometimes called the array’s shading or taper; it can be used to 

enhance the beam’s shape and reduces sidelobe levels. The delays are adjusted to focus 

the array’s beam on signals propagating in a particular direction ξ
r

 or from a particular 

point in space rr . 
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s(t) 

0sr
ξ
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msr  1Ms −
r
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O 

 
Figure 37 The array’s phase center, defined by 1

mM s∑
r , is taken as the origin of a coordinate system. A 

source located at rr  emits a signal ( )s t  that propagates to the array. The direction of propagation 

ξ
r

 is the unit vector that points from rr  to the origin. The distance between the source and the 
origin is r r≡

r  

 
Delay 

0Δ  

Delay 
1Δ  

Delay 
1M −Δ  
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Figure 38 Delay and sum beamforming consists of adding together the sensors’ outputs after a delay and 

an amplitude weight has been applied to each. The delay can be chosen to maximize the array’s 
sensitivity to wave propagating from a particular direction or location in space 

5.6 Near-field and Far-field Sources  

Beamforming algorithms vary according to whether the sources are located in the near 

field or in the far field. If the source is located close to an array, i.e., in the near field, the 

propagating wave front is perceptively curved with respect to the dimensions of the array 
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and the wave propagation direction depends on sensor location. If the direction of 

propagation is approximately equal at each sensor, then the source is considered being 

located in the array’s far field and the propagating field within the array aperture consists 

of plane waves. Thus, determining the location of far-field source is quite difficult: We 

can determine direction of propagation but not range. With near-field sources, the 

direction vectors at each sensor emanate from a common location; we should be able to 

extract range and direction information from wave propagation from near-field sources. 

A particular signal’s direction of propagation relative to our coordinate system is denoted 

by ξ
r

. For plane waves, this vector does not vary with sensor location. For near-field 

sources, however, the apparent direction of propagation varies across the array. The 

direction of propagation vector ξ
r

 is thus defined relative to the array’s phase enter, but at 

the mth sensor it equals mξ
r

. If the medium is non-refractive, thereby yielding straight-line 

propagation, we see that r rξ = −
r r r . As rr  denotes the source’s range from the array, we 

denote this quantity by r . Similarly, ( )m m mr s rξ = −
r r r , where mr  is the distance from rr to 

the mth sensor location msr . This geometry is illustrated in Figure 39. 

In many applications, we do not know a priori whether the source is located in the near or 

far field. To understand the errors induced by assuming far-field (plane wave) 

propagation instead of near-field, let mθ be the angle between the rays emanating from the 

source to the array origin and to the mth sensor (Figure 39b). This angle represents the 

error we want to estimate. Simple application of the law of sines 5  yields 

                                                 

5 The Law of Sines for triangles states that sina/A = sinb/B = sinc/C, where A represent the length of the side of a triangle opposite the vertex 
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sin sin ( / )m m m ms rθ ψ= ⋅
r , with mψ denoting the angle between the vectors msr  and rr . When 

m mr s=
r , the source is located well outside the array’s aperture and we can make the 

approximation mr r≈  and assume the angle mθ  is small. Therefore 

 sinm
m m

m

s
r

θ ψ=
r

 (170) 

 

ξ
r

ξ
r

 

(a) (b) 

1ξ
r

mξ
r

 

mθ  

O O 

Plane wave Circular crested 
wave 

 
Figure 39 In near-field geometry, the source’s angle with respect to the array’s phase center differs from 

those measured with respect to each sensor. The near-field –far-field discrepancy equals the 
angular difference between ξ

r
 and mξ

r
. (a) far-field; (b) near-field 

The largest value of this near-field/far-field error for the most distant sensor is located at 

right angle relative to the source direction vector ( 2mψ π= ). Defining the borderline 

between near-field and far-field sources becomes one of deciding meaning of “negligible 

error”, which is determined by the ration of the array’s spatial extent to source range. To 

achieve a maximum error of o1 , for example, the source would need to be located some 

57 times the “radius” (max msr ) of the array’s aperture. Adopting from the classic 

                                                                                                                                                 

having angle a, B is opposite b, and so forth. 



 97

antenna theory, the near and far field definitions are represented as 

 3 20.62 / 2 /NearD R Dλ λ< ≤  (171) 

 22 /FarR D λ>  (172) 

Where D is the maximum aperture of the array. 

5.7 Beamforming for Plane Waves 

A judicious choice of sensor delays { }mΔ  in the delay-and-sum beamformer (Equation 

(169)) allows the array to “look” for signals propagating in a particular direction. By 

definition, the direction in which we look is the opposite of the direction of signal 

propagation: when we look north, we are trying to detect waves going south. By adjusting 

the delays, the array’s direction of look can be steered toward the source of radiation.6 

Thus we define an assumed propagation direction, denoted by the unit vector ξ
r

, that is, 

the negative of the direction of look. (Rather than saying we are looking north, it is more 

convenient to say we are looking for waves going south.) 

Assume a far-field source radiates a plane wave having waveform s(t) that propagates 

across our array of M sensors in the direction ξ
r

. The wave field within the array’s 

aperture is expressed by  

 ( , ) ( )f r t s t rα= − ⋅
rr r  (173) 

The signal received at the mth sensor is 

                                                 

6 Obviously, the beam is not physically steered. It is steered electronically. Common jargon for this electronic steering is phase steering. 
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 ( ) ( )m m my t s t sα= − ⋅
r r 7.  (174) 

This equation indicates that the mth sensor has spatially sampled the wave field. The 

delay-and-sum beamformer is obtained as 

 
1

0

( ) ( )
M

m m m m
m

z t w s t sα
−

=

= − Δ − ⋅∑ r r  (175) 

If we choose the delay Δm to be 

 m
m m m ms s

c
ξαΔ = − ⋅ = − ⋅
r

r r r  (176) 

the signal processing delays compensate for the propagation delays and the waveforms 

captured by the individual sensors add constructively. This operation is sometimes called 

stacking. In this special case, the output equals 

 
1

0

( ) ( )
M

m
m

z t s t w
−

=

⎡ ⎤= ⋅ ⎢ ⎥⎣ ⎦
∑  (177) 

and the beamformer’s signal equals a constant times the waveform radiated by the source. 

We can thus steer the array’s beam to an assumed propagation direction ξ
r

 by using the 

set of delays Δm given by Equation (176). The beamformer signal z(t) that results from  

plane wave propagation in the direction mξ ξ−
r r

 is given by 

 ( )
1

0

( ) ( )
M

m m m
m

z t w s t xα α
−

=

= + − ⋅∑ r r r  (178) 

If looking into the wrong direction mα α≠
r r , a degraded version of the propagating signal 

                                                 

7 This equation expresses the plane-wave or far-field assumption: the slowness vector does not depend on the location of the sensor. 
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will be obtained. In such cases, the beamformer is considered to be mismatched to the 

propagating wave. This mismatch can occur in one of two ways: 

 If the speed of propagation is known, mismatch means that the assumed 

propagation direction does not equal the true direction of propagation. Knowing the 

speed of propagation implies that the medium is relatively stable and that its 

characteristics can be predicted or measured. Such is the situation in many sonar 

and most radar applications. 

 If the direction of propagation is known, we assumed the wrong speed of 

propagation. Precise knowledge of source locations occurs when we place them 

and calibrate their positions in seismic applications. Assuming a propagation 

direction thus becomes equivalent to assuming a speed of propagation. 

Seismologists use arrays for just this purposed because medium properties can be 

inferred from sound speed measurements. 

Thus, assuming a slowness vector for the delay-and-sum beamformer means that we are 

presuming a direction of propagation and a propagation speed. If one of these is known, 

we can find the other by scanning across wave number with a beamformer, searching for 

a maximum energy output. 

5.8 Phased arrays in ultrasonic structural health monitoring 

As we have learned previously, phased array is a collection of transmitters emits 

electromagnetic or mechanical waves into the medium to be imaged. The waves scattered 

or reflected by different parts of the medium then are received by a set of sensors. The 

received signals are processed to form an image with intensities that represent some 



 100

physical parameter of the medium (Johnson et al., 2005). Using guided waves for the 

embedded NDE/SHM will offer larger effective inspection area with less sensors 

installed since the guided waves can propagate along the mid surface of the structure for 

relatively large distances with very little amplitude loss. Inspection using guided Lamb 

waves has opened new opportunities for cost-effective detection of damage, structural 

health monitoring, and nondestructive evaluation. As we have shown, piezoelectric wafer 

active sensors (PWAS) are small, non-intrusive, inexpensive piezoelectric wafers that are 

permanently affixed to the structure and can actively interrogate the structure. PWAS are 

non-resonant devices with wide band capabilities. They can be wired into sensor arrays 

and connected to data concentrators or wireless communicators. As active sensors, 

PWAS can be used as both transmitters and receptors of elastic waves for constructing 

the phased array. Our research aims to develop the Lamb wave phased array with the 

piezoelectric wafer active sensors. 
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6. GENERIC PWAS PHASED ARRAY FORMULATION 

As stated in previous section, phased array is a group of sensors located at distinct spatial 

locations in which the relative phases of the respective signals feeding the sensors are 

varied in such a way that the effective propagation pattern of the array is reinforced in a 

desired direction and suppressed in undesired directions. That’s to say, the phased array 

acts like a spatial filter attenuating all signals and saving those propagating from certain 

directions. Beamforming is the array signal processing algorithms that focus the array’s 

signal capturing ability in a particular direction. Piezoelectric-wafer active sensors 

(PWAS) are small, non-intrusive, inexpensive piezoelectric wafers that are permanently 

affixed to the structure and can actively interrogate the structure. They can be wired into 

sensor arrays and serve as active sensor for both generation and reception of elastic 

waves. We will deduce the general formula of PWAS phased array based on the delay-

and-sum beamforming algorithm without the limiting parallel-rays assumption. 

6.1 Beamforming formulation of PWAS phased array 

The idea of delay-and-sum beamforming is: if a propagating signal is present in an 

array’s aperture, the sensor outputs, delayed by appropriate amounts and added together, 

reinforce the signal with respect to noise or waves propagating in different directions. 

The delays that reinforce the signal are directly related to the length of time it takes for 

the signal to propagate between sensors.  

A reflector is a device that can collect energy from an omnidirectional source and/or 
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cause reflections. Suppose there is a point reflector at the point ( , )P r φr . We will consider 

the wavefield generated at ( , )P r φr  by an array of M sensors, located at { }msr  , m=0,…, 

M-1. The origin of coordinate system coincides with the sensors phase center which is 

defined as the vector quantity 1
mM s∑ r . Hence, the origin is the point where  

 1 0ms
M

=∑
rr  (179) 

The wave emitting from the mth sensor is ( ) ( , )m my t f r t=
r  where mr

r  is the vector from the 

mth sensor to the reflector (Figure 40).  

ξ
r

 is the unit vector that points from the origin to the target points ( , )P r φr  and mξ
r

 is the 

unit vector that points from the mth sensor to the target points ( , )P r φr . 

The PWAS phased array beamforming consists of two steps: 

1. Applying a delay Δm and a weighting factor wm to the output of mth sensor; 

2. Summing up the output signals of M sensors. 

This procedure can also be mathematically expressed as 

 
1

0

( ) ( )
M

m m m
m

z t w y t
−

=

= −Δ∑  (180) 

Here, wm is the weighting factor, designing for enhancing the beams’ shape and reducing 

sidelobe levels. The delays {Δm} are adjusted to focus the array’s beam on particular 

propagating direction ξ
r

. Importantly, the beamforming algorithm varies according to 

whether the reflector is located near to or far from the array. 
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Figure 40 The geometry schematics of the mth sensor and the reflector at ( , )P r φr  

Consider a particular direction of wave propagation ξ
r

 pointing to the point ( , )P r φr  from 

the origin (phase center) as shown in Figure 40. For far-field situation, it will also be the 

propagating directions for all the plane waves, regardless of the location of the sensors. 

But for near-field situation, the propagation directions will vary from sensor to sensor. 

We need to define direction vectors for each senor, say, mξ
r

 for mth sensor. As indicated 

in Figure 40, we have 

 r
r

ξ =
rr
r  (181) 

 m
m m m

m

r , r r s
r

ξ = = −
rr r r r
r  (182) 

msr  is the location of the mth sensor. 

6.2 PWAS phased array beamforming formulation 

Assume the PWAS has been tuned to generate a single-mode quasi nondispersive guided 

plate wave of frequency ω and wavenumber k. Generally, the wave front at a point rr  

away a PWAS source at the origin is 
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 ( )( , )
i t k rAf r t e

r
ω − ⋅

=
r r

r
r  (183) 

Supposing we have an array of M PWAS installed at { }msr  sending out signals in the 

direction of { mξ
r

} to ( , )P r φr  respectively. The origin is at 0ms =∑ r . Other variables are 

defined as 

 
r r

r r
r r

ξ

⎧ =
⎪
⎨ = =⎪
⎩

r

r rr
r

 (184) 

and  

 
m m m

m m m
m

m m m

r r r s
r r r
r r r s

ξ

⎧ = = −
⎪
⎨ = = =⎪ −⎩

r r r

r r rr
r r r

 (185) 

The wavenumber of the wave propagating in the mξ
r

 direction is defined as 

 m mk
c
ωξ= ⋅

r r
 (186) 

Using the notations defined in Equation (184), (185) and (186), the wave front from the 

mth sensor arriving at the point ( , )P r φr  can be written as 

 ( )( , ) m mi t k r
m

m

Af r t e
r

ω − ⋅
=

r r
r  (187) 

Equation (187) generates the synthetic wave front ( , )z r tr  at the point ( , )P r φr  with time 

delay and weight is 
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1

0
( , ) ( , )

M
m m m

m
z r t w f r t∑

−

=
= −Δ

r r  (188) 

6.2.1 Far-field beamforming using the parallel ray approximation 

As discussed in 6.1, if a reflector is far away from the array, the propagation directions of 

individual waves can be considered being parallel to each other, i.e.,. mξ ξ≈
r r

. Hence, 

 mk k
c
ωξ≈ ⋅ =

r rr
 (189) 

and  

 mr r≈  (190) 

Equation (187) becomes 
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            =
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 ( , ) ( , )
mi s

c
m

rf r t f r t e
c

ωξ⎧ ⎫⋅⎨ ⎬
⎩ ⎭= − ⋅

r r
r r  (191) 

In Equation (191) the wave front ( , )mf r tr  is only dependent on the exponential part. The 

effective wave of M sensors with delaying and weight is 

 
1

0
( , ) ( , )

M m
m m

m

srz r t w f r t
c c

ξ−
∑
=

⋅
= − + + Δ

r r
r r  (192) 
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If we adjust the time delay Δm in such a way that 

 m
m

s
c

ξ ⋅
Δ = −

r r

 (193) 

( , )z r tr  becomes 

 
1

0
( , ) ( , )

M
m

m

rz r t f r t w
c

−
∑
=

= − ⋅
r r  (194) 

When wm = 1, the synthetic signal is M times reinforced with respect to the reference 

signal ( , )rf r t
c

−
r  emitting from the origin to the reflector at ( , )P r φr . 

6.2.2 Near field beamforming 

Within the field near to the array, the parallel ray approximation is not valid. The exact 

traveling waves are used for the beamforming formulation. 

 ( , )
m mri t
cm

m
m

Af r t e
r

ξω
⎛ ⎞⋅
−⎜ ⎟

⎝ ⎠=

r r

r  (195) 

Since m m mr rξ ⋅ =
r r , Equation (195) becomes 

 1( , ) ( , )
/

mr ri
c

m
m

rf r t f r t e
c r r

ω −⎛ ⎞
⎜ ⎟
⎝ ⎠= −

r r  (196) 

The synthetic signal ( , )z r tr  is 

 
1

0
( , ) ( )

/
M m m

m
m m

w r rrz r t f t
c cr r

−
∑
=

−
= − + + Δ

r  (197) 

If we have 
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 m
m

r r
c
−

Δ = −  (198) 

 /m mw r r=  (199) 

Equation (197) becomes 

 ( , ) ( , )rz r t Mf r t
c

= −
r r  (200) 

We see that the wave front at the point ( , )P r φr  is still the M times reinforcing of the 

original signal. 
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7. LAMB WAVE PHASED ARRAY DESIGN AND BEAMFORMING SIMULATION 

In order to verify the directionality of each beamforming, extensive simulation work has 

been conducted combined with the Lamb wave characteristics for practical 

implementation of the guided Lamb wave PWAS phased arrays. Each PWAS element in 

the array plays as both transmitter and receiver.  

A terminology related to the directional beamforming of the phased array is directivity. 

According to the IEEE Standard Definitions of Terms for Antennas, the directivity of an 

antenna is stated as “the ratio of the radiation intensity in a given direction from the 

antenna to the radiation intensity averaged over all directions”. The average radiation 

intensity is equal to the total power radiated by the antenna divided by 4π, i.e., 

 0 / 4
U UD
U P π

= =  (201) 

Where U stands for the radiation intensity. Described more imply, the directivity of a 

nonisotropic source is equal to the ratio of its radiation intensity in a given direction over 

that of an isotropic source. When applied to PWAS phased array, the directivity then is 

used to describe the ratio of the propagating wave intensity in a given direction from an 

array to the total power radiated by the array divided by 4π, representing as 

 0( )
/ 4array

array

UD
P

φ
π

==  (202) 

The more the energy is concentrated in the direction 0φ , the better the directivity will be 
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(since the energy is more directed to the direction of 0φ ). So given the total output energy 

from the array, the smaller the directional lobe is, the better the directivity is. 

7.1 Design Simulation of 1-D linear uniformly excited Lamb wave phased array 

Given a linear 1-D array consisting of M elements (Figure 41), an appropriate delay 

needs to be applied to each wave sending from these array elements to make them all 

focus on a certain direction. When this direction changes within 0º to 180º range, a virtual 

scanning beam will form and therefore a large area of the structure can be interrogated 

with it. The sensors shown in Figure 41 array are equally separated by spacing d. The 

span of the array is D with 

 ( 1)D M d≈ − ⋅  (203) 

The coordinate origin is defined to be the phased center of the array, which is defined as 

the vector quantity 1
mM s∑ r . Hence, the origin is the point where  

 1 0mM s =∑ r  (204) 

The array is distributed along the x-axis and centered about y-axis. The location of mth 

vector is 

 1( ) 0
2m

Ms m di j−
= − +

r rr  (205) 
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Figure 41 The schematics of an M-element 1-D linear PWAS phased array. The coordinate origin is 

located at the phased center, i.e., the center of the array. 

Recalling Equation (183), the wave front at a point rr  away a PWAS source is 

 ( )( , )
i t k rAf r t e

r
ω − ⋅

=
r r

r
r  (206) 

Then the synthetic wave front received at point ( , )P r φr  from the total of M PWAS is 

 { }1

0
( , ) m mM i t k r

m m

Az r t e
r

ω
∑

⎡ ⎤− − ⋅⎣ ⎦

=
=

r r
r  (207) 
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=
= − ⋅

r  (208) 

We notice that the first multiplier represents the wave emitting from the origin and it is 

independent of the array elements. Hence it will not affect the output synthetic 

beamforming and can be used as a reference for calculating the needed time delay for 

each elementary wave. The second part is the control of beamforming, BF. This part can 

be simplified to 
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Equation (209) contains the direction information. Normalizing rm by the quantity r and 

using the relation / 2 /cω π λ=  yields 
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By introducing two parameters, d/λ and d/r, the controlling beamforming can be re-

written as 
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The right side of Equation (211) shows that the beamforming is affected by the 

parameters φ  (direction), d/λ (spacing), d/r (location in the field, i.e., far or near), and M 

(number of elements).  

For the far field situation, the beamforming formula is simpler. With the parallel 

approximation, Equation (207) can be represented as 
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And the corresponding beamforming formula is 
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Using Equation (205), Equation (213) can be further written as 
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The original beamforming with far field assumption is shown in Figure 42a (solid line). 

Notice the maximum beam is obtained at 90° according to Equation (214). 

So far we have the sum beamforming concept, which indicates how the aggregated 

response is affected by the relative positions of the source transducers and the reflector. 

Next, we develop the delay-and-sum beamforming concept, which allows us to steer the 

beam in a preferred direction. By applying a time delay and a weight to each component, 

the beam of the array is steered to form in certain direction ( 0φ ). The delay-and-sum 

beamforming is 
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If mδ  is chosen such that 

 *
01 ( )m mrδ φ= −  (216) 

Where 0φ  is fixed. Then Equation (215) becomes 
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Equation (217) indicates a strong reinforcing of the signal in the direction 0φ . By 

changing the value of 0φ , a scanning beam can be therefore generated. The simulation 

results of original beamforming (without delay and weight) and the directional 
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beamforming at 0φ = 45º is shown in Figure 42a with M=8, d/λ=0.5, and far field 

assumed. The solid beam at 90º position is the original beamforming and the dash beam 

at 45º position is the delay and weight beamforming. Here the weight wm is set to be unit. 

This situation is called uniform excitation. If not, it is called nonuniform excitation and 

by this means the entire directional beamforming can be further modified, as 

demonstrated in Figure 42b. In the following part of this section, we will use simulation 

to discuss how the beamforming is affected by the parameters /d λ , /d r , M, 0φ . 

(a)

1 
Original 
beamforming 

Beamforming 
at 45º 

θ 
(b)

Original 
beamforming 

Beamforming 
directed to 45º

θ 

 
Figure 42 The original beamforming and directional beamforming at 45º of an 8 PWAS linear phased 

array with d/λ=0.5, far field assumed. (a) uniform excitation; (b) nonuniform excitation with a 
distribution of {-1,-0.75,-0.5,-0.25,0.25,0.5,0.75,1} 

7.1.1.1 Ratio d/λ 

The wavelength λ of the excitation signal (λ=c(f)/f) is changeable by frequency tuning. 

The ratio of d/λ relates the spacing d with the excitation frequency f. The simulation of 8 

PWAS linear array using different d/λ is shown in Figure 43. 

From this simulation, we notice that with the increase of d/λ ratio, the width of the 

mainlobe becomes narrower, which means better directionality (Figure 43 a and b). 

However, for larger d/λ such as 0.75 and 1, the grating lobe shows up which has nearly 

the same amplitude as the mainlobe (Figure 43 c and d). This grating lobe will mislead 
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our scanning result and needs to be avoided. Consideration of d/λ ratio also needs to 

follows the spatial sampling theorem that d should be less than or equal to half of the 

wavelength λ. Therefore there is always a compromise between better directivity and 

avoiding aliasing. Hence the rule for larger spacing d is 

 
2

d λ
≤  (218) 

The half wavelength value ( / 2d λ= ) is the critical spacing value. 

(a)

 

d/λ = 0.35 
φ

 (b)

d/λ = 0.5 

φ  
 

(c)

d/λ = 0.75 
Mainlobe 

Grating lobe 

φ
 (d)

d/λ = 1 

Mainlobe 

Grating 
lobe 

φ   
Figure 43 The beamforming at 60° of an 8 PWAS linear phased array at different d/λ values. Far field 

assumed. It can be seen with increasing d/λ, the main beam becomes finer which means better 
directivity. However, when d/λ is over certain critical value, a disturbing beam at other direction 
showing up. 

7.1.1.2 Ratio d/r 

The ratio d/r is related to whether a point is located in the far or near field of the phased 

array. In the traditional sonar system, “far field” is considered for 22 /r D λ>  where r is 

the distance from the source to the array and D is the length of the array (McPheeters et 

al, 2005). In our research, the far field can be considered as the area at a distance to the 
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phased array much larger than the array size D. Conventionally, the area can be treated as 

a far field if r/D > 5. The near field can be anywhere below this ratio. A lower limit, 

called the “very close to the array” field, is defined for r/D = 1. For our array of M 

point-wise sources, we have D=(M-1)d. Hence the ratio of r/D can be transformed to d/r 

using 

 d/r = D/(M-1)·r  

  
1 r/D = 5(M-1) 

r/D = 2(M-1) 

r/D = (M-1) 

φ

 
Figure 44 The beamforming of an 8 PWAS linear phased array (without delay) at different d/r ratio with 

d/λ=0.5. The solid line is the beamforming for far field (d/r=1/(M-1)·5); dash line is for near 
field (d/r=1/(M-1)·2) and dot line for very near field (d/r=1/(M-1)·1) to the array. 

Figure 44 shows the beamforming simulation of an 8-PWAS array at very close field 

(r/D=(M-1)), near field (r/D=2(M-1)), and far field (r/D=5(M-1)). From the simulation 

result we see that the directionality is best in the far field (narrow beam and small 

sidelobes). As one gets closer to the array, the sidelobes increase in numbers and 

amplitudes. In the near field very close to the array (i.e., D/r = 1), a large amount of 

energy from the mainlobe leaks to the sidelobes which results in the obvious decrease of 
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the mainlobe and increase of the sidelobes amplitudes. 

7.1.1.3 Number of sensors M 

In order to achieve better directionality, narrow mainlobe and smaller sidelobes are 

desired. Figure 45 shows comparison results at 45° beamforming between 8-PWAS and 

16-PWAS arrays. A value r/D=5(M-1), i.e., far field, is assumed. Figure 45 shows that, 

with 16 sensors, we have a narrower directional lobe and smaller sidelobes. More sensors 

will bring even better directionality to the mainlobe and fewer disturbances from the 

sidelobes. 

 

0φ

45º 

M = 8 

M = 16

 
Figure 45 Beamforming of 8 PWAS array and 16 PWAS array at 45º, respectively with r/D=5(M-1) 

7.1.1.4 Steering angle 0φ  

Steering angle 0φ  is another factor that affects the beamforming. The beamforming at 0º, 

30º, 60º, 90º, 120º, 150º of an 8-PWAS array is shown in Figure 46.  

Firstly, we notice that the beamforming is symmetric about 90º. Secondly, within the 

0º~90º range, the beamforming loses its directionality at small angles such as 0º and 30º. 

However, going from 0º to 30º, we notice that the directionality starts improving. Lastly, 

when 0φ  increases, the directionality is improved with sidelobes being suppressed 

(compare 30º with 60º and 90º).  
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Figure 47 indicates the beamforming for a 16-PWAS array. Compared to the 

beamforming of an 8-PWAS array, the beamforming of a 16-PWAS array (Figure 47) 

shows better directionality. At larger angles such as 60º and 90º, we notice a thinner and 

more directional mainlobe. The mainlobe directionality is maintained even at smaller 

angles, e.g., at 30º. At 30º, the beamforming of a 16-PWAS array still keeps the 

directionality. (This directionality starts to diminish only at angles below 20º.) 

 

Beamforming 
at 30º 

1 Beamforming 
at 60º 

Beamforming 
at 90º 

Beamforming 
at 120º 

Beamforming 
at 150º 

Beamforming 
at 0º 

0φ   
Figure 46 The beamforming of 8 PWAS array at 0º, 30º, 60º, 90º, 120º, 150º with r/D=5(M-1) 

 

Beamforming 
at 30º 

1 

Beamforming 
at 60º 

Beamforming 
at 90º Beamforming 

at 120º 

Beamforming 
at 150º 

Beamforming 
at 0º 

0φ   
Figure 47 The beamforming of 16 PWAS array at 0º, 30º, 60º, 90º, 120º, 150º with r/D=5(M-1) 

Figure 48 shows the beamforming of an 8-PWAS array with r/D=(M-1) at different 

angles. This r/D value corresponds to near field. As before, the directivity pattern is 

symmetrical about the 90° vertical line. Hence, only angles in the range 0° to 90° are 

studied. Again, we see the beamforming gets better as larger 0φ  increases from 0° to 90°. 
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For example, we notice that at low angles, e.g., 0φ = 20°, the directivity is so poor that a 

strong backlobe appears close to 180°. This is alleviated at higher 0φ  values. 

Figure 49 shows the effect of the d/r ratio the beamforming pattern at 20°. At certain 

values of 0φ , the ratio of d/r may not affect the mainlobe directionality. However, it 

affects the sidelobes strength. The sidelobes strength increases for smaller d/r values. 

Notice that for the very close field (r/D=(M-1)), the back lobe is much larger than other 

situations, though the main lobe characteristic maintains almost the same. However for 

medium field and far field, the difference fades out. For example, compare the near field 

(r/D=2(M-1)) and far field (r/D=5(M-1) or r/D=10(M-1)) in Figure 49. It is apparent that 

the difference in both sidelobes and the mainlobes are almost negligible. 

In summary, we say that our simulation studies have shown that a well-behaved 

directional beamforming can be achieved with judicious array design. In order to have 

good directionality in a larger angular range, a large number of sensors and/or larger d/r 

ratio are desired. However, we cannot increase the number of sensors indefinitely due to 

wiring and other constructive concerns. 

 1 Beamforming  
with rD=(M-1) 

20º 

40º 

60º

80º

0φ  
 

Figure 48 The beamforming of 8 PWAS array at 20º, 40º, 60º, 80º with r/D= (M-1) 
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 Beamforming at 40º 

Beamforming with 
r/D=(M-1) 

Beamforming with 
r/D=2(M-1) 

Beamforming with 
r/D=5(M-1) 

Beamforming with 
r/D=10(M-1) 

0φ  
 

Figure 49 The beamforming of 8 PWAS array at 20º with r/D = (M-1), 2(M-1), 5(M-1), and 10(M-1) 

7.2 Design and Simulation of 1-D linear non-uniformly excited Lamb wave phased 

array 

The linear uniformly-spaced array discussed in Section 7.1 is excited with time-shifted 

but uniform signals, i.e., all the elements in the array are considered to be fed with the 

same signal level. Now, we will look into the situation of uniformly-spaced arrays which 

are fed with signals that differ from one element to the other in terms of signal level.  

Similar to Equation (215), the non-uniformly excited array will have different amplitude 

coefficients, {am}, for each array element, i.e. 
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Let us examine the array directionality patterns when the amplitude distribution along the 

elements {am} is determined by the binomial distribution and by the Chebyshev 

distribution, respectively. 
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7.2.1 Binominal array 

The excitation coefficients {am} for binomial array can be derived by expanding the 

function (1+x)M-1 into a series using the binomial expansion (Balanis, 2005) 

 1 2 3( 1)( 2) ( 1)( 2)( 3)(1 ) 1 ( 1) ...
2! 3!

M M M M M Mx M x x x− − − − − −
+ = + − + + +  (220) 

Therefore, we can get the positive coefficients of the series for different values of M. 

Some coefficients for M = 1~10 are listed in Table 1. 

Table 1 Coefficients of binomial expansion at various M 

M Binomial coefficients 

1 {1} 

2 {1, 1} 

3 {1, 2, 1} 

4 {1, 3, 3, 1} 

…  

10 {1, 9, 36, 84, 126, 126, 84, 36, 9, 1} 

 

We can easily find the coefficients {am} using this expansion. These coefficients will be 

used as the relative amplitudes of the array elements. Since the excitation is determined 

from a binomial series expansion, the array is called a “binomial array”.  

The directivity of a binomial array can be calculated using the following equation, which 

is valid for the d/λ=0.5 situation (Ricardi 1972) 

 1.77 1 2 / 1.77BiD L Mλ= + ≈  (221) 

A simulation using a 10-PWAS array was done and the results were compared with the 
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results for uniform array. From Table 1, the coefficients for M=10 are found to be {1, 9, 

36, 84, 126, 126, 84, 36, 9, 1}. Figure 50a shows the beamforming of binomial arrays 

with different d/λ ratios. It shows that the directivity gets better as d/λ increases, but 

sidelobes reappear for d/λ beyond 0.5. We notice that the value d/λ=0.5 is optimal since at 

this value, the binomial beamforming has no sidelobes while maintaining a good 

directivity. This situation is compared to the uniform array beamforming in Figure 50b. 

Although the binomial array has no sidelobes, its directivity is worse than that of the 

uniform array since it has a thicker beam. It has been found that, in general, the binomial 

array has worse directivity compared to the uniform array though it has no sidelobes. In 

addition, directional beamforming at 45º (Figure 45c) shows that binomial has smaller 

view area (where directional beam is able to form) than the uniform array. At lower 

angle, the binomial array loses precision (sidelobe grows up) much faster than the 

uniform array. 

 

d/λ = 0.5 

d/λ = 0.75 

d/λ = 0.35 

(a) 

Binomial 

Uniform 

(b) 

 45º

(c)º

Uniform  

Binomial   

 
Figure 50 The beamforming of 10 PWAS binomial array with d/r = 5(M-1): (a) binomial array 

beamforming at 90º at different d/λ; (b) beamforming of binomial compared to uniform when 
d/λ=0.5 at 90º; (c) beamforming of binomial compared to uniform when d/λ=0.5 at 45º 

7.2.2 Dolph-Chebyshev array 

Previous section has shown that the binomial array has smaller sidelobes than the 

uniform array, but it loses its directivity faster. Also, the amplitudes of the binomial array 
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elments change significantly from one to another (e.g., the coefficients for 1st element is 

only 1/126 of that of the 5th). The Dolph-Chebyshev array was originally introduced as a 

compromise between the uniform array and the binomial arrays. It has a relatively 

smooth amplitude distribution. Its excitation coefficients are related to the Chebyshev 

polynomials as shown in Table 2. The Chebyshev coefficients have the binomial 

coefficients as a subset. When the Dolph-Chebyshev array yields no sidelobe, it is 

reduced to the binomial array. 

Table 2 Chebyshev polynomial at various M (valid only in the range 1 1z− ≤ ≤ , with z=cos(u)) 

M Chebyshev polynomial 

0 T0(z)=1 

1 T1(z)=z 

2 T2(z)=2z2-1 

3 T3(z)=4z3-3z 

4 T4(z)=8z4-8z2+1 

…  

9 T9(z)=256z9-576z7+432z5-120z3+9z 

 

The excitation coefficients of the Dolph-Chebyshev array can be obtained based on the 

desired sidelobe level following the steps (Balanis, 2005): 

• Select the appropriate SLL (Sidelobe Level, the ratio of mainlobe magnitude to 

the first sidelobe magnitude); 

• Expand the array factor given as 
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• Replace cos( )mu  with expansion shown in Table 3 

• Using given SSL, determine z0 by 
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in the above expanded array factor 

• Equate the array factor to the Chebyshev polynomial TM-1(z) shown in Table 2. 

Match similar terms and determine the {am}. 

For example consider a desired SSL of 20. Then, the coefficients {am} (m=0, 1, …M-1) 

are {0.357, 0.485, 0.706, 0.89, 1, 1, 0.89, 0.706, 0.485, 0.357}. Notice that both the 

binomial and the Dolph-Chebyshev coefficients are symmetric about the origin. 

Beamforming of a Dolph-Chebyshev array at 90º and 45º at far-field with d/λ=0.5 is 

shown in Figure 51a. Considering that the design was for sidelobes level of 20, we notice 

that the sidelobes are indeed mostly suppressed. Figure 51b and Figure 51c compare the 

three array designs (uniform, binomial, and Dolph-Chebyshev) at steering angles of 90º 
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and 45º, respectively. The dot beam is for binomial array, solid beam is for Dolph-

Chebyshev array, and the dash beam is for uniform array. Figure 51 clearly shows that, 

when considering the sidelobe level, the binomial array with zero sidelobes is followed 

by Chebyshev array and uniform array. However, uniform array has the best directivity, 

then the Chebyshev array, and finally the binomial array. We conclude that the Dolph-

Chebyshev array can be used as a balance of low sidelobe level and good directivity. 

Table 3 cos(Mu) expansions 

M cos(Mu) 

0 cos(0)=1 

1 cos(u)=cos(u) 

2 cos(2u)=2cos2(u)-1 

3 cos(3u)=4cos4(u)-8cos2(u)+1 

4 cos(4u)=8cos4(u)-8cos4(u)+1 

…  

9 cos(9u)=256cos9(u)-576cos7(u)+432 cos5(u)-120 cos3(u)+9cos(u) 

 

 

45º 

(a) (b) 

Binomial 

Dolph-
Chebyshev

Uniform 

45º
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Dolph-
Chebyshev 
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Figure 51 The beamforming of 10 PWAS Dolph-Chebyshev array with d/r = 5(M-1) and d/λ=0.5: (a) 

Dolph-Chebyshev array beamforming at 90º and 45º; (b) beamforming of Dolph-Chebyshev 
compared to uniform and binomial at 90º; (c) beamforming of Dolph-Chebyshev compared to 
uniform and binomial at 45º 
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7.3 Design and simulation of 2D phased array 

The limitation of 1-D phased arrays is that the geometry (shape) is naturally symmetric 

about φ π=  (i.e., the beamforming is symmetric for 0º~180º and 180º~360º). So they can 

be only used to inspect the range 0º~180º. The individual elements of linear arrays can 

also be arranged in other configuration such as a cross, or along a rectangular grid to 

form a planar array or along a circular ring to form a circular array. Planar arrays are 

more versatile and can provide beamforming with lower sidelobes. In addition, they can 

be used to steer the main beam of the array toward any point within the 0º~360º range 

(360º view area). Circular arrays are another array configuration of very practical interest. 

It also has the 360º view area. We will also explore it and compare the beamforming to 

those achieved from planar arrays. 

7.3.1 Cross array 

The configuration of a cross array and its coordinate system are illustrated in Figure 52a. 

a cross array is constructed by using two perpendicular linear arrays crossing in the 

middle, spacing at dx and dy respectively. In each direction, there is a total of M odd-

number elements. Beamforming simulation for a PWAS cross array with M=9 (a total of 

17 elements) is shown in Figure 52b. It is noticed that 360° range directional 

beamforming is obtained. However there are significant sidelobe (maximum sidelobe 

level is approximately 2), especially in the vicinity of the array axes (i.e., close to the 

horizontal and vertical directions) where the presence of large sidelobes and even grating 

lobes is noticed. At the directions of array’s axes, such as 0° (180°) and 90° (270°), 

grating lobes show up and practically the 2-D uni-directional beamforming is lost. (This 

phenomenon is due to the fact that the cross array is a mere superposition of two 
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perpendicular linear arrays.). In summary, the cross shaped array has limited 360º range 

uni-directionality and has significant sidelobe disturbance. 

(a)

dx
x 

y 

dy

(b)

 

0º 

20º 

60º 
90º

 
Figure 52 Cross array: (a) layout of the cross array with M odd elements in both the x and y direction; (b) 

beamforming within 0º~360º range at different angles 

7.3.2 Rectangular ring array 

A special rectangular array configuration is the rectangular ring array as shown in Figure 

53a (only use the circumferential elements in Figure 54a). Though fewer PWAS is 

employed in this design, resulting in convenient wiring, the compensation is that the 

beamforming (Figure 53b) has increased much larger sidelobe level compared to the 

rectangular array.  

(a)

 

dx 

dy

(b) 

150º

0º 

20º 

260º

330º 

 
Figure 53 Rectangular ring array: (a) layout of a rectangular ring array with M elements in x direction and 

N elements in y direction; (b) beamforming within 0º~360º range with M=N=8 and dx=dy=0.5λ. 

7.3.3 Planar array 

The construction of a planar array is based on the principle that the elements in either 
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direction (x or y) will be symmetric about the phase center. For example, Figure 54a 

shows a planar array with M=8, N=8 but with dx≠dy. 

The coordinates of the (m, n)th element of a planar array can be determined as 

 ,
1 1

2 2m n x y
M Ns m d i n d j− −⎛ ⎞ ⎛ ⎞= − + −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

r rr  (222) 

where dx is the x spacing and dy is the y spacing. If we make dx = dy = d, then the 

pointwise sources of the planar array form a square grid. 
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20º 

80º 

(d) 

  
Figure 54 8x8 planar array: (a) layout of the array, horizontal spacing of dx and vertical spacing of dy; (b) 

beamforming within 0º~360º range at different angles; (c) M=8, N=1, the planar array is 
degraded to a horizontally arranged 1-D array; (d) beamforming of degraded rectangular array, 
symmetric about 0φ π=  
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Using the generic beamforming triangular formulation, the directional beamforming at 

0φ  is 
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The beamforming at different angles 0φ  within the 0º~360º is shown in Figure 54b. It can 

be seen that the planar array has significantly lower sidelobe than the linear and cross 

arrays. It also has the ability to view 360º area. Notice that when either M or N decreases 

to the value 1, the planar array is reduced to a 1-D linear array (Figure 54c), which only 

has 0°~180° view area due to its inherent symmetry. 

7.3.4 Circular ring array 

The array can be also configured as a circular ring shape as shown in Figure 55a. The mth 

element coordinates can be easily found to be 

 cos sinm m ms R i R jθ θ= +
r rr  (224) 

where 2,      
2 m
MdR m

M
πθ

π
= = ⋅  (225) 

Using the generic beamforming formula, the directional beamforming at angle 0φ  is 
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Beamforming of a 64 elements circular ring array is shown in Figure 55b at different 

angles 0φ . It is noticeable that, compared to the beamforming of a 64 element planar 

array (Figure 54b), the circular ring array has much more uniform directivity, but the 
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sidelobe level is obviously higher. This verifies the general theory that there is a tradeoff 

between directivity and sidelobe level. When M is equal to two, the circular ring array is 

reduced to a classic dipole. The beamforming of a dipole along x-axis is shown in Figure 

55c. 
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Figure 55 Circular ring array: (a) layout of the circular ring array; (b) beamforming within 0º~360º range at 

different angles; (c) M=2, the circular ring array is reduced to a horizontally arranged dipole 

7.3.5 Circular disk array 

The circular disk array is composed of a group of concentric circular arrays (for this 

reason, it is also called concentric array). The numbering of the concentric rings of such 

an array starts from the center. The array center coincides with the coordinate origin as 

shown in Figure 56a. However the center element may be omitted. The radial spacing is 

dr, while the circumferential spacing is dc. Hence, the radius Rn of nth ring is simply n*dr, 

n=0, 1, 2 … (N-1) and N is the number of rings. The number of elements in the nth ring 

can be determined by rounding the number 2 /r cnd dπ  to the smallest largest integer. 

The numbering of the array elements starts from the most internal ring and moves 

outwards. At each ring, it starts from +x direction (i.e., 0º). The beamforming of such a 
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disk array at a point 0( , )P r φr  is 
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Figure 56a shows a 5 ring disk array (N=5) with dc/λ=dr/λ=0.5. This array also has one 

element in the center. The number of elements in each ring is {1, 7, 13, 19, 26}. In total, 

there are 66 elements. Figure 56b shows the beamforming of this disk array in the far 

field (dr/r=1/10) at different angles. Compare to the beamforming of the circular ring 

array shown in Figure 55b, the beamforming of concentric ring array is able to focus 

more energy in the desired direction since the elements are more concentratedly 

organized. 
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Figure 56 Concentric circular array: (a) layout of a concentric ring array with a total of N rings; (b) 

beamforming within 0º~360º range with dc=dr=0.5λ and N=5 

7.4 Comparison, discussion, and conclusions 

So far we have discussed design and simulation of various uniform and nonuniform 1-D 

PWAS phased arrays and 2-D uniform PWAS arrays. For the uniformly excited 1-D 

linear PWAS array, the directionality actually is determined by the number of element M 

and the ratio of d/λ (Stutzman and Thiele 1998). The formula of using PWAS phased 

array can be represented as 
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 2 dD M
λ

=  (228) 

Although directivity D can be improved simply by using either large M or d/λ or both, 

larger M will increase the wiring complexity and also the entire size of the PWAS array 

while d/λ value actually can not be increased unlimitedly since it is also limited by the 

spatial sampling theorem. 

Based on the simulation studied for the 1-D linear array, it can be concluded that for 

various PWAS phased arrays, the following factors will affect the output pattern: 

(1) The distance between neighboring element (spacing d) 

(2) Excitation amplitude of individual elements (uniform or nonuniform) 

(3) The geometrical configuration of the overall array (linear, circular, rectangular, 

etc.) 

The effect of factor (1) can be found in the beamforming simulation results discussed in 

previous sections. For the 1-D linear arrays, due to its intrinsic limitation, we were not 

able to distinguish if the defect is in the upper or lower half plane with respect to the 

array. The 2-D arrays, on the contrary, are able to offer the full range 360° detection 

though some of them may have certain blind areas, while offering better directionality in 

other areas. By comparing the rectangular array with the rectangular ring array, or 

comparing the circular concentric array with the circular ring array, we see that the full-

area arrays offers better sidelobe levels. However, the ring shape arrays have much 

narrower main lobe width compared to the equivalent area arrays. For equivalent 

rectangular and circular shaped ring or area arrays, their properties in terms of 

directionality are almost comparable. However, the rectangular array presents some 
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angular variation of directivity due to the corners. But rectangular arrays are much easier 

to implement using either square or round PWAS. For circular arrays, only round PWAS 

are suggested to use. 
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8. EXPERIMENTAL RESULTS WITH THE EMBEDDED ULTRASONIC 

STRUCTURAL RADAR PWAS PHASED-ARRAYS 

The guided Lamb waves generated by PWAS have the important property that they stay 

confined inside the walls of a thin-wall structure, and hence can travel over large 

distances. In addition, the guided wave can also travel inside curved walls, which makes 

them ideal for applications in the ultrasonic inspection of aircraft, missiles, pressure 

vessel, oil tanks, pipelines, etc. Traditionally, the beamforming of phased array is realized 

by first calculating how much delay is needed among the sensors for the wave going to 

and from a direction you are interested in, then delaying all the corresponding channels 

connected to each transducer/sensor with the correct amount of time, and finally adding 

the signals form all the channels. By this means, the signal can be reinforced in the 

direction you are interested. These transducers/sensors are therefore excited at different 

time instants. 

Our patented method, the embedded ultrasonic structural radar (EUSR), behaves in a 

different way. It is developed from the principle of the radar phased array technology 

(Giurgiutiu et al, 2006). It can interrogate large structural areas from a single location 

using ultrasonic guided Lamb and Rayleigh waves generated by tuned piezoelectric wafer 

active sensors (PWAS) that are permanently attached to the structure. However, the main 

difference between EUSR and other phased array methods is that the data collection is 

done with only one channel of excitationEach time, one of the PWAS in the array will be 

excited and the responses on the rest of the sensors will be recorded digitally. In a round-
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robin pattern, all the PWAS will be excited in turn and corresponding responses will be 

recorded. With these recorded response, we will then apply the sum-and-delay technique 

in virtual time using the EUSR algorithm to reconstruct the directional beamforming 

within certain range to inspect the specimen for health monitoring.  

A proof-of-concept system was built to verify the damage detection ability using various 

Lamb wave PWAS phased arrays (Figure 57a). DAQ module uses a computer (laptop) to 

control and collect data from multi-channel pulser/receiver, which consists of: (i) a 

HP33120A arbitrary signal generator; (ii) a Tektronix TDS210 digital oscilloscope; and 

(iii) a computer controlled auto-switch unit. The HP33120A was used to generate the 

excitation with a 10 Hz repetition rate. The Tektronix TDS210 digital oscilloscope, 

synchronized with the digital generator, was used to collect the response signals from the 

PWAS array. The actuation and sensing function of the PWAS elements are 

automatically controlled by the auto-switching unit. 1220-mm (4-ft) square panel of 1-

mm (0.040-in) thick 2024-T3 Al-clad aircraft grade sheet metal specimens with different 

crack layouts were used. The size of the simulated cracks is 19-mm (0.750-in) long, 

0.127-mm (0.005-in) wide. The PWAS used is APC-850 small PZT wafer 7 mm round or 

square and 0.2 mm thick. Figure 57b shows the layout of the specimens.  

In order to minimize the Lamb modes appearing in the wave and strengthen the available 

mode, a frequency tuning process is established. The excitation frequency has been 

selected as 282 kHz at which only S0 mode is maximally excited, avoiding disturbance 

from dispersion. The data is collected in the round robin pattern resulting in a total of M2 

data set where M is the number of elements in the array. EUSR algorithm will process the 

raw data and map the scanning beams in a 2D/3D image for further structural diagnosis.  
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Figure 57 Proof-of-concept EUSR experiment. (a) laboratory experiment setup; (b) specimen layout 

8.1 The Embedded Ultrasonic Structural Radar (EUSR) algorithm 

The principle of operation of the embedded ultrasonic structural radar (EUSR) is derived 

from two general principles: (1) The principle of guided Lamb wave generation with 

piezoelectric wafer active sensors (PWAS); (2) The principles of conventional phased-

array radar. These principles, combined with previous discussed PWAS phased basics, 

produce the guided wave PWAS phased array for structural health monitoring and 

nondestructive evaluation applications. 

As we know that Lamb waves can exist in a number of dispersive modes. By using 

smoothed tone-burst excitation and frequency tuning, it is possible to confine the 

excitation to a particular Lamb wave mode, that is to say, carrying a single frequency fc, 
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resulting a constant wave speed c and wave length / cc fλ = . Therefore, we can apply the 

PWAS array theory to manipulate such waves to a certain direction. The smoothed tone-

burst signal generated by one PWAS is of the general form 

 0( ) ( ) cos 2T cs t s t f tπ=  (229) 

where 0 ( )s t  is a short-duration smoothing Hanning window between 0 and tp that is 

applied to the carrier signal of frequency fc. The principle of 1-D linear PWAS array of M 

element is applied to the PWAS-generated guided waves, with each PWAS acting as a 

pointwise omnidirectional transmitter and receiver. The PWAS in the array are spaced at 

the distance d. If all the PWAS are fired simultaneously, the signal from the mth PWAS 

will arrive at a point P quicker by ( ) ( ) /m mr r cφ φΔ = −⎡ ⎤⎣ ⎦  with respect to the traveling 

time needed from the origin to the target, ( )m mr r sφ= −
r r . Yet, if the PWAS are not fired 

simultaneously, but with some individual delays, mδ , m = 0,1,…,M-1, then the total 

signal received at point P will be 

 
1
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M

p T m m
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rs t s t
cr

φ δ
−

=

= − + Δ −∑  (230) 

1/rm represents the decrease in the wave amplitude due to the omnidirectional 2-D 

radiation, and r/c is the delay due to the travel distance between the reference (Origin) 

and the point P (Here wave-energy conservation, i.e., no dissipation, is assumed.). Figure 

58 is an example of the transmitted signal and received signal pair captured in our 

experiment. 
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Figure 58 The transmitted signal and the received signal 

8.1.1 Pulse-echo beamforming 

Based on phased array theory, the transmission and reception of the EUSR algorithm are 

presented respectively, resulting the pulse-echo inspection. 

Transmitter beamforming: if we can make ( )m mδ φ= Δ , then Equation (230)becomes 
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−

=
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That’s to say, there is an 
1

0

1M

m mr

−

=
∑  times increase in the signal strength with. This leads 

directly to the beamforming principle developed in Section 6.2. Then beamforming takes 

place when angles 0φ φ=  and 0φ φ= − . Thus, the forming of a beam at angles 0φ  and 0φ−  

is achieved through delays in the firing of the sensors in the array. 

Receiver beamforming: if the point P is an omnidirectional source at azimuth 0φ , then the 

signals received at the mth sensor will arrive quicker by ( ) ( )0 0 /m mr r cφ φΔ = −⎡ ⎤⎣ ⎦ . Hence, 

we can synchronize the signals received at all the sensors by delaying them by 
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( )0 0( )m mδ φ φ= Δ . 

Pulse-echo method: Assume that a target exists at azimuth 0φ  and distance R. The 

transmitter beamformer is sweeping the range in increasing angles φ  and receives an 

echo when 0φ φ= . The echo will be received on all sensors, but the signals will not be 

synchronized. To synchronize the sensors signals, the delays defined by Equation (198) 

using near field algorithm or Equation (193) using far field algorithm need to be applied. 

Then the synthetic signal arriving at the target is 
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At the target, the signal is backscattered with a backscatter coefficient, A. Hence, the 

signal received at each sensor will be 
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The receiver beamformer assembles the signals from all the sensors with the appropriate 

delays 
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Constructive interference between the received signals is achieved when 0( )m mδ φ= Δ . 

Thus, the assembled receive signal will be again boosted 
1

0

1M

m mr

−

=
∑  times, with respect to 

the reference signal from Origin to the target  
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In general, a target crack is unknown, i.e. the target location is unknown. Since we use 

the polar coordinates in the radar system, the location of an unknown target is defined by 

the angle 0φ . The coarse estimation of 0φ  is implemented by using the 0φ  sweeping 

method. EUSR will scan through 0º to 180º by incrementing 0φ  by 1º each time, until the 

maximum received energy is obtained. 0max ( )RE φ  is the maximum received energy by 

the definition  

 2
0 0( ) ( , )

p a

p

t t

R R
t

E s tφ φ
+

= ∫  (236) 

8.1.2 Frequency tuning 

For the Lamb waves propagating in the structure, there are more than one modes existing 

and they have the dispersion property, which states the wave propagation speed changes 

with frequency. However, our PWAS phased array theory is developed assuming single 

tone single mode propagating Lamb wave. Hence, a technique called frequency tuning is 

employed in the practical application of Lamb wave PWAS array. Generally, we limit 

our inspection frequency range to where only two modes, A0 and S0 exist. Then, based 

on the strain-frequency relation of the structure, we will tune the excitation frequency to a 

point where one mode is suppressed while another one dominates. Since S0 is better for 

crack detection in plate structure, we will tune the frequency to suppress A0 mode. Figure 

59 demonstrates the frequency tuning for a 1 mm thick Aluminum plate specimen. 

Within the frequency range 0~800 kHz, A0 and S0 modes exist simultaneously (Figure 
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59a). However, at the frequency 175 kHz, as shown in Figure 59b, A0 vibration is 

suppressed, close to zero, such that a single S0 mode is obtained. 
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Figure 59 Frequency tuning for crack detection in a 1 mm thick Aluminum plate specimen. (a) group 

velocity-frequency plot; (b) strain-frequency plot 

In addition, in the chapter discussing phased array theory, we have found out the spacing 

limitation for observing the spatial sampling theorem, i.e., 

 
2

d λ
≤  (237) 
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Hence, when we tune the frequency f , we also need be careful so that the condition stated 

in Equation (237) will be satisfied. That is to say, for the excitation frequency, it has an 

upper limit 

 
2
cf
d

≤  (238) 

8.2 EUSR calibration on analytical data set 

In order to verify the damage detection ability of the EUSR, we first apply it to a group of 

analytical (simulation) data to see if we can see what we expect to see through EUSR 

imaging since we know well about the analytical data.  

8.2.1 Simulated transmission-reception signals 

To test the algorithm we need to create a set of simulated data. We considered an infinite 

ideal thin plate with thickness t and an ideal reflector, say a pin hole, at the location 

( , )P r φr . Then we considered an M-element uniform linear PWAS array installed such 

that it is aligned with x axis and its center coincides with the coordinate origin O (Figure 

60a). We created the transmission and reception signals based on Lamb wave 

propagation theory.  
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Figure 60 Analytical generation of simulated data: (a) analytical specimen with a uniform M-element 

linear PWAS array; (b) geometry of the M-element array and the reflector; (c) 3-count tone burst 
excitation 
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The sensor spacing is d. For a transmission-reception pair, the transmitter is set to be the 

ith element in the array and the receiver is the jth element. The location vectors of T and R 

can be determined  

 1( ) 0
2

MT i di j−
= − +

r r r
 (239) 

 1( ) 0
2

MR j di j−
= − +

r r r
 (240) 

with , 0,1,.. 1i j M= − . 

By vector calculation, the distances from transmitter T to the reflector P and from the 

reflector P to the receiver R can be found out 

 1r P T= −
r r

 (241) 

 2r P R= −
r r

 (242) 

The transmission signal sent out from the T is a 3-count tone burst x(t). Based on the 

wave propagation theory, the signal after traveling distance L at a speed c will become 

 1( ) ( )L
Lx t x t
cL

= −  (243) 

It can be seen that the signal is delayed by /L c and decayed in the ratio of 1/ L . 

Therefore, the arriving signal at the reflector ( , )P r φr  is 

 1

1

1( ) ( )P
rx t x t
cr

= −  (244) 
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After the signal arrives at the reflector, the reflector will work as a source sending it out 

again. From the reflector, the received signal at the jth sensor in the array (Receiver) will 

be 

 2

2

1( ) ( )R P
rx t x t
cr

= −  (245) 

Or 
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⋅
 (246) 

The excitation signal to be employed is the 3-count Hanning window smoothed toneburst 

carrying certain frequency f as demonstrated in Figure 60b. Equation for Hanning 

window is 
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With 0
1,  ,   3

2 counts countst N N
f

τ τ= = ⋅ =  

Apply the Hanning window to a 3-count sinusoidal and generate the transmitting 

toneburst 

 0( ) ( ) sin 2 ( )
2

T t H t f t t τπ⎧ ⎫⎡ ⎤= ⋅ − +⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭
 (248) 

Hence, by using the Equations (239)~(248), we can simulate and calculate all the 

transmitter-receiver signal pairs in the phased array. In the following sections, we will 
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consider different reflectors using a 1 mm thick analytical specimen with the tuning 

frequency at 300 kHz and wave propagation speed of 5.4 mm/µs. 

8.2.2 Inspection simulation of a broadside reflector: P(90º) 

The element in the array is considered to be point-wise source. Therefore, as we 

explained in a previous section, the span of the array D is ( 1)D M d= − .  

Broadside location is defined as the location lying in the center line of the array. 

Otherwise, it is called an offside location. We first assume the reflector is positioned at a 

broadside location with respect to the array with a distance to the array of r. The distance 

r will be modified as the integer times of half span D/2 in order to find out how the 

distance from the array to the reflector affects the beamforming. 

Case 1: ( )10 / 2r D= , i.e., the reflector is located at ( , )P r φ = P(315 mm, 90º). The 

synthetic signals generated by EUSR algorithm at 0º, 30º, 60º, 90º, 120º, 150º, and 180º 

are shown in Figure 61.  
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Figure 61 EUSR resulting A-scan signals at different angles for the reflector at P(315 mm, 90º) 

By comparing the amplitudes of the signals in the image of Figure 61 we see that we 
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have achieved good directionality. That’s to say, the signal at the target direction (90º) 

has remained strong while the other directions, for example 60º and 120º, were obviously 

cancelled out. The peak of the echo is located at 115 µs which is precisely the practical 

time of flight. 

Case 2: ( )2 / 2r D= , i.e., the reflector is located at P(63 mm, 90º). The synthetic signals 

generated by EUSR at 0º, 30º, 60º, 90º, 120º, 150º, and 180º are shown in Figure 62. 

The beamforming directionality maintains good and the peak of 90º locating at 22.2 µs 

precisely reflects the practical time of flight. 

Case 3: ( )1 / 2r D= ⋅ , i.e., the reflector is located at P(31.5 mm, 90º). The synthetic 

signals generated by EUSR at 0º, 30º, 60º, 90º, 120º, 150º, and 180º are shown in Figure 

63.  

If we draw a circle centered at the origin with radius of half array span, we will see for 

case 3, the reflector falls onto the circumference of such a circle. EUSR inspection result 

in Figure 63 shows, though the beamforming directionality maintains well (we have an 

enforced signal at desired direction while filtered out signals at other directions), the 

shape of the signals have been affected. The reflector is too close to the array and the 

signals do not have enough time to travel before they hit the reflector. Therefore, the 

transmission and reception signal overlap, and the response is “gargled”. 
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Figure 62 EUSR resulting A-scan signals at different angles for the reflector at P(63 mm, 90º) 
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Figure 63 EUSR resulting A-scan signals at different angles for the reflector at P(31.5 mm, 90º) 

8.2.3 Inspection simulation of an offside reflector: P(60º) 

Let’s take the reflector at an offside location with respect to the array, say φ = 60°. 

Assume ( )10 / 2r D= , i.e., the offside reflector is located at P(315 mm, 60º). The 

synthetic signals generated by EUSR at 0º, 30º, 60º, 90º, 120º, 150º, and 180º are shown 

in Figure 65.  
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Figure 64 EUSR resulting A-scan signals at different angles for the reflector at P(315 mm, 60º) 

From the image we see that the desired signal at 60º is enforced while those at other 

directions were decreased or cancelled out. Good beamforming directionality has been 

verified at this specific direction. However, if compared to the result in Figure 61, the 

difference between the target direction and the neighboring directions in ±30º range is not 

as good as for the broadside reflector. This deficiency is inherent in the linear array. As 

previously discussed in Section 7.1.1.4, the linear array has diminishing directivity at 

angles approaching 0° or 180°. These aspects were further investigated at diminishing 

angles (50° and 40°) as shown next. 

8.2.4 Inspection simulation of an offside reflector P(50º)  

Let’s consider the reflector at φ =50° and assume ( )10 / 2r D= , i.e., the offside reflector 

is located at P(315 mm, 50º). The synthetic signals generated by EUSR at 0º, 20º, 50º, 

80º, 90º, 150º, and 180º are shown in Figure 65. We see that the target direction signal 

peak still maintains the maximum, but the difference form other adjacent directions was 

further diminished. 
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Figure 65 EUSR resulting A-scan signals at different angles for the reflector at P(315 mm, 50º) 

8.2.5 Inspection simulation of an offside reflector P(40º)  

Let’s consider the reflector at φ =40° and assume ( )10 / 2r D= , i.e., the offside reflector 

is located at P(315 mm, 40º). The synthetic signals generated by EUSR at 0º, 10º, 40º, 

70º, 90º, 150º, and 180º are shown in Figure 65.  

At this low angular position, φ =40°, the peak is only slightly larger than for the lower 

directions 10º and 0º, but much larger than for 70º. This means that at the smaller 

directional angles the lose of directionality is greater. This is a practical verification of 

our beamforming simulation work shown in 7.1.1.4. 
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Figure 66 EUSR resulting A-scan signals at different angles for the reflector at P(315 mm, 40º) 

8.3 EUSR phased array laboratory experiment 

Extensive experiment has been carried out to verify the detection ability of 1-D linear 

EUSR algorithm using the setup provided at the beginning of this chapter (Figure 57). 

Several specimens with differently arranged cracks have been used to complete the proof-

of-concept experiments in order to verify the efficiency of EUSR algorithm.  

8.3.1 Single broadside pin hole damage 

Recall Case I situation in Section 8.2.2 (with an ideal pin hole located at 315 mm, 

broadside). We use EUSR to process those simulation data and have the imaging 

scanning result shown in Figure 67. Since an ideal reflection is assumed in the simulation, 

the pin hole is a dimensionless reflector but still able to produce good reflection. It can be 

seen that EUSR can correctly locate such a reflector. 
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Figure 67 EUSR inspection on simulation data (315mm, 90°) 

Practically, a pin hole damage can be approximately considered as a perfect reflector for 

propagating waves. In our experiments, the size of the pin hole goes from 0.5 mm, to 1.0 

mm, 1.57 mm, and 2.0 mm (the size is determined by available drill bill size). 

Experiment results show that EUSR is unable to detect the holes of size 0.5 mm and 1.0 

mm (thinking about that the detectable crack has the width of 0.127 mm). We found that 

the smallest pin hole size the EUSR was able to detect was 1.57 mm (Figure 68b). 

However, for large holes, EUSR is not able to distinguish it from crack damage (Figure 

69b). 

 1.57 mm 
pin-hole 

 

d = 1.57 mm 

(a) (b) 
 

Figure 68 Single broadside pin hole damage EUSR inspection. (a) specimen layout; (b) EUSR scanning 
image 
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d = 2 mm 

(a) (b) 
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Figure 69 Single broadside pin hole damage EUSR inspection. (a) specimen layout; (b) EUSR scanning 

image 

8.3.2 Single horizontal broadside crack 

In the broadside crack detection experiment, the crack is located 305 mm (0.5 in) away 

from the array and the crack is 19 mm long and 0.127 mm wide. Figure 70 b shows the 

EUSR scanning image. It well indicates both the angular location of the broadside crack 

(90º) and the distance away from the array (about 0.3 m, i.e., 300 mm). Note that polar 

coordinate system rather than rectangular coordinate system is being used. 

 

 

(a) (b) 
 

Figure 70 Single horizontal broadside crack EUSR inspection. (a) specimen layout; (b) EUSR scanning 
image 

8.3.3 Single sloped broadside crack 

Now, the crack is not horizontal but at angle 30º to the horizontal direction. The EUSR 

scanning image in Figure 71 b shows the difference from the scanning results of Figure 

70 b indicating that it is not a horizontal crack. However, the slope in the image cannot 
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correctly indicate the 30º angle. Improvement is needed to provide higher precision 

image for this type of crack.  

 

30º 

(b) (a) 
 

Figure 71 Single sloped broadside crack EUSR inspection. (a) specimen layout; (b) EUSR scanning image 

8.3.4 Single horizontal offside crack 

Figure 72a is an offside crack locating at 137º and Figure 72b is the corresponding EUSR 

scanning image. Different from the broadside crack situation, the orientation of this 

offside crack is not orthogonal to the scanning beam (or the radial direction). As a 

reflector, such a crack will scatter much of the incipient waves to the area away from the 

array. That is to say, limited energy will be reflected back and picked up by the array. 

However, the resulting image correctly indicates the vertical distance to the array from 

the crack (around 300 mm), and it also shows that the crack is located in the direction 

about 137°. This experiment verifies that by using the PWAS phased array, signal in the 

desired direction can be reinforced. 

8.3.5 Two horizontal offside cracks 

A specimen with two cracks aligned parallel to the array, placed at 67º and 117º was 

inspected by EUSR. The resulting image is shown in Figure 73b. The resulting image 

shows that the two cracks are both correctly located around the practical positions. It 

further verifies that EUSR has the ability to detect multiple defects in the structure. 
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(a) (b) 
 

Figure 72 Single horizontal offside crack EUSR inspection. (a) specimen layout; (b) EUSR scanning 
image 

 

(a) (b)  
Figure 73 Two horizontal offside cracks EUSR inspection. (a) specimen layout; (b) EUSR scanning image 

8.3.6 Three horizontal aligned crack 

A specimen with three cracks aligned parallel to the array placed at 67º, 90º and 117º was 

inspected by EUSR. The resulting image is shown in Figure 74b.  

 

(a) (b)  
Figure 74 Three horizontal aligned cracks EUSR inspection. (a) specimen layout; (b) EUSR scanning 

image 

However, we only see a single shade reflecting the crack in the broadside position, but 

we do not see anything from the offside cracks. The possible reason is that the reflection 
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from the broadside crack is so strong that the reflections from the offside are shadowed. 

In order to find out the reason, we applied vibration absorbing materials (clay) around the 

broadside crack in order to isolate it and the reflection from it and thus to bring out the 

reflections from the offside cracks.  

 

(a) (b) 

clay 

 
Figure 75  Three horizontal aligned cracks EUSR inspection. (a) specimen with broadside crack surrounded 

with clay for damping; (b) EUSR scanning image 

After isolating the broadside crack, no reflection from it was observed any more. Figure 

75b shows that the reflections from the two offside cracks have now shown up. EUSR is 

different from the classic phased array which generates the in-situ directional 

transmission signal. It forms the directional beams after data have been collected. This 

process confirms our assumption that the reflections from the offside cracks is submerged 

into the signals from the broadside crack. Further research on the practical wave 

propagation need to be done to theoretically verify this point of view. 

8.4 EUSR for non-uniformly excited arrays using the Dolph-Chebyshev weighting 

factors 

The EUSR so far we have discussed is based on uniform excitation. In previous sections, 

we have shown that Dolph-Chebyshev non-uniformly excited array has a significantly 

lower sidelobe level and comparable directivity compared to the binomial arrays. In order 
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to implement the differential weighting, we used the post-processing method, i.e., 

weighting factors are multiplied to each elementary signal after it was collected. Then, 

the EUSR image of such a non-uniform PWAS array will be compared to that of the 

equivalent uniform PWAS array. If a sidelobe level of 20 is desired, the Chebyshev  

coefficients are found to be 

 {0.354, 0.576, 0.844, 1, 1, 0.844, 0.576, 0.354} (249) 

For proof of concept of using Chebyshev array to detect the broadside crack, the same 

laboratory experimental setup shown in Figure 57.was used. Additional simulation data 

for the broadside crack are also used, which are generated by assuming an ideal reflector 

located 300 mm away from the center of the array at 90°.  

Figure 76a and b are the mapped images from using simulation data and experimental 

data for uniform PWAS array, respectively. The dark shades showing up around 300 mm 

at 90° exactly represented the reflection caused by either an ideal reflector or a practical 

crack. Recalling the sidelobes showing in the 1-D linear array beamforming simulation, 

this explained why there is a light phantom ring shape of about 30 mm radius at other 

than 90° in Figure 76a. Compared to the uniform array, the Chebyshev array removes 

some of the phantom due to its low sidelobe properties. However, though much less 

severe, the phantom still shows up in the Chebyshev array using simulation data (Figure 

76c). The possible reason for this phenomenon may comes from the ideal reflector since 

the ideal reflector will serve as an omnidirectional source for sending out the reflections 

which affects the reception beamforming focusing. This phantom is not seen in the 

Chebyshev array using experimental data (Figure 76d). Since the actual crack is a line 

reflector which has stronger directional property, the experimental Chebyshev array 
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inspection image successfully demonstrated much less sidelobe effects than the 

experimental uniform array. Concerning the mainlobe image of the crack, there is no 

obvious difference between the two types of array. This verifies that the Chebyshev array 

can suppress sidelobes while maintain almost the same emphasis on the mainlobe.  

 

(d) Chebyshev, experimental data (c) Chebyshev, simulation data 

(a) Uniform, simulation data (b) Uniform, experimental data 

Phantom 
shadow 

(e) Binomial, simulation data (d) Binomial, experimental data 

Phantom 
shadow 

 
Figure 76 Crack detection using simulation and experimental data with eight PWAS uniform and Dolph-

Chebyshev arrays. (a) uniform EUSR image using simulation data; (b) uniform EUSR image 
using experimental data; (c) Chebyshev EUSR image using simulation data; (d) Chebyshev 
EUSR image using experimental data; (e) binomial EUSR image using simulation data; (f) 
binomial EUSR image using experimental data 

In conventional nonuniform phased array applications, it is difficult to implement 

Binomial array since the amplitude distribution varies significantly from element to 

element. Due to the advantage of virtual beamforming as a post processing procedure, the 

EUSR algorithm can easily realize the Binomial array simply applying the distribution as 
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a weighting factors, as we have done for the Chebyshev array. The normalized Binomial 

distribution for the 8-PWAS linear array is 

 {0.0286, 0.2, 0.6, 1, 1, 0.6, 0.2, 0.0286} (250) 

Resulting images for simulation data and experimental data are presented in Figure 76e 

and Figure 76f. By comparing the images of using Binomial array to the ones of using 

uniform array and Chebyshev array, it shows that Binomial array does best regarding 

removing the sidelobe effect, yet shows much wider main lobe properties (the shade 

representing the defect is much larger compared to the other two arrays). 

8.5 Implementation and laboratory experiments on rectangular 2-D phased array 

The EUSR algorithm needs to be modified for implementing the two dimensional array 

configurations. We will discuss the details of developing 2-D rectangular EUSR an then 

verify this algorithm with both simulation and experimental data. 

8.5.1 EUSR algorithm for 2-D MxN rectangular configuration array 

2-D rectangular configuration array can be treated as a total of N 1-D M-PWAS arrays 

put together, or as a matrix of MxN elements. To identify each element, both column (x 

direction) and row (y direction) information is needed. Recalling in Section 7.3.3 we set 

the coordinate system using the phase center concept, for an element locating at (n, m) in 

the array matrix, i.e., at the mth row and nth column as shown in Figure 77, its x and y 

coordinates will be 

 ,
1 1( ) ( )

2 2m n x y
M Ns m d i n d j− −

= − + −
r rr  (251) 
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y 

Sm,n(n, m) dx 
dy 

 
Figure 77 Geometry of a 2-D rectangular array 

In summary, there are a total of M elements in each line and are a total of N rows. To 

identify an element, the row (n) and the column (m) information should be given to 

determine the coordinates. (Recall that dx and dy is the spacing in between elements in the 

x and y directions respectively.) For simplicity, we set them to be equal, i.e., dx=dy=d. 

The data collection following the above indexing rule was recorded in a single Excel data 

file. After sensors are selected (users can determine how many lines and how many 

elements/line, i.e., the value of N and M), the automatic data collection system will scan 

both the transmitters and the receivers in an order of n: 0~N-1 and m: 0~M-1. The Excel 

data format is organized as continuous blocks for each transmitter and within each 

transmitter’s block, receiver signals are continuous columns.  

Once the data is available, EUSR reads it. Since EUSR is based on the pulse-echo 

method, there needs to be a separation for transmitter and receivers. Index (n1, m1) and 

index (n2, m2) then are assigned to transmitter and receiver respectively. As stated in the 

original EUSR algorithm, each time a PWAS is picked up as the transmitter while all the 

rest PWAS serves as the receivers. By adding all these signals together by applying 

proper delays, the signals will be reinforced. The delaying and adding procedure at a 
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direction 0φ  for both transmission and reception can be simply expressed as 

 , 0 , 0( 0) ( )T R
T R

z f t φ φφ ∑ ∑
⎧ ⎫= −Δ −Δ⎨ ⎬
⎩ ⎭

 (252) 

Using the indexing, Equation (252) becomes 

 
1 1 2 2

1 1 2 2

1 1 1 1
( , ), 0 ( , ), 0

0 0 0 0
( 0) ( )

N M N M
n m n m

n m n m
z f t φ φφ

− − − −
∑ ∑ ∑ ∑
= = = =

⎧ ⎫
= −Δ −Δ⎨ ⎬

⎩ ⎭
 (253) 

Therefore, for the 2-D rectangular array, the user parameters should also include besides 

the usual information the number of rows and columns and both x and y spacing 

information. 

8.5.2 Data simulation  

According to the general theory of wave propagation and reflection, the wave front of a 

single tone single mode wave at a location at distance R away from a source is 

 1( ) ( ( , ))f r R f t R c
R

δ= = −  (254) 

In the Equation (254), 1/ R  is the wave decaying factor, indicating that the wave 

vibration magnitude will decay reversely proportional to the root square of the traveling 

distance. ( , )R cδ  is the traveling time depending on the traveling distance R and wave 

propagating speed c. Based on the formulas in Equation (254), we will simulate the 

received signals for using a 4x8 rectangular array to detect an ideal reflector located at 

( , )r θr  as shown in Figure 78. By using the ideal reflector, we assume that all the energy 

arriving at it from the transmitter will be completed scattered back to the receiver. 
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( , )P r θr
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     (b)

x 

y 

O

 
Figure 78 Simulation data. (a) transmitter and receiver geometries; (b) 3-count tone burst transmitting 

signal 

The excitation frequency f, wave propagation speed c, and the sampling interval Δt, and 

number of data points Ndata are given as user defined input. The excitation signal to be 

employed is still the 3-count toneburst used for 1-D array (Equation (248)). Since peak-

to-peak value will be used for the Time-of-Flight detection, a left shift of t0 is applied to 

the toneburst so that the transmitting signal starts at its peak value (Figure 79). 

 

T(t-t0) 

T(t) 

 
Figure 79 Transmitting signal T(t) and T(t- t0) 

Also given are the following parameters: spacing d (determined by the ratio d/λ), number 

of elements in x direction (M columns) and elements in y direction (N rows). These 

parameters are based on the specific array configuration. The reflector (simulated defect) 

are located at ( , )P r θr . The receiving signal will be decayed by the summation of distance 
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from transmitter to reflector and distance from reflector to receiver. Since the coordinates 

of the elements (transmitters or receivers) are given by their positions in the array matrix, 

the distances can be formulated as follows (all values have been normalized with regards 

to the distance r) 

Reflector vector cos sinR i jθ θ= +
r r r

 (255) 

Element vector 1 1( , ) ( ) ( )
2 2

M Ns n m n di m dj− −
= − + −

r rr  (256) 

The distance between the array element and the reflector is 

 dist( , ) ( , )n m R S n m= −
rr

 (257) 

Hence, the time delay is 

 dist( , )( , ) n mn m
c

Δ =  (258) 

For a signal transmitting from the transmitter T(m1, n1) and arriving at R(m2, n2), the 

delay is 

 1 1 2 2( , ) ( , )n m n mΔ = Δ + Δ  (259) 

Hence, the receiving signal is 

 
1 2 1 2

1 1 2 2

1 1 2 2

1 1T(t)+ ( )    if  & 
dist( , ) dist( , )

( )
1 1 ( )        otherwise     

dist( , ) dist( , )

T t m m n n
n m n m

R t
T t

n m n m

⎧ ⋅ ⋅ − Δ = =⎪
⎪= ⎨
⎪ ⋅ ⋅ − Δ
⎪⎩

 (260) 

Then, we follow the round robin pattern and save the simulation data set for later EUSR 

processing. 
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8.5.3 Laboratory experiment and analysis using EUSR 

In order to compare with the 1-D phased array detection, the same specimen for 

broadside crack detection using eight PWAS linear array (by installing the new 2D array 

on the other side) are employed for the proof-of-concept 2-D experiments. Specimen 

layout and laboratory experiment setup are shown in Figure 80 and Figure 57, 

respectively. 

 

Crack  

4x8 array 
 
 
 
 

 
Figure 80 2-D EUSR experiment using a 4x8 element (7 mm sq.) rectangular configuration PWAS array 

Before starting the data collection, the first thing that needs to be established is where the 

front side of the array is. That is to say we need to establish numbering rule of the array 

elements. The original numbering used in 1-D situation is to start from left to right (such 

that the front side is determined). Extending to the 2-D situation, the rule of number is to 

start from left to right and then from the back to front. By this means, however, there 

could be two ways to number the elements in the 2-D arrays, as shown in Figure 81. Each 

numbering way will result in a different relative angular direction of the crack. For the 



 163

numbering method of Figure 81a, it results in a 90°-positioned crack, i.e., in front of the 

array. But for the numbering of Figure 81c, it results in a 270°-positioned crack, i.e., 

behind the array. The two different numbering ways will be used to demonstrate that our 

EUSR is able to correctly detect both 90° and 270° defect.  

 (a)

 

0 1 2 3 4 5 6 7
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31 

9 10 11

Front side 
of the array 

(b)
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Figure 81 2-D 4x8 rectangular array EUSR inspection. (a) array numbering method 1, making the crack in 

front of it; (b) numbering rule of method 1; (c) array numbering method 2, making the crack 
behind it; (d) numbering rule of method 2 

The theoretical beamforming simulation at various directions is predicted and shown in 

Figure 82a. Notice, with this configuration (N=4, M=8) and plate properties (Aluminum 

plate of 1 mm thickness, resulting a tuning frequency at 285 kHz), the beamforming has 

significant backlobes at 90° (Figure 82b) and 270°, though within the 360° range a 

unique mainlobe has been successfully achieved. However, since the main lobe is still 

much larger than the back lobe, the disturbance from the back lobe can be removed by 
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setting a threshold value, under which the values will be simply forced to zeroes. 

(a)

0° 

30° 

60° 
90° 

270° 
 (b)

90°

Backlobe 

 
Figure 82 Beamforming of the 2-D 4x8 rectangular array. (a) theoretical beamforming at various directions; 

(b) beamforming at 90° 

Results are shown in Figure 83 of images before and after using thresholding to remove 

the back lobe affection. Figure 83a is obtained by using the indexing method 1. It can be 

seen that though a strongest shade can be located at 90° location which indicates the 

crack, the backlobe effect resulted in a phantom shade as well. By applying thresholding, 

the phantom shade can be eliminated, as shown in Figure 83c, well indicating the single 

crack in the specimen. Figure 83b is obtained by using the indexing method 2. After 

applying the thresholding, a clean image correctly indicated a single crack located at 270° 

with respect to the array in the specimen (Figure 83d). 
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(a) (b) 

 

 

(c)

 

(d) 

 

 
Figure 83 2-D 4x8 rectangular array EUSR inspection. (a) original 90° EUSR inspection image; (b) 

original 270° EUSR inspection image; (c) 90° EUSR inspection image after thresholding; (d) 
270° EUSR inspection image after thresholding 

8.5.4 2-D EUSR algorithm applied to 1-D linear array data 

In order to test the 2-D EUSR algorithm, we first used the data collected on 1-D linear 

arrays. The previously collected data for single broadside crack and two aligned offside 

cracks using an 8-PWAS 1-D array are also processed by the 2-D PWAS phased array as 

a special 2-D rectangular array (N=1, M=8), shown in Figure 84. They correctly matched 

the results from previous 1-D experiment though showing mirrored images about the 

horizon. 
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(a) 

 

 (b)

 

 
Figure 84 Special 1x8 2-D rectangular PWAS array EUSR inspection images . (a) a single broadside crack 

at 90° using 1x8 array; (b) two offside crack using 1x8 array 

8.5.5 2-D EUSR imaging using simulation and experimental data 

Next, we verified the 2-D EUSR algorithm using simulated data. Then, we used 

experimental data. The rough image from the 4x8 array inspecting a 90° or 270° single 

broadside crack are shown in Figure 86d and Figure 86f, respectively (before 

thresholding). It is obvious that due to the backlobe effect, there is a phatom crack image 

at 270° location for the detection of the 90° crack and a phantom image at 90° for the 

detection of the 270° crack. 

 (a) 

 

 (b) 

 

 
Figure 85  2-D EUSR damage detection of a single broadside defect at 90° using a 4x8 rectangular array. 

(a) simulation data for an ideal broadside reflector; (b) experimental data for a broadside crack  
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(a)  (b) 

 

 
Figure 86  2-D EUSR damage detection of a single broadside defect at 270° using a 4x8 rectangular array. 

(a) simulation data for an ideal broadside reflector; (b) experimental data for a broadside crack 

(a)

 

(b) 

 

 
Figure 87  2-D EUSR damage detection using a 4x8 rectangular array simulation data and level 

thresholding. (a) single crack at 90°; (b) single crack at 270° 

Let’s observe the results in Figure 85. Figure 85a and b demonstrate the EUSR results 

using simulated data and experimental data with a crack at 90°, respectively. First we can 

clearly locate the shade in the target location. However, both simulation and experimental 

data have a distracting shadow at the location symmetric about the horizontal axis. A 

similar phantom also shows up in the EUSR results for a crack at 270° using simulated 

data and experimental data, as shown in Figure 86a and b. After using thresholding to 

remove the phantom caused by the backlobe effect, the EUSR images of simulated data 
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(Figure 85a and Figure 86a) correctly indicates the location of the crack at 90° and 270°, 

respectively, as shown in Figure 87a and b. 

Additional simulation data of crack at 120° has been analyzed. The result is provided in 

Figure 88a. The crack is well imaged, but a disturbing phantom placed symmetrically 

about the horizontal axis is also present. The disturbing phantom can be removed by 

adjusting the threshold (Figure 88b) 

(a) 

 

 (b)  
Figure 88  2-D damage detection of simulated single crack at 120°. (a) raw processing; (b) after 

thresholding. 

8.5.6 Discussion on the 2D rectangular array and future work 

Compared to the 1-D linear array, we have proved that the 2-D array, demonstrated by a 

4x8 rectangular one, is able to conduct a 360° range inspection on the specimen. 

However, in the raw image obtained by EUSR, a phantom shade shows up in addition to 

the strong shade indicating the location of the crack. As we discussed in Section 8.5.3, 

the phantom shades showing in the mapped EUSR images are caused by the backlobe 

effect. The backlobe in the beamforming can be removed by modifying the array 

configurations, such as using an 8x8 rectangular array, and/or adjusting the d/λ value by 

using a different tuning frequency. Therefore, we expect to remove the phantom shade in 
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the EUSR imaging process. Figure 89a shows the theoretical beamforming of an 8x8 

array applied to the 1 mm thick Aluminum plate at 0° direction with different excitation 

waves. The dot line beam is achieved by using the current 285 kHz frequency. Such a 

frequency still results in a unacceptable backlobe since for this situation, the resulting 

d/λ=0.419 (λ=c/f, c=5440 m/s). However, if 300 kHz frequency is used to tune the 

excitation, resulting d/λ=0.442, the backlobe will be greatly suppressed , as shown by the 

solid line. 

(a) 

0° 

 f=285 kHz 
 ------- 
 f=300 kHz 
 ……. 

 (b)

 

 
Figure 89  Beamforming at 0° of a 4x8 rectangular array and corresponding EUSR imaging of simulation 

data. (a) theoretical beamforming at 0° with different excitation frequency; (b) EUSR image of 
simulation data at 300 kHz frequency 

The phantom shade at 180° is much small though not completely removed. We further 

explored this problem for this shadowing by consdering:  

a. Reflector properties  

b. Number of sensors 

c. Practical implementation  

Also, more study on the beamforming and practical implementation of corresponding 
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circular arrays should be conducted to better understand the relation of beamforming and 

array configurations.  
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9. IMPROVED 1-D PHASED ARRAY DESIGN 

We have seen in previous sections that the 1-D phased array are powerful, but also 

display several limitations. One way to improve 1-D phased array, specifically the use of 

signal weights, has been presented in Section 7.2 (binomial arrays and Chebyshev arrays). 

Our analysis has also shown that the beamforming can be affected by the elementary 

spacing d in terms of d/λ value. The d/λ value could be affected by either the spacing d or 

the excitation signal wavelength λ. Since λ is related to the frequency tuning of the 

PWAS, we will now discuss how to affect the d/λ value by changing the spacing d. 

9.1 Using miniaturized PWAS  

The spacing d is the distance from center to center of two neighboring elements. In order 

to have smaller d, it is obvious that this can be achieved by using smaller array elements. 

Usually, such as in the proof-of-concept experiments, 7 mm square or round PWAS have 

been used. Considering a 1 mm gap between the elements, the total dimension of an 8-

PWAS array will be 63 mm. This dimension is good for some situation, but for 

specimens or structures with complicated geometry and/or compact size, such an array 

seems too big to be installed. Hence, we propose the concept of using “mini-arrays” to 

improve the detection ability for compact specimens with complicated geometry. Figure 

90 demonstrates such a scaling down idea. 

We have discussed that there is certain “blind area” around the array where damage can 

not be detected by the phased array. This is due to the inherent property of phased arrays 
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that within the field close to the phase array, directional beamforming (spatial filter) 

cannot be generated successfully, i.e. the phase array beamforming either loses its 

directionality or loses its precision due to a wider main lobe.  

2a 

… 

L 

2a = 7 mm 

… 
10 times  
scaling down L/10 1 mm 

 
Figure 90  Scaling down the PWAS by 10, “mini array” 

Another issue to be considered is that PWAS transducer works best when its critical size 

is equal to the half of the excitation signal wavelength (2a = λ/2). This requirement will 

be enforced through excitation signal frequency tuning. From this relation we see that as 

the sizes of PWAS decrease, so does the wavelength, resulting in an increasing excitation 

frequency. Meanwhile, the smaller wavelength of the excitation signal also provides a 

finer method for measuring the structural flaw. 

9.1.1 Frequency tuning of the mini array 

Preliminary experiment on the “mini-array” has been conducted to verify its feasibility. 

At the beginning stage, we scale the 7-mm square PWAS down to 5-mm eight-element 

array by cutting a 5 mm x 40 mm PWAS sheet into eight elements. Therefore, the 

complete size of the array shrunk by 25% (from 63 mm to 40 mm). 

First thing to be solved in the mini-PWAS array is the ratio of d/λ has to remain less than 
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1/2 to avoid spatial aliasing. As mentioned above, smaller spacing d means smaller 

wavelength λ of the excitation signal, requiring higher frequency excitation. 

Theoretically, Lamb waves disperse and have complicated wave mode composition at 

higher frequencies (Bottai and Giurgiutiu, 2005). Figure 91 shows the group velocity of 

Lamb waves in the Aluminum-2024-T3 specimen of 3-mm thickness. Within the 

frequency range of 0~800 kHz, there are three modes of Lamb wave modes, S0, A0 and 

A1. For most frequencies, the three modes travel at different speeds. However, around 

the frequency of 663 kHz, there is a “triple point” where the three modes meet each other, 

i.e., have the same group velocity (3150 m/s). We used this frequency to excite the mini-

array in order to obtain a single wave packet consisting of several modes. 

 

S0 

A0 A1 

The sweet triple point: 
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V
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Figure 91  Group velocity vs. frequency plot for a thin wall plate of 3 mm thickness. Within the frequency 

range 0~800 kHz, three modes (A0, A1, and S0) exist with different group velocity properties. 
The three modes meet at the frequency around 663 kHz with corresponding group velocity of 
3150 m/s (triple point) 

9.1.2 Laboratory experiment 

An aluminum 2024-T3 specimen (150 mm x 460 mm, 3 mm thick) with a through hole of 
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6 mm diameter has been installed with a regular 8-PWAS array and a scale-down 10-

PWAS mini array on each side (Figure 92b). The 6 mm hole was located at 80 mm away 

from the arrays. To avoid the boundary reflection, damping material was applied along 

the boundary to absorb the reflections so that the echoes collected by the array are solely 

due to the hole defect. Figure 92c and and Figure 92d show the EUSR images using a 

conventional PWAS and mini PWAS respectively. The image of mini array indicates 

there is a defect about 80 mm from the array correctly indicating the real situation while 

the image of the regular array has obvious deviation (it shows the defect is located 100 

mm away). Also, we notice the mini array has a relatively smaller blind area compared to 

the regular array, i.e., the mini array can check the area much closer to the array. These 

results confirm the idea of using a scaled down phased array. Further research should be 

conducted to apply the mini-array concept to more complicated situation. 
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Figure 92  Research on mini-array: (a) specimen layout for comparing the detection ability of regular 

PWAS (7 mm sq.) and mini-PWAS (5 mm sq) array; (b) specimen with 5-mm mini-PWAS 
array and specimen with 7-mm regular PWAS array; (c) images of the inspection using 5-mm 
mini-PWAS array; (d) images of the inspection using 7-mm regular PWAS array. 

9.2 Phased array with high aspect ratio rectangular PWAS 

The beamforming of a phased array consists of two factors, the array factor and the 

element factor. Previously, we have only discussed the array factor since we assumed that 

the array was made up of omnidirectional elements, that is to say, the element factor is 

mathematically 1. If the elements are not omnidirectional, the total beamforming of the 

array will be affected by the element factor as well. In practice, besides the 
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omnidirectional square or round PWAS, rectangular PWAS can also be employed in 

damage detection. Rectangular PWAS has their own directionality and their signal is not 

uniform in all directions. When such directional elements are combined together in an 

array, the directional property can be greatly enforced with controlled phasing.  

9.2.1 Aspect ratio effects in conventional pressure wave transducers 

The conventional ultrasonic transducers generate pure pressure waves. We will first 

explore this simple situation to understand the elementary property of a non-

omnidirectional directional element. 

1. Single rectangular transducer 

It has been verified in array antenna theory that the far field of a uniform array consisting 

of identical elements is equal to the product of the field of a single element, at a selected 

reference point (usually the origin), and the array beamforming formula developed on 

equivalent array consisting of omnidirectional elements (Balanis, 2005). It can be 

represented as 

 Wave field=EF(Element Factor) BF(Beamforming Factor)×  (261) 

In our previous discussion, all elements are treated as point-wise sources, which means 

the wave field around them are omnidirectional, resulting EF=1. So the wave field of an 

array is simply determined by the Beamforming Factor. However, if the array elements 

are not point-wise sources, the Element Factor will not be 1 and will play a role in the 

total wave field formation. For a dimensional transducer with length of a and height of L 

as shown in Figure 93a, its geometry information can be expressed as 

 ( , ) ( , )R r x yφ= −
r

 (262) 
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Figure 93  Coordinates of a single rectangular transducer with width a and length L. (a) full dimension with 

length L and width a; (b) vertical transducer with negligible width; (c) horizontal transducer with 
negligible length L. 

For a particle dxdy  located at ( , )x y , the wave front at ( , )P r φ  is 

 ( )j t k RAdf e dxdy
R

ω − ⋅=
r r

 (264) 

The entire transducer will generate a wave front at ( , )P r φ  
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Simulation work has been conducted to explore the property of a single dimensional 

transducer. Figure 94 shows how the dimensional size affect the wave front around the 

transducer, supposing L/a=1 (square). When the transducer becomes very small with 

respect to the excitation signal wavelength, omnidirectional property shows up. 

 

a/λ=0.75 a/λ=0.05 a/λ=1 a/λ=0.5 a/λ=0.75  
Figure 94  Wave front changes with the dimension of transducer. 

2. Single vertically positioned transducer and array 

First we will explore the properties of a vertically positioned transducer, and then the 

beamforming properties of an array made up of a group of such transducers. Figure 95a 

shows the geometry of this transducer and Figure 95b shows the corresponding array. 
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Figure 95  Single vertically positioned transducer and array. (a) vertically positioned transducer; (b) array 

consisting of vertically positioned transducers 

The dimensions of the rectangular transducer are simplified as 

 ( , ) ,     : (0, ),     R r dy dy y R Rφ= − =
r rr r  (265) 
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The wave front at ( , )P r φr  becomes 
/ 2 ( )

/ 2

a i t kR
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Af e dy
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ω −
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= , or 
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Consider the amplitude part of Equation (266) 
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Simulation has been done on the vertically positioned transducer to explore how the 

shape (L/a) affects the wave front assuming small size (a/λ=0.01). The results presented 

in Figure 96 show the rectangular shape has an obviously improved directionality when 

compared with the square and the low L/a shapes. It has more concentrated directional 

wave beam and less sidelobes.  

a/λ=0.01 
L/a=1 

L/a=10 

L/a=20 

L/a=30 

L/a=5 

 
Figure 96  Wave front changes with the shape transducer. 

We can use such a transducer to build an M element array by putting them side by side 
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(Figure 95b). Take a small particle from the mth element : ( , )mdy x yr  with 

1( )
2m

Mx m d−
= − . Therefore, using vector addition, we have 

 
( ) ( )2 2

( , ) ( , ) ( cos , sin )

cos sin

m

m

R dy r x y r r

R R x r y r

φ φ φ

φ φ

= + = +

= = + + +

r r

r  (268) 

The point source dyr  produces at ( , )P r φr  the infinitesimal wave front  

 ( )j t k RAdf e dy
R

ω − ⋅=
r r

 (269) 

Upon integration, we get the wave front as 
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Since k R R
c
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 , we have 
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Only the 2nd multiplier will be further discussed, i.e., 
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All variables are normalized by r. Hence 

 1_ ( ) _
2m

Mx r m d r−
= −  (273) 
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 ( ) ( )2 2_ _ cos _ sinmR r x r y rφ φ= + + +  (274) 

The ratio y_r=y/r can be transformed into 

 y y a y d a
r a r a r d
= ⋅ = ⋅ ⋅  (275) 

Then we have 

 _ _ ( _ , _ , _ , , , )R r R r d r y a a d m Mφ=  (276) 
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Simulation to the 8-element array, using the vertically positioned transducers have been 

done with the parameters d/λ=0.5, and a/d=0.9 (small gap in between elements) at 

L/a=0.4 and L/a=0.1 are shown in Figure 97, respectively.  

(a)

 90°

30° 

240° 300°

150° 

 (b)

 90° 

30° 

240° 300°

150°

 
Figure 97  Directional beamforming of an 8-element vertically positioned rectangular transducer phased 

array at different a/d values. (a) a/d=2.5; (b) a/d=10 

It is interesting to see, by using this rectangular transducer which has nonuniform element 

factor, the constructing 1-D linear array demonstrates 360° full range inspection ability, 

although for directions close to the array the sidelobes are relatively increased (such as 
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30° and 150° beams in Figure 97a). With larger a/d value, better directional scanning 

beam can be obtained. 

3. Single horizontally positioned transducer and array 
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Figure 98  Single horizontally positioned transducer and array. (a) horizontally positioned transducer; (b) 

array consisting of horizontally positioned transducers 

For the horizontally positioned transducer (Figure 93c), R r dx= −
r r r , : ( ,0)dx xr . We can 

find  

 _ _ (cos ,sin ) ( _ ,0)R r R r x rφ φ= = −
r

 (278) 

Re-write x x a
r a r
= ⋅ . The wave front at ( , )P r φr  becomes 
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Simulation has been done on the horizontally positioned transducer to explore how the 

shape aspect ratio (L/a) or the size (a/λ) affects the wave front. The results presented in 

Figure 99a show that the rectangular shape has obviously a better directionality than the 

square and the low L/a shapes. Figure 99b shows that a larger transducer or a higher 

excitation frequency will result in more sidelobes but much more focused directionality.  
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(a)
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Figure 99  Wave front changes with the shape and the size of transducer. 

Let’s consider an array of such horizontally arranged transducers (Figure 98b). We notice 

for each element, the variable x′  will change from (xm–a/2) to (xm+a/2) where xm is the 

center of the mth element. Then we have 

 ( ,0)R r x′= −
r r  (280) 

Using 

 mx x x′ = +  (281) 

Where [ / 2, / 2]x a a∈ − , the quantity R normalized by r therefore is 

 _ (cos ,sin ) ( _ _ ,0)mR r x r x rφ φ= − +  (282) 

Re-write x_r using a set of new variables x x a d
r a d r
= ⋅ ⋅ . The mth element will contribute a 

wave front 
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The M element array has a synthetic wave front given by 
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Simulation to the 8-element array, using the horizontally positioned transducers have 

been done with the parameters d/λ=0.5 and a/d=0.9 (small gap in between elements) at 

L/a=2.5 (Figure 100a) and L/a=10 (Figure 100b) respectively (far field assumed). 

(a)

 

0° 

60° 

240° 300°
(b)

0° 

60° 

240° 300° 
 

Figure 100  Directional beamforming of an eight element vertically positioned rectangular transducer phased 
array at different L/a value. (a) L/a=2.5; (b) L/a=10 

Comparing the beamforming of different elementary shape, it shows with higher L/a 

ratio, better directionality and lower sidelobe can be achieved. Moreover, better 

beamforming can be achieved at the 0° or 180° (horizontal direction, along the alignment 

of the array) with larger L/a ratio. 

9.2.2 Lamb wave fields for PWAS array 

Different from the conventional transducers, PWAS transducers generates both pressure 

waves, shear waves and Lamb waves. Hence, the theoretical research is much more 

complicated than for the pure pressure wave situation. Extensive experiments have been 
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done to explore the wave fields of high aspect rectangular PWAS (Bottai and Giurgiutiu, 

2005), which shows that above certain critical frequency both of the A0 mode and S0 

mode Lamb waves generated by rectangular PWAS shows good directionality.  
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Figure 101  Experimental result of the wave field around rectangular PWAS at different frequency range (a) 
S0 mode; (b) A0 mode (Bottai and Giurgiutiu 2005) 
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Results in Figure 101 column (a) are for S0 mode and column (b) for A0 mode. At low 

frequencies, the S0 mode has lower amplitude with respect to the A0 mode and it does 

not show directionality in the wave beam while A0 shows a strong directionality. As the 

frequencies increases to the range 225~315 kHz, the S0 amplitude increases while the A0 

amplitude decreases. That is to say that the S0 mode starts to show directionality and A0 

mode maintains its strong directionality in the middle frequency range. In the higher 

frequency range 540~600 kHz, S0 mode has reached its maximum amplitude and starts to 

decreases while still showing strong directionality. A0 mode amplitudes continue 

decreasing and still have strong directionality. It is suggested that further research in the 

performance of rectangular PWAS should be considered in the future. We envision that 

the use of high aspect ratio rectangular PWAS could lead to better performing PWAS 

phased array. 
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PART III: ADVANCED SIGNAL PROCESSING APPLICATION IN EUSR 

Damage detection can be applied to avoid certain critical accidents by predicting the 

occurrence of the damage or determining the severity of damage if it occurs. Advanced 

signal processing techniques have been long introduced and widely used in structural 

health monitoring (SHM) and nondestructive evaluation (NDE). Of particular interest for 

this research is to improve the detectability of embedded PWAS guided wave phased 

array by using advanced signal processing methods. Although signal processing is often 

discussed in damage detection, it has not been explored systematically and not an 

integrated system has been developed, including eliminating the disturbance, carrying out 

the spectrum analysis and extracting damage related information.  

The research work included the following thrusts: 1) verify effective ways to realize 

denoising; 2) verify effective ways for time-frequency analysis; 3) find out effective ways 

to extract features related to the damage; 4) develop user friendly and reliable interactive 

interface using software tool MATLAB and LabView; 5) apply the signal processing 

tools to solve the damage detection problem in EUSR system. 

For the above targets, first the discrete wavelet transform was applied for signal 

denoising and compared to the results obtained by using conventional digital filters. Then, 

the short-time Fourier transform and continuous wavelet transform were used for time-

frequency analysis. Considering the dispersion property of guided Lamb wave, 

practically, we used continuous wavelet transform to extract from the EUSR constructed 

signal the component at the excitation frequency to remove the disturbance from other 
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frequencies. Finally, cross correlation method in combination with Hilbert transform 

were applied to EUSR A-scan signals to extract the time of flight of the echo from the 

damage which can be used to estimate the location. Hilbert transform here was used for 

extracting the envelopes of the waves. Intensive signal analysis simulation have been 

conducted to verify that advanced signal processing improved EUSR phased array 

damage detection ability. 
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10. ADVANCED SIGNAL PROCESSING TECHNOLOGIES 

10.1 Motivations for signal processing 

Damage detection can be used for monitoring the system performance, detecting damage 

occurrence and giving prognosis or diagnosis, by which the operators can make 

corresponding maintenance and repair decisions. Typically, damage detection consists of 

two parts: first, a sensing system to collect the signals related to system performance; 

second, a signal processing and analysis algorithm to interpret the signals. According to 

Staszewski (2002), many of the advances in damage detection are related to the 

development of signal processing techniques. The objectives of signal analysis for 

damage detection, nondestructive evaluation (NDE), and structural health monitoring 

(SHM) are to eliminate or reduce the noise in the original signals, to analyze the 

frequency composition, and to evaluate the damage if it occurs. In damage detection, the 

signal analysis is used to extract changes in a signal related to damage and then 

characterize the changes. We need to choose efficient signal analysis approaches to best 

interpret the measurements. 

Presently, one difficulty in detecting and localizing damage comes from the presence of 

noise hiding the original signals. In practice, signals collected on actual systems contain 

various disturbances from the environment. The computation procedure also can 

introduce noise. Noise has high frequency, which will affect the detection of high 

frequency components related to damage. Therefore, it is necessary to include a 
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denoising process before signal analysis. 

Our current research is first motivated by a desire to detect and locate damage in a thin-

plate structure using the PWAS phased-array technology. A PWAS phased-array can 

image a wide structural area and detect structural damage using a steering beam of 

ultrasonic Lamb waves. The array signals are a function of both time and the orientation 

angle. Figure 102 shows the PWAS phased array inspection of a thin plate structure with 

a broadside crack. The damage is clearly indicated as darker areas. To determined the 

distance to the crack from the array, the time of flight (TOF) of the indication of the crack 

needs to be detected first (Purekar and Pines, 2003; Sundaraman and Adams 2003).  

(a)

 Simulated through thickness 
crack (20mm slit) 

1220-mm sq., 1-mm thick 2024 T3 
(48-in sq., 0.040-in thick) 

PWAS 
array 

 (b)

 

crack 
image 

crack echo 

 
Figure 102 Crack detection in a square plate with the EUSR method: (a) location and size of simulated 

broadside crack; (b) imaging and echo of broadside crack in the EUSR algorithm 

10.2 Objectives of signal processing 

The objective of our signal processing research is to apply advanced signal methods to 

improve the detection capabilities of the EUSR method. For this purpose, several signal 

processing methods are introduced concerning denoising, time-of-flight detection, time-
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frequency analysis, and improvement of detection resolution. A typical signal considered 

in our study is shown in Figure 103. It consists of a transmission pulse and a reception 

echo. The reception echo is contaminated with noise. The purpose of our research is to 

apply advanced signal-processing methods to remove the noise and extract the useful 

information, such as time of flight (TOF), from the reception signal. If we can find the 

TOF, then, for a given wave propagation speed, the location of the reflector d can be 

determined according to the equation 

 gd v TOF= ⋅  (285) 

where vg is the group velocity of the wave packet. The difficulty consists in the fact that 

the signals transmitted and received with the PWAS transducers are much weaker than 

the signals typically encountered in conventional ultrasonics. This makes the signal 

processing more challenging and demanding. 

In applying signal processing to the PWAS signals we have three main objectives: 

1. Signal denoising 

2. Time-frequency analysis of the signal 

3. Time-of-flight extraction 

In pursuing these objectives, we have considered the following signal processing methods: 

1. Fourier transform and short time Fourier transform 

2. Wavelet transforms (discrete and continuous) 

3. Digital filters 

4. Hilbert transform 
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5. Correlation analysis 

In our research, wavelet analysis was used considering its ability to examine local data 

like a “zoom lens having an adjustable focus”, i.e., to provide multi-levels of details and 

approximations of the original signal. In this way, the transient behavior of the wave-

packet signal can be revealed. In practice, the discrete wavelet transform (DWT) was 

used to eliminate the noise, while the continuous wavelet transform (CWT) was used for 

the time-frequency analysis and for filtering out a single frequency component that is 

consistent with the excitation signal frequency.  

We will first introduce the mathematical background of major signal processing methods 

(However, for the well known background knowledge, such as Fourier transform, please 

refer to the Appendix). Then, these methods are applied to achieve signal denoising, 

time-frequency analysis, and time-of-flight extraction. The application is done on 

synthetic signals as well as on actual signals measured in the EUSR experiments. Finally, 

the results of the implementation of these signal-processing methods and the 

improvements achieved in the EUSR signal processing algorithm are presented. 

  

  Reception echo

Transmission pulse
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Figure 103 Pulse-echo method: (a) transmitted smooth-windowed tone-burst of duration tp; (b) received 
signal to be analyzed for the duration t0, starting at tp, in order to identify the time of flight. 
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11. STATE OF THE ART IN SIGNAL PROCESSING FOR STRUCTURAL HEALTH 

MONITORING AND DAMAGE DETECTION 

How to identify damage using the information already obtained from structures under 

inspection is significant to health monitoring and damage detection. Various signal 

processing methods have been explored and applied for this purpose.  

When analyzing the reflection signals from the structure, we need to find out what 

features are related to the damage and how to find them, which are related to the signal 

processing and analysis. There exist a number of different signal processing techniques 

for the damage feature extraction and selection (Pedemonte et al., 2001). Different time, 

frequency, and wavelet domain procedures are available and have been used for 

analyzing the impact signals. It revealed that although simple time or frequency methods 

can provide relative information about the signals, one has to relate this information to 

the actual energy levels.  

When using Rayleigh waves to detect the surface crack of a specimen and quantify the 

lifetime of fatigued components, Masserey and Mazza (2003) extracted the signal 

amplitude at the center frequency using fast Fourier transform (FFT) from the 

measurement in the vicinity of the crack. Then the time-of-flight method was investigated 

for crack depth estimation by measuring the elapsed time between crack mouth and crack 

tip in the Rayleigh wave reflection/transmission. Fromme (2003) used the guided waves 

to perform automatic checks over stress concentrated connections of aircraft and to detect 

fatigue cracks occurrence and growth. The received signals were processed to produce 
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scattering signals, which to be processed by 2D fast Fourier transform. The peak in the 

2D spectrum would indicate the existence of the defect, as shown in Figure 104. 

 

 
Figure 104 Fatigue crack detection using flexural waves generated by piezoelectric transducers and 

processed by 2D FFT (Fromme , 2003) 

Loewke et al. (2005) proposed to develop smart composite materials that can monitor 

their own health using embedded micro sensors and local network communication nodes. 

The 2D FFT was used to determine the relative magnitudes of different spatial 

wavelengths in a material by decomposing a discrete signal into its frequency 

components of varying magnitude and shuffling the low frequency components to the 

corners. It reveals the relative magnitudes of different spatial wavelengths in a material. 

Such a method can be used to determine the global components of a strain field or 

temperature distribution. Farrar et al. (2001) discussed signal processing in the context of 

constructing an integrated structural health monitoring system. One major issue of the 

implementation of such a system was found to be the selection of the appropriate signal 

processing methods for damage identification. Such signal processing methods may 

involve a feature-extraction data compression process, which identifies damage-sensitive 

properties from the measured vibration response. Jiang et al. (1999) proposed a practical 

and quantitative technique for assessment of the location and characterization of damage 
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using the longitudinal wave propagation measuring method. The pulse-echo method was 

utilized to send out an interrogation signal and receive the backscatter signals.  

For nonstationary dynamic signals, separate time analysis and frequency analysis by 

themselves do not fully describe the nature of how their frequency content evolves with 

time (Politis, 2006). Time-frequency methods, such as short-time Fourier transform, 

Wavelets transform, and the Wigner-Ville distribution, allow a temporal representation of 

the spectral characteristics. They are widely used to obtain the time frequency 

representations of the earthquake signals. Noori et al. (1997) found that though the most 

often used signal processing method is the Fourier Transform, this approach has the 

serious drawback that it loses all the time information and hence it is not a proper tool for 

nonstationary signal analysis. They proposed using short-time Fourier transform (STFT), 

which corrects the deficiency of Fourier transform by using a windowing technique, i.e., 

by cutting the signal into sections and only analyzing a small section at a time. But STFT 

also has its own drawbacks, e.g., the fact that the size of the time window is the same for 

all frequencies. The Wavelet transform (WT) was, more recently considered for its 

multiscale characteristic and the ability to detect trends, breakdown points, 

discontinuities, self-similarities, etc. Bhashyam, Doran and Dorney (1999) did a time-

frequency analysis project by using short-time Fourier transform.This process allows the 

type of window, window length, and zero padding within the FFT to be adjusted. The 

window types include rectangular, Hamming, Hanning, and Blackman-Tukey. The 

results from the chirp signal are shown in Figure 105. The real world data results, a bi-

monthly sampling of the closing price roughly over a ten year period (256 sample points), 

are shown in Figure 106. Compared with other methods employed in this project, such as 
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the discrete Haar wavelet transform, the continuous Morlet wavelet transform and the 

pseudo-Wigner distribution, short-time Fourier transform presents the information about 

the particular real world signal best. 
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Figure 105 Short-time Fourier transform of a chirp signal by using different windows and different window 

length (Doran and Dorney, 1999) 
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Figure 106  Short-time Fourier transform in different scale (Doran and Dorney, 1999) 

Mal (2001) proposed an Intelligent Structural Health Monitoring System (ISHMS) for the 

nondestructive evaluation (NDE) of aircraft and aerospace structures. The signal 
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processing/interpretation methodology consists of signal filtering, and joint time-

frequency analysis such as STFT, Wigner-Ville distribution, wavelet transforms, and 

Choi-Williams distribution. Kim and Melhem (2004) have done a significant literature 

review of structural damage detection by wavelet analysis. Al-khalidy et al. (1997). 

published numerous papers about damage detection using wavelet analysis. Robertson et 

al. (1998) presented a wavelet-based method for the extraction of impulse response 

functions (Markov parameters) from measured input and output data. Kitada (1998) 

proposed a method of identifying nonlinear structural dynamic systems using wavelets. 

Other research studies aimed at determining modal parameters using wavelets can be 

found in the literature (Ruzzene et al., 1997) (Lamarque et al., 2000) (Hans et al., 2000). 

Hou et al. (2000) provided numerical simulation data from a simple structural model with 

breakage springs. Yuan et al. (2000) used wavelet analysis method to extract the 

information about structural health monitoring to help enlarge the usage of the composite 

materials, increase the safety, prolong the structure life, and reduce the cost. Daubechies 

wavelet transform was employed as a pretreatment work to remove the noise. The 

occurrence of the damage would result in the changes of the system response to the 

excitation signal. Discrete wavelet transform was used to decompose the response signals 

into different levels representing different frequency bands and the energy value of the 

signal at each wavelet level was chosen to form a feature group which reflects the 

information of damage. Wavelet transform can be used to extract A0 and SH0 Lamb 

wave signals to solve the existing difficulty in detecting and localizing the damage came 

from the presence of high amplitude interfering echoes mixed in the main signal 

(Lemistre and Osmont, 2000). Discrete wavelet decomposition was explored to localize 
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and estimate the extension of damage inside various composite structures. The results 

proved the portability and reliability of the data reduction process that is able to to isolate 

various propagation modes of Lamb waves. The results are good with SH0 and A0, but it 

is preferable to work with SH0 mode to ensure the reliability and robustness of the 

process. Hou and Hera (2001) proposed pseudo-wavelets to identify system parameters, 

and developed the associated pseudowavelet transform . Amaravadi et al. (2001) 

proposed a new technique that combines these two methods for enhancing the sensitivity 

and accuracy in damage location. Hou et al. (2000) emphasized that the signal processing 

and analysis is a major part of any active SHM system and presented a novel signal 

processing method. Their signal processing algorithm/software processed the recorded 

signals and then interpreted them in terms of the physical condition of the structures in 

order to detect structural damage. Discrete wavelet transform was employed to find out 

the damage and determine the time of its occurrence utilizing the singularity property of 

the wavelet transform. By this means, only a small portion of the data (which lies in the 

vicinity of that moment when damage takes place) is involved. The problem with this 

processing method is that it requires a clean environment with no noise disturbance. 

Thresholding wavelet analysis has also been used for denoising processing (Wan et al., 

2003). In the denoising procedure for a RF signal, a thresholding process was employed 

by setting some of the finest scale wavelet coefficients to zero. Wimmer et al. (2004) 

presented a method using a wavelet-based algorithm to interpret the raw data in terms of 

the presence and location of damage in plate and beam structures. This wavelet-based 

algorithm makes use of the continuous wavelet transform (CWT) and examines how this 

feature changes as damage accumulates. Wavelet packet based sifting process can 
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decompose a signal into its components with different frequency contents by examining 

the energy content in the wavelet packet components of signal and imposing certain 

decomposition criteria (Sinde and Hou, 2005). Compared with the empirical mode 

decomposition method, both methods provide good approximations. However, both show 

relatively greater errors at the ends of the signal due to the end effects. By incorporating 

the classical Hilbert transform, the sifting process may be effectively used for structural 

health monitoring, detecting abrupt loss of structural stiffness and monitoring 

development of progressive stiffness degradation.  

Hera and Hou (2002) used wavelet decomposition to find out damage and determine the 

time of occurrence by detecting spikes in the wavelet details. The advantage of this 

method is that only a small portion of the data in the vicinity of that moment is involved. 

Figure 107 demonstrates the experiment setup. The mother wavelet used here is the db4 

wavelet. The disadvantage of this method is, concerning conditions where the damage is 

represented also as some high frequency component (actually that is the commonly seen 

case), it is hard to distinguish the damage related peak from the high frequency noise. 

This method has a tough requirement on the noise. The noise should be better in the low 

frequency range. It has been found out that this method is good for severe damage 

detection with less noise contamination (Hou and Noori, 2000). Noise may considerably 

affect the efficiency of damage detection.  
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Figure 107 Experiment logic for damage detection by using wavelet decomposition 

AGU-Vallen Wavelet has been developed in collaboration between Vallen-Systeme 

GmbH and with Aoyama Gakuin University (AGU), Tokyo, Japan (2006). The wavelet 

being used in the AGU-Vallen Wavelet program is Gabor wavelet and the program can 

also be used for other transient signals. To use the AGU-Vallen Wavelet program 

analyzing data, a data importation has to be done with a package from Vallen-Systeme to 

transform the data into the .tra format since the AGU-Vallen Wavelet program can only 

process such a data type. The applicable data types include Excel data sheet and .TXT 

files with file header. A drawback of the data importer is that it can only process one 

column at one time. In practice, most data we process actually are two dimensional data, 

including both the time and amplitude information. Figure 8 and Figure 9 show an 

example that how this software solve the wavelet transformation of a sample transient 

signal and the resulting spectrogram in 2D and 3D space. 
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Figure 108 AGU-Vallen wavelet transform of an example transient signal with default parameter setup 
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Figure 109 3D spectrogram and wavelet setup and display interfaces 

Yang et al. (2004) proposed an adaptive tracking technique based on the extended 

Kalman filter approach to identify the structural parameters and their changes for 

vibrational on-line health monitoring. This technique is capable of tracking the abrupt 
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change of system parameters from which the event and severity of structural damage can 

be detected. The proposed adaptive filtering technique is to determine the parametric 

variation so that the residual error of the estimated parameters is contributed only by the 

noises of the measured data.  

A matched filter is used to discern if a particular waveform is present in a noisy 

environment. It optimizes the signal-to-noise ratio (SNR) of the output signal when the 

signal of interest is present, where the output of the matched filter looks like a narrow 

spike. Each wave component of a signal has its matched filter. Therefore N matched 

filters can be built to extract N waveforms. The mth filter is designed to detect the mth 

wave component while rejecting the other N-1 wave components. For Fourier Transform, 

each frequency component has both a magnitude and a phase component. They together 

can be represented as a vector, or complex number. The vector sum of all components at 

a certain instant shows the signal amplitude. We can rotate each Fourier component of 

the signal of interest by a specific amount so that they are able to be added up in-phase. 

Therefore we can maximize the SNR on the filter output. Kehlenbach and Hanselka 

(2003) tried the matched filtering for their automatic structural monitoring based on 

broadband non-dispersive Lamb wave excitation. The main techniques used there are the 

broadband excitation and the matched filtering. The ideal excitation using a matched 

filter is chosen in a manner that the autocorrelation of the signal yields narrow pulses 

with very high amplitudes to make Time-Of-Flight analysis as simple as possible. 

Narrowband burst signal can hardly be compressed when being used with matched filter. 

One point is, in practice, the maximum gain can only be achieved for the idealized case 

of a non-dispersive signal.  
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Hilbert transform has been widely used in analytical signal analysis. Hu et al. (2001) used 

Hilbert transform to detect the envelope of vibration signals; then, they applied wavelet 

transform to detect the signal singularity. The method was applied to high voltage breaker 

failure diagnosis. Kang et al. (2002) used Hilbert transform to detect the deflection 

shapes at one single frequency. They pointed out that, compared with other methods like 

demodulation and Fourier Transform, Hilbert transform is a simpler technique, which, in 

addition, can overcome demodulation and Fourier related problems. Schlaikjer et al. 

(2003) studied different envelope detector algorithms of the RF-signals with a limited 

bandwidth and zero mean. They concluded that, in theory, Hilbert transform gives the 

ideal envelope extraction for narrowband signals with no DC component.  

The cross-correlation method, proposed by Knapp and Carter (1976), is one of the most 

popular techniques for time delay estimation; it works by determining the similarity 

between two signals. Marioli et al. (1992) presented a time of flight determination 

method based on the use of cross correlation. Both the transmitted signals and echoes 

were digitized and their cross-correlation coefficients were computed. The time index of 

the peak of the correlation function measures the delay between the two signals and thus 

the time of flight is determined. Hueber et al. (2000) discussed the detection of the echo 

delay (time of flight) in an airborne ultrasonic distance measurement system using the 

cross correlation technique, followed by a Hilbert transform-based calculation to extract 

the correlation envelope. Then, the position of the peak in the cross correlation function 

corresponding to the roundtrip time of an acoustic wave is detected. Normalized cross 

correlation based method has been used extensively in machine vision for industrial 

inspection. It is an easy way to evaluate the degree of similarity between two images 
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(Tsai and Lin, 2003). Handzel et al. (2003) described a sound source localizing system 

which can calculate the source direction using the standard cross-correlation algorithm 

based on time of arrival of the signals. Du and Thurber (2004) used cross-correlation to 

improve earthquake relocation results by selecting those time delays with associated 

cross correlation coefficients larger than a chosen threshold. The cross correlation time 

delays verified with the biospectrum method provided improved earthquake relocation 

results (smaller root mean square residual and more clustered). 
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12. FROM FOURIER TRANSFORM TO SHORT TIME FOURIER TRANSFORM 

The Fourier transform (FT) determines the frequency contents (spectrum) of a stationary 

signal by comparing it with an infinite number of sine and cosine functions of different 

frequencies. The mathematical expression of direction and inverse FT are 

 ( ) ( ) j tX x t e dtωω
+∞

−

−∞

= ∫  (286) 

 1( ) ( )
2

j tx t X e dωω ω
π

+∞

−∞

= ∫  (287) 

For reader’s convenience, a full presentation of the FT is given in Appendix I. 

The Fourier transform spectrum allows us to determine which frequencies exist in a 

stationary signal whose statistical parameters are constant over time. However, for non 

stationary signals, it fails to tell how the frequencies evolve with time. The basic concept 

of short-time Fourier transform is directly developed from the classic Fourier transform. 

It breaks up the non stationary signal into small segments (assuming the signal is 

stationary or quasi-stationary over the segments), and then applies Fourier transform to 

each segment to ascertain the frequencies that exist in that segment (Figure 110). The 

totality of such spectra indicates how the spectrum is varying in time (Cohen 1995). The 

segmentation requires a windowing technique. Some details of this method are given 

next. 
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Figure 110 Schematic of windowing process and short-time Fourier transform 

12.1 Short-time Fourier transform and the spectrogram 

Suppose we have a signal ( )s t . To study the signal properties at time t0, a windowing 

processing is applied. The window, indicated by a function w(t), is centered at t0. The 

windowing process will produce a modified signal 

 0 0( , ) ( ) ( )ws t t s t w t t= −  (288) 

This modified signal is a function of the fixed time, t0, and the varying time t.  

The corresponding Fourier transform of the signal ( )ws t  is 

 0 0 0
1 1( , ) ( , ) ( ) ( )

2 2
j t j t

w wS t e s t t dt e s t w t t dtω ωω
π π

− −= = −∫ ∫  (289) 

The energy density spectrum at time t0 is 

 2 2
0 0

1( , ) | ( ) | | ( ) ( ) |
2

j t
ST wP t S e s t w t t dtωω ω

π
−= = −∫  (290) 

For each different time, we get a different spectrum; the totality of these spectra is the 

time-frequency distribution STP , called spectrogram. The Equation (289) is called short-

time Fourier transform (STFT) since only the signal around the interested time t0 is 

analyzed. 
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12.2 Uncertainty principle in Short-time Fourier transform properties 

As we have just mentioned, the short-time Fourier transform cuts the original signal into 

piece-wise stationary segments and then performs the Fourier transform analysis to 

obtain time localization. However the signal can not be cut finer and finer since short 

duration signals have inherently large frequency bandwidths and the spectra of such 

short-duration signals have little to do with the properties of the original signal due to the 

uncertainty principle applied to the small time intervals. The uncertainty principle states 

that the product of the standard deviations in time and in frequency (i.e., time and 

frequency resolutions) has a limited value (Cohen, 1995). The decrease (increase) in 

frequency resolution results in an increase (decrease) in time resolution and vice versa. 

Mathematically, this principle can be expressed as 

 1
2

tωΔ ⋅Δ ≥  (291) 

Normalize the signal segment in Equation (288) as 

 0

2 2
0

( ) ( ) ( )( )
1 1( ) ( ) ( )

w
w

wT T

x t x t w t tx t
x t dt x t w t t dt

T T

−
= =

−∫ ∫
 (292) 

Where T is the window length. The Fourier transform of the signal segment is 

 1( ) ( )
2

j t
w wX e x t dtωω

π
−= ∫  (293) 

The function ( )wX ω  gives an indication of the spectral content at the time t0. The mean 

time and duration for ( )wx t  are 

 2ˆ ( )wt t x t dt= ⋅∫  (294) 
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0

22 2ˆ( ) ( )t wT t t x t dt= − ⋅∫  (295) 

Similarly, the mean frequency and bandwidth are 

 
2ˆ ( )wX dω ω ω ω= ⋅∫  (296) 

 
0

22 2ˆ( ) ( )t wB X dω ω ω ω= − ⋅∫  (297) 

Substituting Equation (295) and (297) into the uncertainty principle of Equation (291) 

yields 

 
0 0

1
2t tB T⋅ ≥  (298) 

This is the uncertainty principle for STFT. It is a function of time t0, the signal x(t), and 

the window function w(t). Note that this uncertainty principle shown in Equation (298) 

only places limits on the STFT procedure but has no constraints on the original signal. 

The uncertainty principle of the original signal does not change because we modify it by 

windowing (Cohen 1995).  

If we cut the signal into too small parts, they will lose the connection to the original 

signal and therefore cannot correctly indicate the original signal’s properties. Therefore 

as we narrow the time window ( 0tT → ), Equation (298) implies that we should expect 

tB →∞ , .i.e., for infinitely short duration signals the bandwidth becomes infinite. 

12.3 Window functions 

Since the window function is the means of chopping up the signal, the STFT of the signal 

is directly affected by the properties of the window function. The choice of an adequate 
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window function is essential for a meaningful STFT usage. By definition, the window 

function is a function that is zero-valued outside of a chosen interval. For instance, a 

function that is constant inside the interval and zero elsewhere is called a rectangular 

window (See Figure 111a for its shape and graphical representation). When a signal is 

multiplied by a window function, the product is also zero-valued outside the interval. 

That is to say, all that is left of the signal is what is “viewed” through the window. 

Window functions are widely used in spectral analysis and filter design.  

The rectangular window is very easy to implement and has excellent resolution 

characteristics for signals of comparable strength, but it is a poor choice for signals of 

disparate amplitudes. This characteristic is sometimes described as “low dynamic range”. 

Due to the abrupt change at the ends of the rectangular window, its spectrum has severe 

leakage (right side of Figure 111a). Several other often used high or moderate resolution 

windows and their corresponding Fourier spectra are also presented in Figure 111 for a 

window length of τ = 1. Their mathematical expressions are listed below  

• Rectangular window ( ) 1w x = , 0 t τ≤ ≤  

• Gaussian window 

2

1 2
2

2( )

x

w x e

τ

τσ

⎛ ⎞−⎜ ⎟
− ⎜ ⎟

⎜ ⎟⎜ ⎟
⎝ ⎠= , with 0.5σ ≤ , 0 t τ≤ ≤  

• Hamming window 2( ) 0.53836 0.46164cos xw x π
τ

⎛ ⎞= − ⎜ ⎟
⎝ ⎠

, 0 t τ≤ ≤  

• Hanning window ( ) 0.5 1 cos 2 xw x π
τ

⎛ ⎞⎛ ⎞= − ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
, 0 t τ≤ ≤  
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• Kaiser window 
2

0
2( ) 1

1
xw x I πα

τ

⎛ ⎞⎛ ⎞⎜ ⎟= − ⎜ ⎟⎜ ⎟−⎝ ⎠⎝ ⎠
, 0 t τ≤ ≤  

In summary, by multiplying the original signal x(t) with a window function w(t) that 

peaks around t0 and falls off rapidly over a limited time duration τ, the signal [t0–τ, t0+τ] is 

emphasized in the interval while the signal outside this interval is suppressed. 
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Figure 111 Several often used window functions of duration τ and their corresponding Fourier spectra: (a) a 

rectangular window and its Fourier spectrum; b) a Gaussian window and its Fourier spectrum; 
(c) a Hamming window and its Fourier spectrum; (d) a Hanning window and its Fourier 
spectrum; (d) a Kaiser window and its Fourier spectrum; 
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12.4 Time-frequency analysis by short-time Fourier transform 

STFT has a direct connection to the Fourier transform, making it easy to apply and 

understand. It gives the time-frequency distribution of the signal by shifting a fixed size 

window through the signal and taking the Fourier transform of the windowed portions. 

When using STFT analysis, there are two parameters affecting the piecewise stationary 

property of the segments: 

• When cutting the original signal, we need to make sure that the segmental signals 

are stationary or quasi-stationary so that Fourier transform is valid over the 

intervals. On one side, the window should be short to ensure that the local quasi-

stationary condition is satisfied within the window. On the other hand, however, if 

the window is too small, the uncertainty principle of Equation (291) would 

generate unrealistic high-frequency content. Hence, how should one determine the 

window size (time interval) τ ? 

• When moving from one window to the next window, we should make sure that 

the step is not too big such that an important part of the signal is omitted, but also 

we should avoid making the step is not too small, which would resul in a wide-

band frequency spectrum, as mentioned by the uncertainty principle. Hence, how 

should one determine the window spacing (step) dτ ? 

The STFT analysis implemented in MATLAB was used to run some comparative cases. 

It allowed us to select the window type (rectangular, Hanning, Hamming or Kaiser), 

window size, and the step size. The window size is controlled as 

 length of input signalwindow size
user control

=  (299) 
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where the usercontrol is an integer selected by the user to divide the length of the input 

signal. Step size is how much the window moves forward in terms of data points. It is 

controlled as 

 
( )2

window size length of input signalstep
user control user control

= =  (300) 

A simple MATLAB program was developed to demonstrate how the window size τ  and 

moving step dτ  affect the STFT spectrogram by analyzing a typical pulse-echo signal 

collected on our thin plate specimen as shown in Figure 113a. The signal is excited at 333 

kHz.  

The spectrogram shown in Figure 113b is obtained by using a Hanning window of 

0.0512τ =  ms, moving at 0.0032τ = ms, while the spectrum in Figure 113a is obtained 

by using an equivalent rectangular window. Observing along the frequency dimension, 

the rectangular window spectrum obviously has lower frequency resolution due to the 

leakage introduced by sidelobes. 

The spectrogram in Figure 113b is obtained by using the same window as in Figure 113b 

but at larger moving interval 0.0128τ = ms. It can be seen that both spectra correctly 

show dark spots representing the wave packets along the time scale while correctly 

indicating the frequencies, which are focused on the excitation frequency around 330 kHz. 

However, comparing the two spectrograms, it is easy to notice for the spectrogram with 

larger moving step (Figure 113b), is not as smooth as the one using smaller moving step 

(Figure 113b). That is to say, the spectrogram in Figure 113b has severe discontinuity. 

The spectrogram in Figure 113b also clearly indicates other weaker wave packets around 

the two strongest packets close to 0.2 ms and 0.4 ms, respectively. 
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Figure 112 STFT analysis on a pulse echo signal containing many echoes: (a) pulse-echo signal and an 

analyzing Hanning window with 0.0512τ =  ms; b) STFT spectrogram using the Hanning 
window with 0.0512τ =  ms, moving at 0.0032dτ =  ms 
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Figure 113 Influences of window selection on STFT spectrogram: (a) STFT spectrogram using a 

rectangular window with 0.0512τ =  ms, moving at 0.0032dτ =  ms; (b)  STFT spectrogram 
using the Hanning window with 0.0512τ =  ms, moving at 0.0128dτ =  ms; (c) STFT 
spectrogram using the Hanning window with 0.1024τ =  ms, moving at 0.0032 dτ = ms 

Figure 113c is obtained by using a larger window size ( 0.1024τ = ) while moving at a 

same pace as in Figure 113b. The spectrogram for larger window shows better frequency 

resolution (the frequency width of the strong spots are smaller compared to those in 
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Figure 113b) but larger width along the time scale. In the spectrogram, the time 

information of the original signal can not be correctly revealed. Not only does it have 

broader time resolution, it also loses the information about the smaller wave packets. 

Hence, we concluded that the window type, window size, and window moving step will 

affect the performance of the STFT. With smaller window size and moving step, more 

local details about the signal can be revealed. However, when the window size becomes 

too small (for example, several sample points per window); a broad frequency spectrum 

will result and longer calculation time will be needed. 

Figure 114 presents the results of the STFT analysis using a Hanning window. In order to 

enhance the frequency resolution, the original signal was pre-processed by zero padding. 

Default value of usercontrol is 16. Figure 120b is the STFT spectrogram. In this time-

frequency plane, the magnitude of each point is represented by contour plot. It can be 

found that in the time-frequency plane, the strongest vibration mostly appears at the 

frequency around 330 kHz and also close to the time when wave packets in Figure 120a 

reach their peaks (local maxima). This further confirms that STFT is good representation 

of non-stationary signal due to its ability to indicate both time and frequency information. 
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(a) 

(b) 

 
Figure 114 Short-time Fourier transform analysis: (a) original signal; (b) STFT contour plot.  

12.5 The short-frequency time Fourier transform 

The short-frequency time Fourier transform is the frequency domain dual of the short-

time Fourier transform. We have used the STFT method to analyze the frequency 

properties of a signal around a time instant t0. Conversely, we may want to study the time 

properties at a particular frequency (this is of important interest for dispersive guided 

wave applications). This can be implemented by applying a window function H(ω) in the 

frequency domain to the Fourier spectrum W(ω) of the signal and then using the inverse 

Fourier transform to obtain the corresponding time signal xω(t). To be focused on the 

frequency of interest, the window H(ω) should be narrow, or equivalently, the 

corresponding h(t) should be broad (Cohen 1995).  
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13. WAVELET ANALYSIS 

In previous section, we have presented the analysis of non-stationary signals using the 

short-time Fourier transform (STFT) to obtain the time-frequency spectrogram. Though 

STFT was able to reveal how the signal’s properties evolve with time, the equal-time 

intervals (fixed window size) of the STFT method proved to be a drawback. The STFT 

windowing process results in a trade-off between the time and frequency resolutions and 

therefore accuracy can not be simultaneously obtained in both time and frequency 

domains. The presence of short-duration, high-frequency signal bursts occur are hard to 

detect while in our pulse-echo damage detection, burst signals are often used. In this 

chapter, another time-frequency method, the wavelet transform, will be used as an 

alternative to overcome the disadvantages of the STFT. It is well known that the wavelets 

can keep track of time and frequency information, zooming in on short bursts or zooming 

out to detect long, slow oscillations, as demonstrated in Figure 115. 
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Figure 115 Wavelet transform using adjustable windows 

As a new area in mathematics, wavelet transforms have many different applications. The 

wavelet transforms come in three different forms, the Continuous Wavelet Transform, the 

Discrete Wavelet Transform, and the Wavelet Packets (Forbes et al., 2000). Continuous 

wavelet transform (CWT) is a form of wavelet transform used extensively for time-
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frequency analysis while the discrete wavelet transform (DWT) is widely used for image 

compression, sub-band coding, and time series analysis such as denoising. Wavelet 

Packets can be used to look at the frequency changes in a signal over time, but this 

analysis sometimes gives very rough results for certain signals. Our work was focused on 

the possible use of the CWT and DWT in support of signal processing for structural 

health monitoring with piezoelectric wafer active sensors. 

13.1 Time frequency analysis using continuous wavelet transform (CWT) 

13.1.1 Mathematical development of continuous wavelet transform (CWT) 

CWT is similar to the STFT, except that it uses a different functional basis. We recall that 

FT and STFT use a basis of an infinite number of sine and cosine functions of different 

frequencies. In contrast, CWT uses a functional basis consisting of dilated and shifted 

versions of a single basis function called mother wavelet. An illustration of these 

concepts is given in Figure 116. 

(a)

 

x(t) 
Fourier 
Transform 

+ + 

Sinusoidal components at different 
frequency but with same length. 

 

(b)

 Wavelets of different scales and positions x(t) 
Wavelet 
Transform 

+ + 

 
Figure 116  Analyzing a signal based on Fourier transform and wavelet transform respectively: (a) using 

Fourier transform with fixed window length; (b) using wavelet transform with adjustable 
window length (MATLAB 2005) 
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The CWT of signal ( )x t  by using mother wavelet ( )tψ  is 

 1( , ) ( ) ( )tWT a x t dt
aa
ττ ψ ∗ −

= ∫  (301) 

Where ( )tψ  is called the mother wavelet. The name “wavelet” implies a small wave 

packet, limited to finite time span. This is in contrast with the sine and cosine functions 

which uniformly span the whole time axis. a is the scaling (or dilation), and τ  is the 

translation (or time shift) of the wavelet with respect to the signal. The factor 1/ a  is 

introduced for energy normalization at different scales. If the mother wavelet ( )tψ  is 

considered as the impulse response of a bandpass filter, then Equation (301) allows us to 

understand the CWT through the bandpass analysis (Phillips 2003):  

• The CWT is the inner product or cross correlation of the signal x(t) with the 

scaled and shifted wavelet ( ) / /t a aψ τ−⎡ ⎤⎣ ⎦ . This cross correlation is a measure 

of the similarity between signal and the scaled and shifted wavelet. 

• For a fixed scale a, the CWT is the convolution of the signal x(t) with the time 

reversed wavelet [ ]/ /t a aψ − . That is to say, the CWT is the output obtained 

when the signal is fed to thae filter with an impulse response [ ]/ /t a aψ − . 

Therefore, Equation (301) becomes a convolution between the signal and the 

scaled time reversed wavelet (containing –t) 

 1( , ) ( ) ( )tWT a x t
aa

τ ψ ∗= ∗ −  (302) 

• As scale a increases, the center frequency and the bandwidth of the bandpass filter 
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will increase (Mertins 1999).  

The resulting time-frequency representation of the magnitude squared, 2| ( , ) |CWT a τ , is 

named scalogram, represented as 

Scalogram: 
2

2
2

1( , ) ( ) ( )tWT a x t dt
aa
ττ ψ ∗ −

= ∫  (303) 

13.1.2 Mother wavelets 

For wavelet analysis, we need first to determine the mother wavelet to be used. Many 

functions can be used as mother wavelet. Actually, if a function f(t) is continuous, has 

null moments, decreases quickly towards 0 when t moves to +/– infinity, or is null 

outside a segment of τ, then it can be a candidate for being a mother wavelet. In other 

words, the square intergrable function ( )tψ  can be a mother wavelet if it satisfies the 

admissibility condition (Valens 2004). 

 
2( )

d
ω

ω
ω

Ψ
< +∞∫  (304) 

Where ( )ωΨ  stands for the Fourier transform of ( )tψ . The admissibility condition 

implies that the Fourier transform of ( )tψ  vanishes at the zero frequency, i.e., 

 2

0
( ) 0

ω
ω

=
Ψ =  (305) 

This means that wavelets must have a bandpass like spectrum. 

The property represented by Equation (305) also means that the average value of the 

wavelet in the time domain must be zero 
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 ( ) 0t dtψ =∫  (306) 

Therefore, such a wavelet must be oscillatory. In other word, ( )tψ  must resemble a wave 

packet. (This is how the name “wavelet” was initially introduced.) Generally, wavelets 

are localized waves and will drop to zero quickly instead of oscillating (like sinusoids). 

Another additional condition on the wavelet is the regularity conditions, which makes 

the wavelet transform decreases quickly with deceasing scale a. The regularity condition 

states that the wavelet function should have some smoothness and concentration in both 

time and frequency domain. The explanation of regularity is quite complex; a complete 

explanation can be arrived at by using the concept of vanishing moments (Poularikas 

1996). 

In addition, if more interesting properties are needed for a wavelet, building the wavelet 

is more difficult. In our application, the signals to be analyzed are general nonstationary 

signals and the commonly used wavelets can be used for analysis. We have selected the 

analyzing wavelet from the wavelet functions available in the MATLAB simulation tool.  

Similar to the rectangular window used in STFT, the simplest mother wavelet is a square 

wave named Haar wavelet (Figure 117a). However, due to its abrupt change at the ends 

of the wavelet, it does not approximate very well continuous signal. 

The Morlet wavelet is the most commonly used wavelet for time-scale analysis (Mertins 

1999). It is a modulated Gaussian function well localized in both time and frequency 

domain. Therefore, its resulting wavelet transform coefficients can correctly reflect the 

behavior of the signal at each scale and translation. Figure 118 shows a Morlet wavelet 

and its corresponding spectrum. We will use this Morlet wavelet for the CWT analysis 



 226

presented in the following sections. Other often used mother wavelets also listed in 

Figure 117 are Daubechies, Coiflet and Symlet (MATLAB, 2005). 

 (a)

Haar_4 

 

 (b)

Daubechies_6 

 

(c)

Coiflet_3 

 (d)

Symlet_6 
 

 
Figure 117  Several often used wavelets: (a) Haar wavelet; (b) Daubechies wavelet; (c) Coiflet wavelet; (d) 

Symlet wavelet 

(a)  

(b)  
Figure 118  Morlet wavelet: (a) time domain representation; (b) Fourier magnitude frequency spectrum 

(Phillips 2003) 

13.1.3 The time-frequency resolution of CWT 

Different from STFT, the time-frequency resolution of CWT depends on the scale. CWT 

will modify the length of the wavelets at different scale (frequency) to adaptively analyze 
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signals with localized information. Never the less, the uncertainty principle of Equation 

(291) still applies. At low scale (high frequency), the time resolution is good, but the 

frequency resolution is bad due to the fact that the wavelet is well localized in time but 

poorly in frequency. Similarly, at high scale (low frequencies), the frequency resolution 

is good, but the time resolution is poor, which means for a signal with rapid changes in 

the time domain will be present at high frequency range in frequency domain. With such 

adjustable “windows”, CWT is expected to give a better time-frequency representation 

than STFT.  

13.1.4 Implementation of the CWT and comparison with STFT 

The continuous wavelet transform is provided as an improvement over STFT for 

processing reflected nonstationary signal and identifying the echoes representing defects. 

The CWT implemented in MATLAB produces a spectrum of time-scale vs. amplitude 

called scalogram. However, the scalogram cannot be used for direct time-frequency 

analysis. Instead, we used the relation between scale and frequency to generate a time-

frequency spectrum. The scale-frequency relation is 

 center frequency of the wavelet
scale sampling interval

f =
⋅

 (307) 

We developed an extensive graphical user interface (GUI) to compare signals and various 

processing methods (Appendix II). GUI user controls included the selection of the mother 

wavelet and the scale range. An example of the CWT analysis performs on a signal 

received by sensor #8 in the array when sensor #1 is triggered is shown in Figure 119. 

Contour plots were used. The contours were coded such that the numerical values are 

mapped to different closed loops and the density of these loops represents the magnitude 
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of the area. Areas with high density contours have stronger amplitudes and areas with 

low density contours have weaker amplitudes. The time-frequency coordinates provide a 

more conventional way of interpreting the data. It shows that most of the energy of our 

signal is concentrated on the frequency around 340 kHz. Also, the small echo at time 

about 0.13 ms is observed at contour plot scale of 23, which corresponds to a frequency 

around 340 kHz.  

 

(a) 

(b) 
x10-1 

(c) 

343 kHz  

 

340 kHz 

 
Figure 119  Continuous wavelet transform on received signal: (a) original signal; (b) CWT spectrum in 

scale; (c) CWT filtering of the 343 kHz frequency component 

For a particular frequency of interest, the coefficients at corresponding scale (frequency) 

can be also retrieved, known as the CWT filtering. Figure 119c shows the filtered 343 
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kHz frequency of the excitation level. 

To understand the advantages of CWT over STFT, let’s recall the STFT analysis of the 

wave burst signal already presented in Figure 114. (The recalled image is presented in 

Figure 120 below.)  

(a) 

(b) 

 
Figure 120 Short-time Fourier transform analysis: (a) original signal; (b) STFT contour plot.  

Hence, we see that a common characteristic of STFT and CWT is that both give two-

dimensional spectra for time-frequency analysis. Yet, STFT and CWT are different in 

several aspects. The basic difference is that wavelets use a size-adjustable window more 

advantageous than the fixed window used by STFT (recall that STFT processes the signal 

with a sliding constant-length window). In CWT, the window is variable. At the local 

area where the signal has a high frequency, e.g. first wave packet in Figure 119a, the 

window will be shorter, while where it has a low frequency, e.g. the small echo in the 

middle of Figure 119a, the window will be longer. In contrast, STFT cannot get the best 
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results for signals having large frequency changes. In CWT, the window length is 

adjusted by the CWT algorithm according to the local frequency scale. Also, CWT can 

easily extract the coefficients at a certain scale that approximately corresponds to the 

frequency of interest. This is useful for monitoring frequency components that are 

important for assessing the structural state. 

In summary, the common characteristic of STFT and WT is that both methods are 2-D 

time-frequency or time-scale spectrums. The difference is that to get time-frequency 

spectrum, STFT processes signals with a sliding window yet of constant length along the 

time axis. In details, a window of constant length is centered at some position in the time 

axis and used to weight the original signal. Then the general Fourier Transform is applied 

on the weighted signal. Next, the center of window will move to next time instant and 

repeat the processing so that both time information, from the center of the windows, and 

the frequency information can be obtained. However for CWT method, the difference 

comes from the window length. The length of each window can be adjusted based on the 

wavelet scale value. A time-scale spectrum rather than time-frequency spectrum is 

obtained in CWT. 

Another difference is that STFT is based on Fourier Transform. Basically, Fourier 

analysis consists of breaking up a signal into uniform sinusoids of various frequencies 

extending to +/– infinity in time. In contrast, wavelet analysis breaks up a signal into a 

series of wavelets which are shifted and scaled. The wavelets are limited in both time and 

frequency. 

CWT has the advantage that it can adjust the window length according to the need of real 

signals. Therefore, detailed information (high frequency components) can be obtained 
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with a narrow window and general information (low frequency components) with a large 

window. But the difficulty of CWT comes from the wavelets. It is hard to pick out the 

correct wavelets for a specific target signal. And since wavelet analysis is more 

sophisticated, its application requires more knowledge and experience. In many 

instances, STFT may be the more accessible way to quickly achieve the 2-D time-

frequency analysis. 

13.2 Multiresolution analysis (MRA)  

The formal definition of multiresolution analysis (MRA) can be given as followed. A 

function or signal can be viewed as composed of a smooth background and fluctuations 

or details on top of it. The distinction between the smooth part and the details is 

determined by the resolution, that is, by the scale below which the details of a signal 

cannot be discerned. At a given resolution, a signal is approximated by ignoring all 

fluctuations below that scale. We can imagine progressively increasing the resolution; at 

each stage of the increase in resolution finer details are added to the coarser description, 

providing a successively better approximation to the signal. Eventually when the 

resolution goes to infinity, we recover the exact signal (Wolfram Research, 2006). Define 

the space Wm to be set of all signal x(t) which can be synthesized from the basis function 

, ( )m n tΨ , n−∞ < < +∞ . These spaces are orthogonal to each other and any signal x(t) can 

be synthesized as 

 ( ) ( )m
m

x t x t
+∞

=−∞

= ∑  (308) 

 , ,( ) ( )m m n m n
n

x t c t
+∞

=−∞

= Ψ∑  (309) 
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Another way to express MRA is to define Vm to be the set of all signals x(t) which can be 

synthesized from all the baby basis function ( ), tk nΨ , where k m<  and k−∞ < < +∞ . 

Therefore 

 
1

, ,( ) ( )
m

k n k n
k n

x t c t
−

=−∞

= Ψ∑ ∑  (310) 

The spaces Vm are nested inside each other, i.e., 2
2 1 0{0} ... ...V V V L− −⊂ ⊂ ⊂ ⊂ ⊂ . As m 

goes to infinite, Vm enlarges to contain all the energy of the signals (L2) and as m goes to 

negative infinite, Vm shrinks down to zero. It is clear from the definitions that every 

signal in Vm+1 is a sum of a signal in Vm and Wm since 

 
1

, , , , , ,( ) ( ) ( ) ( )
m m

k n k n k n k n k n k n
k n k n n

x t c t c t c t
−

=−∞ =−∞

= Ψ = Ψ + Ψ∑ ∑ ∑ ∑ ∑  (311) 

Hence, 

 1m m mV V W+ = +  (312) 

Equation (312) shows that the spaces Wm are the differences in the subspace sense 

between adjacent spaces Vm and Vm+1. The spaces Wm and Vm can be visualized as shown 

in Figure 121. 

Hence, the multiresolution analysis refers to the signal processing in the nested sequence 

of subspaces. To decompose a signal x(t) in space V0, we write the following nested 

expressions 
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( )
( )
( ){ }

0 1 1

2 2 1

3 3 2 1

4 4 3 2 1

    

     =

     =

V V W
V W W

V W W W

V W W W W

− −

− − −

− − − −

− − − − −

= +

= + +

⎡ + + ⎤ +⎣ ⎦

⎡ + + ⎤ + +⎣ ⎦

 (313) 

Then, the various decompositions of x(t) are 

 
( )
( )
( ){ }

1 1

2 2 1

3 3 2 1

4 4 3 2 1 1

( ) ( ) ( )
    ( ) ( ) ( )

     = ( ) ( ) ( ) ( )

     = ( ) ( ) ( ) ( ) ( )

x t A t D t
A t D t D t

A t D t D t D t

A t D t D t D t D t

= +

= + +

⎡ + + ⎤ +⎣ ⎦

⎡ + + ⎤ + +⎣ ⎦

 (314) 

Where Di(t) is in W-i, and is called the details at level i whereas Ai(t) is in V-i, and is 

called the approximation at level i. 

 

W0 W1 W2 

0 1 2 3...V V V V ...⊂ ⊂ ⊂ ⊂

Nested subspaces  
Figure 121 Nested subspaces forming by Wm and Vm (Phillips 2003) 

According to the 2-scale property of multiresolution, which states that, for a signal x(t) 

in the space Vm, if and only if x(2t) is in the next space Vm+1, i.e., 

 , 1,
1(2 ) ( )
2m n m nt t+Ψ = Ψ  (315) 

Then, the basis ( )tΨ  has a scaling function ( )tφ  which produces the multiresolution 

supspaces Vm. The baby scaling functions are defined as 
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 , ( ) 2 (2 )m m
m n t t nφ φ= −  (316) 

The scaling function has a property called the two scale equation and it gives rise to a 

filter with coefficients h0(t) such that 

 0( ) ( ) 2 (2 )
k

t h k t kφ φ= −∑  (317) 

Similarly, for the wavelet, by using another filter h1(t), the two scale equation is 

 0( ) ( ) 2 (2 )
k

t h k t kφ φ= −∑  (318) 

13.2.1 Discrete wavelet transform (DWT) 

Theoretically, Discrete Wavelet Transform (DWT) provides a tool for decomposing 

signals into elementary building blocks, which are called wavelets.  

While the CWT uses an arbitrary scales and also arbitrary wavelets, DWT decomposes 

the signal into mutually orthogonal set of wavelets. The orthogonal requirement on DWT 

is the main difference from the CWT. The wavelets used in DWT are constructed from a 

scaling function which must be orthogonal to its discrete translations. This is much like 

Fourier Transform representing signals in terms of elementary periodic waves, yet with 

the difference being that wavelets are aperiodic. Since DWT expansion is localized in 

both time and frequency domain due to the reason that wavelets are built out of dilates 

and shifts of mother wavelet, DWT is considered especially useful for analysis of 

nonstationary or aperiodic signals. 

Using the mother wavelet ( )tψ , a set of time scaled and time shifted wavelets can be 

obtained, called baby wavelets and defined as 
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 / 2
, ( ) 2 (2 )m m

m n t t nΨ = Ψ −  (319) 

For these baby wavelets, a set of values C(1/2m, n/2m) are  

 ,(1/ 2 , / 2 ) ( ), ( )m m
m nC n x t t=< Ψ >  (320) 

Where ( ), ( ) ( ) ( )f t g t f t g t dt< >= ∫  is the inner product of f(t) and g(t). 

In the case of an orthogonal wavelet, an analysis formula called discrete Wavelet 

transform is defined 

DWT: , ,( ) ( )m n m nc x t t dt
+∞

−∞
= Ψ∫  (321) 

And the synthesis of the signal is 

 , ,( ) ( )m n m n
m n

x t c t= Ψ∑∑  (322) 

As mentioned in the previous MRA, the discrete wavelet transform (DWT) is a 

representation of a signal x(t) using the orthonormal basis consisting of a countable 

infinite set of wavelets (Schniter 2005). Denoting the wavelet basis as {ψ(t)m,n}, the 

DWT is 

 , ,( ) ( )m n m n
m n

x t c t
+∞ +∞

=−∞ =−∞

= Ψ∑ ∑  (323) 

The DWT coefficient cm,n is given by 

 , ,( ) ( )m n m nc x t t dt
+∞ ∗

−∞
= Ψ∫  (324) 

Here wavelets are orthonormal functions obtained by shifting and dilating a mother 

wavelet ψ(t) 
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 / 2
, ( ) 2 (2 )m m

m n t t n− −Ψ = Ψ −  (325) 

As m increases, the wavelets stretch by a factor of two and as n increases, the wavelets 

shift to the right. By this means, wavelet ψ(t)m,n is constructed such that it describes a 

particular level of details in the signal x(t). As m becomes smaller, the wavelet becomes 

finer “grained” and the level of details increases. Therefore, the DWT can give a multi-

resolution description of a signal, very useful in analyzing practical signals. 

Using the scaling function ( )tφ , the definition of DWT can be represented in another way. 

We intend to approximate a signal x(t) closely by projecting it into subspace VJ,m using 

the basis , ( )J l tφ : 

 0 ,( ) ( ) ( )J lcA l x t t dtφ
+∞

−∞
= ∫  (326) 

The projection coefficients, 0 ( )cA n , is the approximation of the original signal x(t). The 

signal x(t) can be approximately recovered as 

 0 ,( ) ( ) ( )J l
l

x t cA l tφ≈∑  (327) 

After the approximation, the signal is now in the subspace VJ. It can be decomposed 

using the subspaces VJ-k and WJ-k and their bases , ( )J k n tφ −  and , ( )J k n t−Ψ . When the scale 

gets larger, the index J-k gets more negative. Assuming k=1, it yields 

 1 1J J JV W V− −= +  (328) 

Using the bases 1, ( )J n tφ −  and 1, ( )J n t−Ψ , the signal x(t) can be represented as 
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 0 , 1 1, 1 1,

1 1

( ) ( ) ( ) ( ) ( ) ( ) ( )

       ( ) ( )

J l J n J n
l n n

x t cA l t cA n t cD n t

A t D t

φ φ φ− −= = +

= +

∑ ∑ ∑  (329) 

1( )A t  and 1( )D t  are the approximation and detail at level 1 respectively. The 

approximation 1( )A t  can be further approximates similarly to Equation (329). This is the 

basis of DWT decomposition. 

13.2.2 Practical implementation of DWT algorithm 

In Wavelet analysis, we use the bases , ( )m n tφ  and , ( )m n tΨ  to decompose a signal into 

approximations and details. The approximations are the high-scale, low-frequency 

components of the signal, which could be used to recover the clean signal. The details are 

the low-scale, high-frequency components, which could be used to recover the noise. In 

signal processing, the calculating of DWT is implemented by passing it through a series 

of filters, called filter banks (Wikipedia 2005). 

The first step is to pass the signal through two different filters (Figure 122): 

• The signal is first passed through a lowpass filter with impulse response g[n] 

• Simultaneously the signal is also decomposed using a highpass filter h[n].  

• The outputs consist of the detail coefficients from the highpass filter and 

approximation coefficients from the lowpass filter. 

 

x[n] 

g[n] 

h[n]  
Figure 122 Using lowpass and highpass filters for DWT decomposition 

Since in g[n], half the frequencies of the signal x[n] have been removed, half the signal 
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samples can be discarded with Nyquist rule. Therefore, the filter outputs are 

downsampled by a factor of 2 (Figure 123): 

 [ ] [ ] [2 ]L
k

y n x k g n k
+∞

=−∞

= ⋅ −∑  (330) 

 [ ] [ ] [2 ]H
k

y n x k h n k
+∞

=−∞

= ⋅ −∑  (331) 

Now the decomposition process has halved the time resolution since only half of each 

filter output characteristics is kept. The halved time resolution also results in a doubled 

frequency resolution thereby.  

 

x[n] 

g[n] 

h[n] 

↓2 

↓2 

Approximation coefficients 

Detail coefficients 
 

Figure 123 downsampling process for DWT decomposition 

The decomposition will be repeated to further increase the frequency resolution. The 

approximation coefficients are continually decomposed with high and low pass filters and 

then downsampled. This is represented as a binary tress with nodes representing a 

subspace with different time frequency localization, known as the filter bank (Figure 

124). At each level of the filter bank, the signal is decomposed into low and high 

frequencies. Due to the decomposition processes, the signal with a scale of 2n where n is 

the number of level, it will generate a frequency domain representation as shown in the 

Figure 125 (given a signal with 16 samples, frequency range 0~ fn, and 3 level 

decomposition). 
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x[n] 

g[n] 

h[n] 

↓2 

↓2 

g[n] ↓2 

h[n] ↓2 

g[n] ↓2 

h[n] ↓2 

Level 0 

Level 1 

Level 2 

……

 
Figure 124 DWT decomposition implemented by a set of filter banks 

 

fn 
f 

fn/2 fn/4 fn/8 

Level 0 Level 1 Level 2 Level Frequency samples 
0 fn/2~ fn 16 
1 fn/4~ fn/2 8 

fn/8~ fn/4 4 
2 0~fn/8 4 

 
Figure 125 Frequency ranges resulted by DWT decomposition  

13.3 Denoising using digital filters and DWT 

The signals collected during nondestructive testing experiments are always contaminated 

by the environmental or measuring disturbances, known as the noise. For most 

engineering signals, the low-frequency content is the most important part that engineers 

are interested in while the high-frequency content, on the other hand, forms the noise. 

However, for high-frequency guided Lamb waves used in NDE/SHM, extra attention has 

to be taken to separate the useful high frequency component from the noise. For 

denoising applications, we first used the traditional digital filters; then we tried the DWT 

denoising method. 

13.3.1 Digital filters 

Digital filters are widely used in signal processing to remove or to keep certain parts of 
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the signal. Digital filters are uniquely characterized by their frequency responses H(ω) in 

the frequency domain, which is the discrete time Fourier transform of the time response 

h(t) (Vaseghi 1999). Based on different types of h(t) design, digital filters are categorized 

into two groups, known as finite-duration impulse response (FIR) filters for which the 

impulse response is non-zero for only a finite number of samples, and infinite-duration 

impulse response (IIR) for which the impulse response has an infinite number of non-

zero samples. IIR filters are also known as the feedback filters since their filter 

coefficients include feedback terms in a difference equation. Compared to FIR filters, IIR 

filters can achieve the desired design specifications with a relatively lower order so that 

fewer unknown parameters need to be computed and stored, which might lead to a lower 

design and implementation complexity.  

When designing a filter for a specific application, we are always expecting a highly 

frequency selective filter with sharp cutoff edges, or short transition bands. However, 

ideal sharp edges correspond to mathematical discontinuities and cannot be realized in 

practice. Therefore the ideal filter design looks for an implementable filter whose 

frequency response H(ω) best approximates the specified ideal magnitude and phase 

responses. For most filter designs, there are tradeoff among competing parameters.  

13.3.2 Denoising using digital filters 

The simplest filter is an ideal filter with zero phase. Four commonly used ideal frequency 

responses are (1) lowpass filter; (2) highpass filter; (3) bandpass filter; (4) bandstop filter, 

as shown in Figure 126. 
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Figure 126 Common ideal digital filter types. (a) lowpass; (b) highpass; (c) bandpass; (d) bandstop 

The corresponding frequency responses can be expressed as 

Lowpass c

c

1,   <
( )

0,  
H

ω ω
ω

ω ω
⎧

= ⎨ ≥⎩
 (332) 

Highpass c

c

0,   <
( )

1,  
H

ω ω
ω

ω ω
⎧

= ⎨ ≥⎩
 (333) 

Bandpass L H1,   <
( )

0,      Otherwise
H

ω ω ω
ω

<⎧
= ⎨
⎩

 (334) 

Bandstop L H1,   <  or >
( )

0,             Otherwise
H

ω ω ω ω
ω

⎧
= ⎨
⎩

 (335) 

In actual implementations, the ideal filters need to be approximated with a realizable 

shape. That is to say, the sharp cutoff edges need to be replaced with transition bands in 

which the designed frequency response would change smoothly from one band to another. 

Therefore the cutoff edges are replaced with non-zero width transition bands located 

around the ideal cutoff edges. An example of an implementable lowpass filter is shown in 

Figure 127. 
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|H(ω)|

1 
1-δp 

1+δp 

Δω – Transition band

+δs 

–δs ωp ωs 
  

Figure 127 Frequency response of an implementable lowpass filter 

Here, ωp is the passband cutoff frequency and ωs is the stopband cutoff frequency. The 

resulting transition band has a width of Δω=ωs–ωp. In the transition band, the frequency 

responses is desired to change smoothly, i.e., without fluctuations or overshoots. This 

requirement may be satisfied by a design with constraints on such transition bands. As 

shown in the Figure 127, δp is the passband ripple and also the maximum allowable error 

in the passband, while δs is the stopband ripple and the maximum allowable error in the 

stopband. 

Digital filters are categorized into two groups, known as, the infinite-duration impulse 

response (IIR) filters for which the impulse response has an infinite number of non-zero 

samples, and finite-duration impulse response (FIR) filters for which the impulse 

response is non-zero for only a finite number of samples. IIR filters are also known as the 

feedback filters since their filter coefficients include feedback terms in a differential 

equation. Compared to FIR, IIR filters can achieve the desired design specification with a 

relatively lower order such that fewer unknown parameters need to be computed and 

stored, which may lead to a lower design and implementation complexity. The filter order 

N is a variable to be used in the filter design for achieving optimal filtering performance. 

The realizable filter can be found by optimizing the width of the transition bands or 
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reducing the passband and/or stopband error, etc.  
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Equation (336) is the frequency response H(ω) of an IIR filter at order N. The order N of 

the IIR filter determines the number of previous output samples that need to be stored and 

then fed back to compute the current output samples. 

In addition, many practical filter designs are specified in terms of constrains on the 

magnitude responses and no constraints on the phase response. Then, the objective of 

filter design is to find a functional filter (either IIR or FIR) whose magnitude frequency 

response H(ω) approximates the given specified design constrains. There are four 

classical filter function available in most simulation software: (1) Butterworth, (2) 

Chebyshev I, (3) Chebyshev II, (4) Elliptic. Each filter has its own characteristics in 

terms of performance as listed in Table 4. 

In our denoising study, we applied a lowpass filter to remove the high frequency noise. 

We used a Chebyshev II filter, which has monotone behavior in the low pass band and 

relatively short transition band. Other parameters such as the filtering mode, cutoff 

frequency, and filter order, were also adjusted for optimization.  

To study the denoising performance of various methods, we used the statistical denoising 

examples of Demirli and Saniie (2001). We simulated an ideal wave-packet signal with a 

carry frequency of 2 MHz, sampling it at 100 MHz over 2μs duration. Gaussian white 

noise (GWN) was added at certain signal to noise ratio (SNR) values. The original clean 

signal is modeled as 
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 ( ) ( )
2

( ) cos 2tx t e f tα τβ π τ φ− −= − +⎡ ⎤⎣ ⎦  (337) 

The signal parameters include the bandwidth factor α, the arriving time τ, the carry 

frequency fc, phase φ , and amplitude β . The energy of the signal can be formulated 

simply as 

 
2

2 2xE β π
α

=  (338) 

The SNR is determined explicitly in the case of GWN with variance 2
νσ  as 

 210 log xESNR
νσ

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 (339) 

Hence, given SNR, the variance of the given GWN can be found as 

 2
/1010

x
SNR

E
νσ =  (340) 

Using Equation (340), a zero mean GWN at certain SNR can be determined and added to 

the original signal to construct the noise contaminated signal.  

 
2

10

2( ) (0,1) (0,1)
2

10
SNRGWN t N N

π
β ασ= ⋅ = ⋅ ⋅  (341) 

Where N(0,1) is random number observed standard distribution. An original signal with 

noise is simulated with α=25, τ=1.07μs, φ =0.87rad, β =1, and SNR=5. It is assembled 

using Equation (337) and (341), i.e., 

 ( ) ( ) ( )Noisex t x t GWN t= +  (342) 
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Table 4 Typical commonly used digital filters 

Filter type 
MATLAB 

function 
Short description Illustration  

Butterworth butter 

It is characterized by a magnitude 

response which is maximally flat 

in the passband and monotonic 

overall. 

 

 

Chebyshev I Cheby1 

It has equiripple in the passband 

and monotonic in the stopband. 

It rolls off faster than type II, but 

at the expense of greater deviation 

from unity in the passband. 

 

 

Chebyshev II Cheby2 

It is monotonic in the passband 

and equiripple in the stopband. 

Type II does not roll off as fast as 

type I, but it is free of passband 

ripple. 

 

 

Elliptic  ellip 

It offers steeper rolloff than 

Butterworth or Chebyshev, but is 

equiripple in both pass and 

stopbands.  

Elliptic filters can meet given 

specification with lowest filter 

order of any type. 
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Signal ( )Noisex t  is shown in Figure 128a. The denoising was done by using a Chebyshev 

type II bandpass filter with order 6 and cutoff frequencies at 3 MHz and 8 MHz (Figure 

128b). Result is shown in Figure 128c. We see that the filtered signal has big deviation 

from the real signal. Part of the signal centered in the mid was lost while large 

disturbances appeared as side lobes. To explore how the filter order affects the denoising, 

an error index was used, defined as 

 i i

i

fx x
x

ε
−

= ∑
∑

 (343) 

Where fx is the filtered signal. Error index is plotted at various filter order (Figure 128d). 

It shows with larger filter order, the error index gets decreased. So higher filter order is 

desired for better denoising. However, considering the practical feasibility of 

implementation, the higher the filter order is, the harder to build such a filter is. It is not 

good to unlimitedly increase the order. Though digital filtering is relatively easier to 

implement, we need to have a new method for denoising. 

13.3.3 Denoising using DWT 

Though digital filtering is a classical method widely used to denoise, the filtered signal 

obtained by using a digital filter of order 8 (Figure 128b) is far from “clean” compared to 

the ideal signal. As we know, multi-level discrete wavelet transform (DWT) 

decomposition is one of the popular methods used to reduce noise. For example, Figure 

129 illustrates the DWT denoising of an experimental signal captured by us during EUSR 

tests. To further understand the use of DWT denoising, we will use again the noisy 

signals constructed with Equation (342) and will denoise them with the DWT method.  
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Figure 128 Denoising with filtering: a) original signal at SNR=5; (b) ideal Chebyshev II filter with cutoff 

frequency at 3 MHz and 8 MHz; (c) filtered signal (dot line) at order 8; b) error index 
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Figure 129  Discrete wavelet transform for denoising: a) original signal; b) clean signal after DWT denoising 
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The DWT denoising efficiency was found to be affected by two factors: SNR and 

sampling frequency. The higher the SNR and/or the sampling frequency are, the more 

efficient the DWT denoising is. 

The results of DWT denoising for signals at various SNR values are presented in Figure 

130. We have found that at high SNR (i.e., less noise content in the signal), the DWT 

worked well and eliminated most of the noises. As SNR decreased, the quality of DWT 

denoising also decreased. At this situation, densification processing is necessary for 

improved denoising result. 

(a)
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Figure 130 DWT denoising at different SNR levels: (a) SNR=20; (b) SNR=15; (c) SNR=10; (d) SNR=5; 

DWT denoising has been employed to remove noise and improve precision of 
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experimental signals. Figure 130a shows a part of the original signal captured in our 

experiments. Figure 130b shows the signal cleaned through DWT denoising using Morlet 

wavelet. It is seen that the high frequency local disturbance has been removed from the 

original signal and the curve has become much smoother. 

The contaminated signal previously processed by the digital filter was used again, as 

presented in Figure 131a. Since the sampling rate is 100 MHz, there are only 200 data 

points recorded during the 2 μs duration, which is rather small for proper analysis. To 

overcome this, we increased the number of points (and hence the original sampling 

frequency) by inserting extra points of zero amplitude. The number of points inserted 

between each pair of original points was m. Thus, the total number of points was 

increased from N to * ( 1)N N m N= + ⋅ − . We call m the densification factor. Figure 131 

shows the comparisons of signal denoising with DWT at different levels and with 

different densification factors.  

The original signal had SNR=5. Figure 131b shows the DWT denoised signal with a 

densification factor 8m =  superposed on the ideal signal. Figure 131c also shows the 

DWT-denoised signal with a higher densification factor, 50m = , superposed on the ideal 

signal. Note that, for the plot in Figure 131c, the difference between ideal signal and 

denoised signal is imperceptible. Figure 131d plots the error index (logarithm scale) for 

densification of 8m =  and 50m = , respectively. Another effect noticed in Figure 131d is 

that using a higher densification factor gives a smaller error. It is also noticed Figure 

131d that increasing the DWT level reduces the error in a log-lin manner up to a certain 

DWT level. However, beyond that, the denoising process breaks down, and a drastic 

increase in error is experienced. Thus, a critical DWT level exists at which the denoising 
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is optimal. The value of this critical DWT level depends on the densification factor, m. 
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Figure 131 DWT denoising: a) original noised signal with SNR = 5; b) low quality denoising with m = 8, 

level =1; c) high quality denoising with m = 50, level = 5; d) variations of error index at different 
level of m = 8 and m = 50 

DWT denoising has been employed to remove noise and improve precision of 

experimental signals. Figure 132a shows an original signal captured in our experiments. 

Figure 132b gives the signal cleaned through DWT denoising using Morlet wavelet and 

Figure 132c is the removed noise component. It is seen that the high frequency local 

disturbance has been removed from the original signal and the curve has become much 

smoother.  
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Figure 132  Discrete wavelet transform for denoising: (a) original signal (with initial bang removed); (b) 

clean signal after DWT denoising; (c) removed noise component
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14. TOF DETECTION USING HILBERT TRANSFORM AND CORRELATION 

The reflection signal contains the echo coming from the damage in the structure. To 

locate the damage, we can find out the distance from it to the receiving PWAS based on 

the wave propagation speed and the traveling time (time of flight, TOF). We will use 

cross correlation method combined with Hilbert transform to find out the TOF. Figure 

133 shows a typical received signal using the PWAS phased array. The initial bang at the 

beginning is the E/M coupling signal and the strong reflection in the end is caused by the 

boundaries. The small echo in between is the reflection from the damage. The peak to 

peak value in terms of time is the time of flight (TOF) that needs to be determined for 

locating the damage. 

4
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10 TOF

Echo from  
crack Initial bang Reflection from

boundaries 
 

Figure 133  A typical pulse-echo signal caught in PWAS phased array 

The TOF detection procedure is as follows: 

• First extract the envelop of the received signal 

• Then cross correlate the signal envelope with the baseline envelope to find out the 

TOF 

CWT filtering may be also included in order to improve the TOF detection precision. 
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14.1 Envelop Extraction Using Hilbert transform 

The envelope of a family of curves or surfaces is a curve or surface that is tangent to 

every member of the family. The envelope represents the amplitude of a periodic signal. 

The Hilbert transform can be used to construct an analytical signal which has the 

envelope of the original signal. The Hilbert transform is defined as  

 1 ( )( ( )) xH x t dt
t
τ

π τ
+∞

−∞
= −

−∫  (344) 

To build an analytical signal ( )x t% , we use the original signal x(t) for constructing the real 

part while using the result of the Hilbert transform ( ( ))H x t  as the imaginary part, i.e., 

 ( ) ( ) ( ( ))x t x t jH x t= +%  (345) 

The analytical signal has the property that it has the same envelope as the original signal 

 ( ) ( )x t x t=%  (346) 

Hence we can find out the envelop of the original signal x(t) by taking the magnitude of 

the analytical signal ( )x t% . Figure 134 shows the resulting envelope using Hilbert 

transform. The original signal shows many local maxima, which introduces a difficulty in 

using a peak detection method to determine the TOF. After extracting the envelope, there 

is only one peak to consider, and peak detection method can be easily applied. 
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Figure 134  Cross-correlation of PWAS signals: (a) window-smoothed tone-burst as the baseline; (b) PWAS 

received signal; (c) cross-correlation of the signals 

14.2 Peak Detection Using Cross Correlation 

After Hilbert transform is used to extract the signal envelope, cross correlation is used to 

find the peak of the echo. The cross correlation ( )xyR t  of two signals ( )x t  and ( )y t  is 

defined by 

 
( ) ( ) ( )xyR t x y t dτ τ τ

+∞

−∞
= +∫

 (347) 

For discrete-time signals, Equation (347) can be expressed as 

 

1

0

1( ) ( ) ( )
N

XY
n

R m x n y n m
N

−

=

= −∑
 (348) 

One concern in cross correlation process is the selection of the baseline. Though any 

signal can serve as the baseline signal, the ideal one is to use the transmitting signal, e.g., 

the 3-count toneburst shown in Figure 135a. The baseline signal will move along the 

correlated signal from the time origin and generate the cross correlation coefficients Rxy. 

When the toneburst maximally matches the echo, Rxy will reach the local maxima. We 
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first applied this process by conducting the correlation using the original signal of Figure 

135b, i.e., before performing the envelope extraction. The result is shown in Figure 135c. 

Note that the noise which contaminated the original signal did not significantly affect the 

cross-correlation result. After the correlation, the local maxima are much easier to pick 

out and the echo location can be identified as a maximum in the correlation signal. 

However, the carrier frequency in the signal is still present, and this can affect the precise 

determination of the peak. For envelop extraction, Hilbert transform is applied (Figure 

135d). Now, the peak can be much easier identified with a peak detection method. 
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Figure 135  Cross-correlation of PWAS signals: (a) window-smoothed tone-burst as the baseline; (b) PWAS 

received signal; (c) cross-correlation of the signals; (d) using Hilbert transform to extract the 
envelop of correlation coefficients to find out the local maxima. 

14.3 Improved cross-correlation by correlating envelop signals 

The correlation result shown in Figure 135c can be improved by applying the correlation 
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method to the envelopes extracted with the Hilbert transform rather than to the signals 

themselves.  
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Local maxima indicating 
the time of arrival

(a) 

(b) 

(c) 

 
Figure 136  The result of time-of-flight detection with cross-correlation and Hilbert transform methods: a) 

envelope of the baseline signal; b) envelope of the DWT denoised signal; c) cross-correlation 
coefficients of the two envelopes 

Previously, the time-frequency analysis by STFT and CWT has verified that the 

frequency component of the excitation frequency (340 kHz) shows strongest magnitude 

in the time frequency representation. Considering that this component of excitation 

frequency in the reflections is of our major concern (harmonics without dispersive 

effect), we first extracted this single component by using continuous wavelet transform. 

After the 340 kHz component was extracted from the original received signal, the TOF 

extraction was then applied. By this means, such a component may contain most 

significant information reflecting the excitation tone-burst, i.e. it may best match the 

baseline. Figure 137 shows TOF extraction procedure using the 340 kHz component. 

Compared to the previous results using the raw received signal, the echo representing the 

crack is much clearer. 
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Figure 137  Cross-correlation of the extracted 343 kHz component: a) window-smoothed tone-burst 

baseline; b) the extracted 343 kHz component; c) cross-correlation envelope 

14.3.1 Conclusions for TOF detection 

To compare the results of cross-correlation TOF detection method for echoes extracted 

from raw data and from the filtered single frequency component, we normalized the data 

by dividing data by the maximum value to make the data fall within the 0-1 range. For 

better comparison, we cut out the middle wave corresponding to the echo from the crack. 

The comparison is shown in Figure 138. From it we can see that the echo from the 340 

kHz component looks more like the excitation tone-burst, but it has smaller magnitude 

than the echo from the raw data since we have removed a part of the embedded noise and 

the remained 340 kHz component is only a part of the raw data. Also we can see that the 

main frequency component of the echo is 340 kHz. The cross-correlation results further 

show that the results achieved from the 340 kHz signal have higher precision. Also the 

peak of the 340 kHz is sharper, which is important for peak detection. 

In our proof-of-concept experiments, the tone-burst excitation frequency at 340 kHz (S0 

mode) has the corresponding wave speed 5440c =  mm/s, and the simulated crack on this 
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specimen is 305-mm from the PWAS array at 0 90oφ =  degrees. Therefore, according to 

Equation (285), and considering the wave needs to travel to and from the crack, we can 

calculate the theoretical traveling time from the PWAS array to the crack and back to the 

array is 

 63052 2 2 10 112.12 s
5440

Rt
c

τ μ= = ⋅ = ⋅ ⋅ =  (349) 

Recalling our TOF obtained from raw data and 343 kHz component, we determined that 

we located the peaks at 1144rawN =  and 343 1129kHzN =  in terms of data index, 

respectively. Since the sampling frequency is 10 MHz, therefore transforming to the time 

domain from the data index gave: 1144 0.1 114.4rawt sμ= ⋅ =  and 

343 1129 0.1kHzt = ⋅ 112.9 sμ= .The error percentage with respect to Equation (349) 

therefore are 2.034%rawε =  and 343 0.696%kHzε = . Figure 138 indicates the peak 

locations of the two echoes. Obviously, we have a better TOF detection from the 343 kHz 

component extracted by CWT filtering (Table 5). 
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Figure 138  Comparison of cross-correlation analysis results between raw data and extracted component: a) 
tone-burst baseline; b) the extracted echoes from the raw data and 343 kHz component, 
respectively; c) cross-correlation results of raw echo and echo of 343 kHz, respectively 

These showed that the cross-correlation method can accurately detect the arrival time of 

the wave packet as long as low dispersion is present. This was confirmed by applying 
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CWT filtering. We applied this method with good results in detecting echoes from a 

small crack in a large plate with excellent accuracy (0.7% error).  

Table 5 Data comparison between raw data and 343 kHz component 

 Measuring TOF 

(μs) 

Error (%)  

Result from raw data 114.4  2.03% 

Result from 343 kHz 

component 

112.9  0.7% 
Theoretical TOF: 

112.12 μs 
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15. SIGNAL PROCESSING IMPLEMENTATION 

Signal processing application is important for extracting useful information from the 

experimental data and for better understanding the information. In practice, discrete 

wavelet transform was used after the raw EUSR data has been obtained for removing the 

noise introduce during the measurement and operations. Then the Hilbert transform 

extracted the denoised signal envelopes, followed by the cross correlation method for 

calculating time-of-flight. An independent module was also developed for using the 

short-time Fourier transform and the continuous wavelet transform for time-frequency 

analysis. 

15.1 EUSR proof-of-concept experiment 

A proof-of-concept system has been built in LAMSS to evaluate the feasibility and 

capability of the EUSR. We designed several specimens with different crack layout. The 

experimental setup is shown in Figure 139.  

The experiment setup has a DAQ module which uses a computer (laptop) to control and 

collect data from a multi-channel pulser/receiver. The multi-channel pulser/reciever 

consists of: i)a HP33120A arbitrary signal generator, ii) a Tektronix TDS210 digital 

oscilloscope, and iii) a digital controlled auto-switch unit. The HP33120A was used to 

generate a 343 kHz Hanning windowed tone-burst excitation with a 10 Hz repetition rate. 

The Tektronix TDS210 digital oscilloscope, synchronized with the digital generator, was 

used to collect the response signals from the PWAS array. One of the oscilloscope 
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channels was switched among the remaining elements in the PWAS array by the digitally 

controlled auto-switching unit.  
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Figure 139 EUSR laboratory proof-of-concept experiment setup 
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Figure 140 EUSR software implementation logic flowchart 

These specimens were 1220-mm (4-ft) square panel of 1-mm (0.040-in) thick 2024-T3 

Al-clad aircraft grade sheet metal stock. The simulated cracks were 19-mm (0.750-in) 

long, 0.127-mm (0.005-in) wide. Various specimen layout are listed in Table 6. 
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Table 6 EUSR proof-of-concept experimental specimen layout ( all cracks are 19-mm  long, 0.127-
mm wide) 

 
Plate #1 

Broadside crack  

 
Plate #2 

Offside crack  

 
Plate #3 

Pin hole  

 
Plate #4 

Three cracks  

 
Plate #6 

Two offside cracks  

 
Plate #7 

Inclined crack  

 

A LabVIEW program was developed to process the collected raw data files. After EUSR 

algorithm, the resulting data is saved in a EUSR data file on the computer for later 

retrieval. It also enables other programs to access the EUSR data. Based on the EUSR 

algorithm, the resulting data file is a collection of signals that represent the structure 

response at different angles, defined by φ, from 0º to 180º. With advanced signal 
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processing techniques, these data was transformed to a 2-D plane domain. A 3-D surface 

image is generated to represent the intensity of the reflections in the end. 

15.2 Improved EUSR by Hilbert transform 

We have done previous proof-of-concept work by using EUSR to verify its ability for 

detecting a single crack at either broadside or offside position on a thin-plate specimen, 

as shown in Figure 141a and b. They are the 2D display of single crack inspection. The 

offside position is angle 137º.  

 

(a) (b) 

 
Figure 141  EUSR inspection images of broadside and offside cracks, (a) broadside crack inspection image; 

(b) offside crack inspection image 

From these plots, we can see that though they can generally locate the damage, the shades 

did not correctly indicate the size of the cracks. We wanted to find a solution to improve 

the image quality and precision. One thing having been noticed is that the echoes from 

the damage do not have single peaks due to the dispersion property or some other 

reasons. Therefore, we needed to find a way to make the echoes close to the theoretical 

ones, i.e. to have single peaks. The method being chosen was the Hilbert transform since 

it is able to extract the envelope of a curve as we discussed in previous session. In 

addition, a user-controlled thresholding technique was also applied. By thresholding, 

noise with amplitude below certain criteria was forced out and the interference was 

eliminated. 
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Figure 142 presents the inspection images with Hilbert transform to extract the envelopes 

of the echoes. The crack detection shows better resolution and more close to the real size 

of the crack. It also has fewer disturbances from the side-lobe effects. 

 

(a) (b) 

 
Figure 142  EUSR inspection images of broadside and offside cracks with using Hilbert transform, (a) broadside 

crack inspection image; (b) offside crack inspection image 

15.3 CWT filtering for improved Hilbert-transform envelope extraction 

In our research, Hilbert transform was used to extract the envelope of a curve. We found 

out for certain cases Hilbert transform can not extract the right envelope, i.e., as shown in 

previous section, the first wave packet. We assumed that this is due to the dispersion 

phenomenon of the guided waves. To verify this, CWT filtering was applied to the wave 

to extract the component with excitation frequency, 340 kHz, followed by 

implementation of the Hilbert transform.  

In Figure 143a (showing the envelope extraction before CWT filtering), the envelope of 

the first wave packet has abnormal spikes. After the CWT filtering is applied, the 

envelope shown in Figure 143b smoothly encloses the wave packet. We concluded that 

Hilbert transform works perfectly for extracting the envelope of non-dispersive guided 

waves with simple frequency composition. 
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Figure 143  Hilbert transform for envelope extraction comparison, (a) Hilbert transform for envelope 

extraction on original received signal; (b) Hilbert transform for envelope extraction on CWT 
filtered signal 

15.4 Implementation Results  

New experiments were designed to verify that the improved EUSR is able to detect 

complicated cracks and small pin-holes. Figure 144 shows the specimen #7 which has a 

broadside crack with a 30º slope to the horizontal line. Figure 144b is the EUSR 

inspection image. It closely indicates the slope. In the future, further experimentation 

should be done to find out the minimum slope that EUSR is sensitive to and able to 

indicate.  

 

30º 

(b) (a) 
 

Figure 144  The broadside crack having 30º slope: (a) schematic; (b) EUSR ‘GUI mapped image 

Our specimen #6 (Figure 145a), has two symmetrical offside cracks at 63º and 117º 
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positions, respectively. The EUSR inspection image is shown in Figure 145b. The image 

correctly locates the existence of these two cracks, at the same distance away from the 

array center. This experiment preliminarily verifies that EUSR is able to detect more than 

one damage in the structure with a single inspection scan. 

 

(a) (b)  
Figure 145  The two symmetrical offside cracks at 63º and 137º, respectively: (a) schematic; (b) EUSR GUI 

mapped image 

Another type of through-plate damage, the pin-hole damage was also experimented 

(Figure 146a). We wanted to verify EUSR ability to detect such small holes and find out 

the minimum detectable pin-hole size. The experiment went through hole diameters of 

0.5 mm, 1 mm, 1.57 mm and 2 mm. EUSR started detecting the pin hole with 1.57 mm 

diameter (Figure 146b). The tiny dot at the broadside position is the simulation of the pin 

hole in the 2D plot. With increased pin hole size, 2 mm, the reflections representing the 

crack is greatly enhanced and can be easily “seen” by EUSR (Figure 146c). However, 

from the EUSR image, it is difficult to tell if the damage is a pin hole or a very small 

crack. 
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Figure 146  Pin-holes: (a) schematic; (b) EUSR GUI mapped image of the minimum detectable pin-hole 

with 1.57 mm diameter; (c) EUSR GUI mapped image of the minimum detectable pin-hole with 
2 mm diameter;

 



 268

16. CONCLUSIONS AND FUTURE WORK  

The importance of structural health monitoring is more and more realized by many 

industries. The efforts of several generations of researchers have delivered many SHM 

methods. Commonly used methods often require bulky transducers, expensive 

instrumentations, and very time consuming when large areas of structures are to be 

interrogated. These requirements make the SHM very expensive and, in many cases, limit 

the application of SHM. The solution proposed in this dissertation was to develope an 

embedded active SHM based on phased array technology which is inexpensive and non-

intrusive and able to conduct in-situ structural inspection. PWAS transducers can be 

permanently applied to vital structures to record the structural health signatures. When 

needed, data can be collected and stored for later processing with the aid of computer 

programs. The EUSR phased array algorithm can interpret the collected data, 

reconstructed and map the data in 2-D/3-D images. When the possibility of using 

advanced signal processing techniques, the interrogation can be performed with improved 

precision and offer more analysis for further structural diagnosis.  

This dissertation addresses the major aspects of the development of a guided Lamb wave 

PWAS phased array for in-situ SHM/NDE: 

(1) General beamforming formulas development associated with the Lamb wave 

PWAS phased array; 

(2) Extensive beamforming evaluation associated with the Lamb wave PWAS array 

design; 
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(3) Signal processing and analysis methods for improved PWAS phased array 

performance and additional assessment of the structural health conditions.  

16.1 RESEARCH CONCLUSIONS 

The theories of PWAS guided Lamb wave inspection were generally studied as the 

application background of the PWAS Lamb waves phased array. These theories were 

gradually developed in the last century by many researchers. They are very important for 

ultrasonics NDE. Guided waves are elastic waves that can propagate along some types of 

structure, i.e., wave guides. In NDE applications, one of the popular guided wave is 

Lamb wave. Lamb wave can propagate in thin wall structures, e.g., plates and pipes, 

which can be found on all kinds of structures. Some of the properties of Lamb wave 

made it favorable choice in thin wall structure NDE. Important properties related to 

phased array development are: 

(1) Lamb waves propagates long distance without losing too much amplitude; 

(2) Lamb waves have many modes which change with wave frequency and thickness of 

the wave guide. However, Lamb wave modes can be selectively generated by 

tuning the size of the PWAS and frequency of excitation; 

(3) It can propagate omni-directionally with a circular wave front. 

Lamb wave transducers are the direct application of Lamb waves theory. Conventionally, 

Lamb waves are often generated by using a wedge to make an incident pressure wave 

going into the target in an angle. The Lamb wave mode can be selected by changing this 

angle. By using PWAS transducer to apply a force on the structural surface, a desired 

Lamb wave mode can be selectively generated. Being small and unobtrusive piezoelectric 
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transducers, PWAS can serve as active elements to generate Lamb waves and detect the 

presence of elastic waves.  

In part II of the dissertation, the general beamforming formulation based on the 

conventional delay-and-sum theory were derived for using PWAS Lamb wave phased 

arrays. Different from the conventional phased array which takes parallel ray 

approximation, the formulas for PWAS array is more generic and suitable for any field 

by using the exact traveling paths of the waves. The simplified formulas assuming 

parallel paths were also derived for special applications. With the general formulas, 

various 1-D and 2-D array configuration have been proposed and the beamforming 

performance was verified through intensive simulation. The factors that affect the 

operation of PWAS phased array were discussed in detail focusing on the 1-D linear 

designs. Three types of 1-D linear arrays have been implemented through the EUSR 

algorithm and verified with the proof-of-concept laboratory experiments. Theoretical 

examples using simulated data sets were also analyzed and compared to the experimental 

results. The performance of the three 1-D PWAS arrays was compared as well. A 4x8 

rectangular shape 2-D PWAS array was implemented as an improvement over the 1-D 

arrays for structural inspection within 360° range. Proof-of-concept experiments 

demonstrated the full range detection ability of this type of 2-D array and explore the 

factors affecting the detection. 

Part III of the dissertation provides a group of advanced signal processing methods for 

further improving the PWAS array detection ability and for offering more diagnostic 

information. To remove the disturbance during data collection, digital filter and discrete 

wavelet transform denoising methods were both used and compared. Hilbert transform is 
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able to extract the envelopes of signals. It was one the one hand used in the EUSR system 

to improve the data visualization quality combined with a thresholding process. Time-

frequency analysis was provided, including the short time Fourier transform and 

continuous wavelet transform. Continuous wavelet transform was also used to construct a 

filter to extract a single frequency component from the original signals. To measure the 

radial distance of the crack from the array center, cross-correlation method was used to 

find out the time of receiving the echo from the crack. Hilbert transform was used in this 

procedure after the cross-correlation calculation to precisely locate the peaks. 

16.2 Major findings in this dissertation 

The major findings in this dissertation are listed as following: 

(1) General beamforming for PWAS Lamb wave phased array using exact traveling 

wave paths; 

(2) Upgrading the original embedded ultrasonic structural radar algorithm with the 

general beamforming formulation; 

(3) How the spacing d, target location (far or near field), steering angle 0φ , and 

weighting factor wm affects the beamforming of 1-D linear PWAS arrays; 

(4) Conducted proof-of-concept experiments to verify the multiple defect detection 

ability of 1-D PWAS array and found out the minimum detectable crack size; 

(5) Development and implementation of the improved nonuniformly excited 1-D linear 

arrays, Chebyshev array and binomial array; 

(6) Development and designs of various 2-D planar PWAS array; 
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(7) Development and implementation of a 4x8 rectangular shape 2-D PWAS array; 

(8) Multiple signal processing modules for the EUSR system 

(9) The comparison between STFT and CWT 

(10) Constructed a CWT filter to extract a single frequency component from the original 

signal; 

(11) Proposed the densification method for improving DWT denoising result 

(12) Use Hilbert transform combined with thresholding process to improve EUSR image 

quality; 

(13) Improved time-of-flight detection method based on cross correlation method and 

Hilbert transform by including CWT filtering 

16.3 RECOMMENDED FUTURE WORK 

The work presented in this dissertation reviewed the fundamentals of guided Lamb waves 

for embedded NDE/SHM using piezoelectric wafer active sensors and existing phased 

array theories and methods that are related to the PWAS phased array beamforming. But 

there are still questions to be solved to fully discover the potential of guided Lamb waves 

PWAS array for SHM. These questions fall into two major categories. The first category 

is related to the nature of PWAS generated Lamb waves. And the second category is 

related to the development of PWAS phased array. 

16.3.1 Guided PWAS Lamb waves studies 

Since the PWAS phased array operates on the guided Lamb waves, its performance can 

be improved through manipulation on the waves. Further work could be explored in the 
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following three ways. 

16.3.1.1 Propagating Lamb wave model analysis 

Recall the 3-crack specimen experiment for using an 8-PWAS linear array. At beginning, 

no images show up to indicate the existence of the two offside cracks until certain 

damping material (clay) was used to block the reflections from the broadside crack. Our 

preliminary explanation for this phenomenon was that the reflections from the broadside 

crack could be too strong such that the reflections from the offside cracks submerged into 

it. Either by finite element analysis modeling or through conventional ultrasonic 

scanning, how the Lamb waves propagate in the plate structure and how the Lamb waves 

interact with the three cracks should be able to see. This research aims to help verify the 

multiple damage detection ability of PWAS phased array. 

16.3.1.2 Higher frequency Lamb waves inspection 

Higher frequency can provide better resolution, but most of the researchers work in 

relatively low frequencies. The reason is that at high frequency, more Lamb wave modes 

will be generated. Due to the dispersive nature of the Lamb wave, more than a couple of 

the lowest Lamb wave modes (A0 and S0) will make the wave signal very complicated, 

hence more difficult to analyze. Papers from other researchers have shown that by 

carefully choosing the combination of PWAS size and frequency can tune the Lamb 

waves signals to larger amplitudes. In order to fully utilize the potential of Lamb wave 

and other guided waves, a more detailed study on the structure of guided waves will help 

to increase our knowledge. And in turn it will help to improve the development of guide 

wave NDE. 
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For the mini-array application, due to the shrinked size of the PWAS element, it requires 

higher operation frequency in order to obtain beamforming acceptable d/λ value. For this, 

a triple point frequency tuning has been proposed and verified by proof-of-concept 

experiment, at which frequency existing Lamb wave modes have same propagating group 

velocity. By this means, the disturbance due to various traveling speed can be avoided. 

However, though it has been used for the benefit of NDE, more study has to be done to 

discover this potential. More experiments with more practical specimens should be 

conducted to further explore the complex modes Lamb waves inspection. 

16.3.1.3 Potentials of rectangular PWAS 

The piezoelectric 1-D phased array using rectangular elements generating pressure waves 

have shown excellent beamforming ability within 360° range. Differently, PWAS is 

known to generate Lamb waves which are more complicated, including shear waves, 

flexural waves, etc. The preliminary work on the wave field around the rectangular 

PWAS element has been conducted in the Laboratory of Active Material and Smart 

Structure and shown directional wave field at higher frequency. In the future, a PWAS 

array could be constructed using such rectangular PWAS and arranged in 1-D straight 

line to verify its full range detection ability. 

16.3.2 Future PWAS and PWAS array studies 

For the PWAS phased array, a lot of preliminary work has been conducted, but further 

studies are needed to make it applicable to practical in-situ SHM/NDE. 

16.3.2.1 Very-close-to-the-array range inspection 

PWAS was not only used in wave propagation NDE, but was also used in Electro-
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Mechanical (E/M) impedance health monitoring. The E/M impedance method is used to 

detect defects close to the PWAS by revealing the local properties of the structure. This is 

the area that can not be detected with pulse-echo method. A combination of these two 

methods can fully cover large areas of a structure. More experiments need to be done to 

evaluate the capacity of such combination. And more application may be developed. 

16.3.2.2 Miscellaneous defect detection 

PWAS array was demonstrated in this dissertation, but only one or two targets were 

simulated in the experiments. More targets, different orientation, different types (hole and 

crack), and defects close to the boundary of structure (e.g., crack close to a rivet hole) 

were not covered. In addition, special specimens with geometries within boundaries 

should be used to verify PWAS array ability to distinguish the structural geometry and 

damage. 

16.3.2.3 Nonuniform arrays 

In the proof-of-concept experiments, both Chebyshev and binomial nonuniform arrays 

demonstrated good performance in detecting a single broadside crack. More experiments 

with complicated crack situation should be also tried on these two arrays and compared to 

the well-established uniform array. 

16.3.2.4 2D arrays 

In order to realize full plane detection, 2-D array is required. Theoretical and 

experimental study has been carried out and confirmed the full range detection ability of 

several types of 2-D arrays. The preliminary experiment using 4x8 PWAS shows the 

ability to detect a broadside crack, however, with significant disturbance coming from the 
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backlobe. For the future development of the 2-D PWAS array designs, rectangular array 

using more elements can be used. Also, the beamforming results from the circular ring or 

concentric circular arrays have shown good beamforming performance within 360° 

range. Experiments on such arrays should be conducted to compare with the rectangular 

configured arrays. 
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APPENDIX I 

1. FOURIER ANALYSIS 

A fundamental concept in the study of signals is the frequency content of a signal. For a 

large class of signals, the frequency content can be generated by decomposing the signal 

into frequency components given by sinusoids. Following is the basics about Fourier 

transforming.  

1.1 Fourier series of periodic signal 

For a periodic signal x(t) 

 0( ) sin( )x t a tω=  (350) 

With 02 /T π ω= , the Fourier expansion expressed as a series is available 
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1.2 Fourier transform of aperiodic signal 

For an aperiodic signal, it has the Fourier Transform 
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The generalized Fourier Transform is to be defined for the Fourier Transform of a 

periodic signal as following. For a periodic signal x(t), its Fourier expansion is 

 0( ) jk t
k

k
x t C e ω+∞

∑
=−∞

=  (355) 

Using common Fourier transform pair 

 0 02 ( )j te ω πδ ω ω↔ −  (356) 

Its Fourier transform, or say the generalized Fourier transform of this periodic signal is 

 0 0( ) 2 ( ) 2 ( )k k
k k

X C k C kω πδ ω ω π δ ω ω
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∑ ∑
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0( )kδ ω ω−  is a train of impulses located at 0kω ω= , 0, 1, 2...k = ± ±  

1.3 Discrete time Fourier transform 

The Fourier transform of a discrete-time signal x[n] (n=0,1,2,…) is called discrete time 

Fourier transform (DTFT) and has the definition 

 ( ) [ ] j n

n
X x n e

+∞ − Ω∑
=−∞

Ω =  (358) 
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( )X Ω  has the property of periodicity. It is completely determined by computing ( )X Ω  

only over any π2 interval, for example, the interval 0 2π≤ Ω ≤ . 

1.3.1 N-point discrete Fourier transform 

If ( )X Ω  is the DTFT of a discrete-time signal x[n], the N-point discrete Fourier 

transform (DFT) Xk of the signal x[n] can be defined in two ways, given [ ] 0x n =  for all 

n<0 and n N≥ . 

1.3.2 Definition 1: from DTFT to DFT 

The DTFT of the N-point discrete signal x[n] is 

 
1

0
( ) [ ] [ ]

Nj n j n

n n
X x n e x n e
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=−∞ =

Ω = =  (359) 

Set ( )2 /k NπΩ = , k=0,1,2…N-1. Then 

 2( )kX X k
N
π

= Ω =  (360) 

Therefore the N-point DFT can be considered as the sampled DTFT spectrum at 

( )2 /k NπΩ =  in the frequency domain. 

1.3.3 Definition 2: direct definition 

The definition for N-point DFT of a discrete time signal x[n] is 

 
2

1

0
[ ]

jk nN N
k

n
X x n e

π
−−

∑
=

= ,  k=0,1,2,… N-1 (361) 

Where Xk is a function of the discrete variable k. DFT is completely specified by the N 

values 0 1 1,  ,... NX X X −  since ( )X Ω  is periodic. 
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1.4 Discrete Fourier Transform analysis of pulse and sinusoid signals 

In this section, we will start with the rectangular pulse train to find out its discrete Fourier 

transform (DTFT). Based on this conclusion, we will further understand how to obtain 

DTFT of other signals. 

1.4.1 DTFT of rectangular signal 

We have a rectangular signal [ ]p n  as shown in Figure 147 

 
1

[ ]
0 otherwise

q n q
p n
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-q -q+1 0 1 q 

P[n] 

n  
Figure 147  Rectangular pulses in the time domain 

DTFT ( )P Ω  of the rectangular signal is 
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Equation (363) can be proved as following. Since p[n] is an even function, according to 

the Fourier transform property of the even functions, DTFT of p[n], )(ΩP , is a real-

valued function 
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Using the expansion property 
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Equation (364) becomes 
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1.4.2 DTFT and DFT of q-point shifted rectangular signal x[n] = p[n-q]. 

The q-point shifted rectangular signal as shown in Figure 148 is 
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0 1 2q

P[n-q] 
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Figure 148  q-point shifted pulse train x[n]=p[n-q] 

Its DTFT and DFT results are 

DTFT 

1sin( )
2( )

sin / 2
jqn

q
X e−

+ Ω
Ω =

Ω
 (370) 



 288

DFT 
2 1 0        
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 (371) 

The results are proved as following. Using the shifting property of Fourier transform, the 

DTFT of the q-point shifted rectangular is obtained from Equation (368):  
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Set 12 −= qN . Then the DFT of x[n] is 
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Case I: k=0 
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Case II: k≠0 

 0kX =  (376) 

1.4.3 DTFT of discrete cosine signal 

A discrete cosine signal of a frequency ω0 ( 00 2ω π≤ ≤ ) can be defined as 

 0
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cos 0 2
[ ] cos [ 1]

0         otherwise
n n q
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The DTFT of an infinite discrete time cosine signal can be found as 

 ( ) ( )0 0 0DTFT(cos ) 2 2
r

n r rω π δ ω π δ ω π
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Using Fourier transform property of production and DTFT of q-point shifted rectangular 

signal shown in Equation (370), the DTFT of the limited length cosine is 

 ( ) ( )0 0
1DTFT( [ ]) ( ) ( )

2
x n X P d

π

π
λ π δ λ ω δ λ ω λ

π
∫
−

⎡ ⎤= Ω = Ω− + + −⎣ ⎦  (379) 

 0 0
1 1( ) ( ) ( ) ( ) ( )

2 2
X P d P d

π π

π π
λ πδ λ ω λ λ πδ λ ω λ

π π
∫ ∫
− −

Ω = Ω− + + Ω− −  (380) 

Set t λ= Ω− , then dt dλ= − . Also from the property of delta function, we know 
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+∞
∫
−∞

− = . Hence Equation (380) becomes  

 [ ]0 0
1( ) ( ) ( )
2

X P Pω ωΩ = Ω+ + Ω−  (381) 

Where  
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1sin( )
2( )

sin / 2
jqn

q
P e−

+ Ω
Ω =

Ω
 (382) 

1.4.4 N-point DFT of discrete cosine signal x[n] 

Let 2 1N q= + , i.e., 1
2

Nq −
= . Using the DTFT described in Equation (381), the DFT is 

 0 0
2 1 2 2( ) ( ) ( )

2kX X k P k P k
N N N
π π πω ω⎡ ⎤= Ω = = + + −⎢ ⎥⎣ ⎦

 (383) 

And  

 
0

20
2 1

0

0

1 2sin( )( )
2 2 2 1( )

2 1 1 2sin
2 2 1

jq k
q

q k
qP k e

q
k

q

π ω
π ω

π ω
π ω

⎛ ⎞
− ±⎜ ⎟+⎝ ⎠

+ ±
+Ω = ± =

+ ⎛ ⎞
±⎜ ⎟+⎝ ⎠

 (384) 

k=0,1.2…N-1. Assume that for k r=  

 0
2

2 1
r

q
π ω=
+

 (385) 

Substitute Equation (385) into Equation (384) 

 
2 2

2 1 2 1

1 2 2sin( )( )
2 2 2 2 1 2 1( )

2 1 2 1 1 2 2sin
2 2 1 2 1

rjq k
q q

rq k
r q qP k e

q q rk
q q

π ππ π
π π

π π

⎛ ⎞
− ±⎜ ⎟+ +⎝ ⎠

+ ±
+ +Ω = ± =

+ + ⎛ ⎞
±⎜ ⎟+ +⎝ ⎠

 (386) 

Then 

 
2 ( )

2 12 2 sin ( )( ) ( )2 1 2 1 sin
2 1

k rjq
qr k rP k ek rq q

q

π
π π π

π

±
−

+±
Ω = ± =

±+ +
+

 (387) 
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2 1 -2 2( )
0       otherwise2 1 2 1

q k N rrP k
q q
π π + =⎧

Ω = ± = ⎨+ + ⎩
 (388) 

Or  

 0
2 1 -2( )
0       otherwise2 1

q k N r
P k

q
π ω

+ =⎧
Ω = ± = ⎨+ ⎩

 (389) 

Therefore, the DFT coefficients can be determined as 

 
1 - ,
2 2

0       otherwise
k

Nq k N r r
X

⎧ ⎛ ⎞+ =⎪ ⎜ ⎟= ⎝ ⎠⎨
⎪⎩

 (390) 

Where r can be determined from Equation (385) 

 0 0
2 1

2 2
q Nr ω ω
π π
+

= =  (391) 

Here we have to be sure that r is an integer. From Equation (391), it is obvious that the 

value of r is determined by the angular frequency 0ω  of the cosine signal. When the real 

value of r is not an integer, that is to say, r will fall into the interval between two 

neighboring integers, a phenomenon called leakage occurs. The leakage phenomenon 

will be investigated in details in the following section. 

1.5 Investigation of DFT spectrum leakage 

For signals like 0cos tω  or 0sin tω , the only non-zero frequency component in the 

spectrum within the range of [ ]0, sf  (fs, the sampling frequency) should be at the point 

0f f= , with 0 0 / 2f ω π= . However, most time we can not see such an ideal spectrum. 

Rather, the spectrum will spread out about the point 0f . This is the phenomenon called 
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as leakage. We will present some examples to further explain the leakage and investigate 

the reason for it. All the examples use cosine signals with unit magnitude.  

1.5.1 Case study of the leakage phenomenon 

Example 1: N-point discrete time signal 0[ ] cosx n nω= , n=0,1,2…N-1, N=21 

Therefore, the variable q is 

 1 10
2

Nq −
= =  (392) 

Case 1: 0 10 / 21ω π=  

In this case, r is found to be r=5. Hence, it is an integer. Theoretically, there should not 

be any leakage. Recalling Equation (390), we can obtain 

 1 10.5
2rX q= + =  (393) 

For 5k r= =  and 16k N q= − = . A MATLAB program was used to verify the result, as 

shown in Figure 149a. 

Case 2: 0 9.5 / 21ω π=  

In this case, r=4.75. It is not an integer. So leakage should occur in the DFT spectrum. 

Results are shown in Figure 149b. In the plotting, we can see that in the leakage 

spectrum, the energy is no longer focused on the point 5=r , which corresponds to the 

fundamental frequency. The energy spreads out about the point. 
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a )  

b )  

 
Figure 149  Leakage under certain condition: (a) no leakage; (b) leakage 

Example 2 

In practical application, DFT is calculated using the fast Fourier transform (FFT) 

algorithm. Application of FFT algorithm requires that the number of samples, N, should 

be an integer which is the power of 2. In example 2, signal used in example 1 is defined 

with new N values at N=64, 128, 256, 512. Two cases will be discussed to see how the 

number N affects the leakage.  

According to Equation (391), considering now N is an even number as the power of 2, in 

order to obtain an integer r, we set 

 
4
Nr =  (394) 

Therefore, the angular frequency can be found as 
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 0 / 2 2
r

N
πω

π
= =  (395) 

For 0 / 2ω π= , theoretically there should be no leakage. To make the leakage occur, we 

simply modify the r as ( 1) / 4r N= − . The corresponding angular frequency becomes 

 0
1

2
N

N
πω −

= ⋅  (396) 

Simulation testing results are listed in Table 7.  

Table 7  Parameter analysis for leakage and non-leakage DFT at various N 

Non leakage Leakage 

N 
0 2

πω =

 
4
Nr =

 
2r
NX =

 

En
er

gy
 0

1
2

N
N

πω −
=

 

1
4

Nr −
=

 2r
NX =  

En
er

gy
 

A
m

pl
itu

de
 E

rr
or

 

64 
2
π  32 32 2048 0.9844

2
π  15.75 29.1643 2080 8.86% 

128 
2
π  64 64 8192 0.9922

2
π  31.75 59.9741 8256 6.29% 

256 
2
π  128 128 32768 0.9961

2
π  63.75 115.5942 32896 9.69% 

512 
2
π  256 256 131072 0.9980

2
π  127.75 230.8346 131330 9.83% 

 

The spectrum energy is calculated using the formula 

 
1 2

0

N
k

k
E X

−
∑
=

=  (397) 

Simulation results are listed in Table 8. We found that the energy in leakage spectrum 

was slightly larger than the energy in non-leakage spectrum. With increasing N value, the 
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difference decreases.  

Table 8  Spectrum energy of leakage and non-leakage spectrum at various N 

 
Non-leakage 

Spectrum Energy 

Leakage 

Spectrum 

Energy  

Energy 

Error 

64 2048 2080 1.5625% 

128 8192 8256 0.7813% 

256 32768 32896 0.3906% 
N 

512 131072 131330 0.1968% 

 

Spectrums of the two cases with N at different values were obtained and plotted in Figure 

150. It shows for the leakage situations, with larger N, the leakage gets less spread out, 

or, the energy is more concentrated around the fundamental frequency. However, the 

error in the amplitude is still significant (8.86% for N = 64 while 9.83% for N = 512).  



 296

N = 64  

 
N=128  

 
N=256  
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N=512  

 
Figure 150  Leakage phenomenon at different sample counts 

Example 3: continuous-time signal 0( ) cosx t tω=  

The continuous signal needs to be sampled such that the computers can process. In our 

investigation, the signal duration time t is set to be a fixed value with i=8 second. For an 

N-point sampling, the sampling frequency is 

 1 1
/s

s

Nf
T t N t

= = =  (398) 

Example 3 is aimed to find out how the number of samples N, i. e., the sampling method, 

affects the DFT spectrum of a continuous signal. Also, two cases are discussed:  

1. 0 2
πω = , no leakage 

2. 0
1

2
N

N
πω −

= ⋅ , leakage 

The spectrum plots for sampled x(t) at various sampling rate (various sample points N) 

are shown in Figure 151. It shows, with higher sampling rate, the leakage can be 

compensated and approximates the corresponding ideal non-leakage results. 
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N=64  

 
N=128  

 
N=256  
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N=512  

 
Figure 151  Leakage phenomenon investigation on continuous sine signal with different sampling rate 

1.5.2 Discussions 

From the examples above, we can conclude that when sample points N is sufficiently 

large, the energy leakage is very small. Actually, in the continuous-time signal example, 

when N equals 256 and 512, there is already no visible leakage. Hence, in the DFT 

processing, more samples points (higher sampling rate) can increase the spectrum 

precision. 

However, this precision is gained at the expenses of time. According to DFT algorithm, 

the operating time depends on the number of samples N. During the MATLAB 

simulation, it has been found that the programs run very slowly for higher sample 

numbers. It is essential to make a compromise between the precision and the efficiency. 
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2. SAMPLING THEOREM 

Under certain conditions, a continuous-time signal can be completely represented by and 

recoverable from a set of samples which are recorded at points equally spaced in time 

(Oppenheim 2002). This is referred to as the sampling theorem which constructs a bridge 

in between the continuous-time signals and discrete-time signals.  

2.1 Impulse-train sampling 

In order to develop the sampling theorem, a convenient way to represent the sampling of 

a continuous-time signal at regular intervals is needed. A useful way to do this is through 

the use of a periodic impulse train multiplied by the continuous-time signal x(t) which is 

to be sampled. This is known as the impulse-train sampling, as depicted in the Figure 

152. 

 

0 t 

x(t) 

0 t 

p(t) 0 t 

xs(t) 

ΔT 

(a) 

(b) 

(c)

 
Figure 152 pulse train sampling with regular interval ΔT. (a) continuous-time signal x(t); (b) impulse train 

p(t) with uniform interval ΔT; (c) sampled signal xs(t) 

The interval ΔT is known as the sampling period and the fundamental frequency of the 

impulse train p(t) is ωs=2π/ΔT, known as the sampling frequency. In the time domain, 

the sampled points xs(t) shown in Figure 152b can be represented as 

 ( ) ( ) ( )sx t x t p t=  (399) 
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Where  

 ( ) ( )
n

p t t n Tδ
+∞

=−∞

= − ⋅Δ∑  (400) 

Equation (399) can be further expanded as 

 ( ) ( ) ( )s
n

x t x n T t n Tδ
+∞

=−∞

= Δ − ⋅Δ∑  (401) 

Note that the function p(t) is a periodic function with period ∆T. Hence, it can be 

expanded in a Fourier series about the frequency ωs = 2π/∆T, i.e., 

 ( ) sjn t
n

n

p t c e ω
+∞

=−∞

= ∑  (402) 

The Fourier coefficients cn are computed as 

 
/ 2 / 2

/ 2 / 2

( ) ( )s s

t t
jn t jn t

n
mt t

c p t e dt t m T e dtω ωδ
Δ Δ

− −

−Δ −Δ

= = − Δ∑∫ ∫   

  { }
/ 2

0
/ 2

1 1 1( ) s s

t
jn t jn t

t
t

t e dt e
T T T

ω ωδ
Δ

− −

=
−Δ

= = =
Δ Δ Δ∫  (403) 

Note that, in Equation (403), the function p(t) represented by Equation (400) was 

simplified as 

 ( ) ( )p t tδ≡   for ( )/ 2, / 2t T T∈ −Δ Δ  (404) 

Since all the other δ functions fall outside the ( )/ 2, / 2T T−Δ Δ  intervals. 

Therefore the Fourier series of the impulse train with a period of ΔT in Equation (400) is 

 1( ) ( ) s sjn t jn t
k

n n n

p t t n T c e e
T

ω ωδ
+∞ ∞ ∞

=−∞ =−∞ =−∞

= − ⋅Δ = =
Δ∑ ∑ ∑  (405) 
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Substitute Equation (405) into Equation (401) to obtain 

 1( ) ( ) ( ) ( ) sjk
s

n
x t x t p t x t e

T
ω

∞

=−∞

= =
Δ∑  (406) 

Recall the Fourier transform property that if a time signal x(t) is multiplied with a 

complex exponential in the time domain and if the Fourier transform pair is 

( ) ( )x t X ω↔ , then we have 0
0( ) ( )j tx t e Xω ω ω↔ − , with 0ω  being a real number. Hence, 

the Fourier transform of a sampled signal represented by Equation (406) is 

 1( ) ( )s s
n

X X n
T

ω ω ω
∞

=−∞

= −
Δ ∑  (407) 

where ( )X ω  if the Fourier transform of the original continuous-time signal, i.e., 

( ) ( )x t X ω↔ . 

From Equation (407) we see that the Fourier transform ( )sX ω  of the sampled 

continuous-time signal is a periodic function of ω consisting of a superposition of shifted 

and scaled ( )X ω  at the points snω ω=  ( n−∞ < < ∞ ). 

2.2 The sampling theorem 

From Equation (407) we see that for a band limited signal x(t), its Fourier transform 

( )X ω  is zero about certain frequency B ( ( ) 0X ω =  if Bω ≥ ). If the value B meets the 

condition that NQB ω≤ , NQ sω ω=  as shown in Figure 153a, there is no overlapping. At 

this situation, if the sampled signal xs(t) is applied to an ideal lowpass filter with a cutoff 

frequency B, the only component of ( )sX ω  that passes the filter is ( )X ω . Hence the 

output of the filter is equal to x(t), which shows that the original signal x(t) can be 
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completely and exactly reconstructed from the sampled signal xs(t). By this result, a 

signal with bandwidth B can be reconstructed completely and exactly from the sampled 

signal xs(t) if the sampling frequency sω  is chosen to be greater than or equal to 2B 

( 2s Bω ≥ ). This result is well known as the sampling theorem. The upper limit of the 

bandwidth is called Nyquist frequency where NQ Bω =  and the corresponding minimum 

sampling frequency is 2s Bω = . 

However, if the above situation 2s Bω ≥  is not satisfied, as shown in Figure 153b 

NQB ω> , the ( )X ω  replicas overlaps in the frequency domain. As a result of overlapping 

of frequency components, it is impossible to reconstruct the original signal x(t) 

completely and exactly by using a lowpass filter to process the sampled signal. The 

output of a lowpass filter with a cutoff frequency B will contain high frequency 

components of x(t) transposed to low frequency components of x(t), as the shade area 

shown in Figure 153b. This phenomenon is called aliasing. Aliasing will result in a 

distorted version of the original signal x(t).  

 X(ω) 

ωNQ   ωs -ωNQ-ωs ω

NO 
aliasing 

overlaping 
X(ω) 

ωNQ   ωs -ωNQ  -ωs ω

B 

B  
Figure 153 sampling theorem and aliasing effect. (a) Fourier transform ( )X ω  of a band limited signal with 

( )X Bω ≤  and NQB ω≤ , NQ sω ω= ; (b) overlapping occurs when NQB ω> , causing aliasing 
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3. CONVOLUTION 

Convolution is a mathematical way of combining two signals to form a third signal and 

of significant importance to linear time-invariant discrete-time systems. In a linear time-

invariant system, convolution relates three signals of interest: the input signal, the output 

signal, and the system impulse response (Smith1999). The input signal is decomposed 

into simple additive components, then each of these components is passed through a 

linear system, and the resulting output components are synthesized. If impulse 

decomposition is used, such a decomposition procedure can be described by the 

mathematical operation, convolution.  

3.1 Discrete time signal convolution 

Two important terms are used widely is discrete time signal convolution, delta function 

known as [ ]nδ  and impulse response h[n]. The delta function [ ]nδ  is a normalized 

impulse, only having a sample value of one while all the others being zeros as shown in 

Figure 154a. The delta function is also called the unit impulse.  

The impulse response is the output of a system when [ ]nδ  is the input, usually given the 

symbol h[n]. If two systems are different in any way, they will have different impulse 

responses. 

Any impulse can be represented as a shifted and scaled [ ]nδ . Consider the signal shown 

in Figure 154b. It composed of all zeros except the sample point at n=2, which has a scale 

of 2. We can see it is the same as [ ]nδ : (1) shifted to the right by 2; (2) increased by 2. In 

equation form, x[n] can be represented as 
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 [ ] 2 [ 2]x n nδ= −  (408) 

If for a linear system, its impulse response h[n] is like the signal shown in Figure 154c, 

what will be the output when x[n] is the input? We say, if the properties of homogeneity 

and shift invariance are used, input [ ] 2 [ 2]x n nδ= −  will result in a shifted and scalded 

impulse response by the same amounts as how x[n] is modified from [ ]nδ . That is to say, 

the output y[n] will be 2h[n-2]. It can be seen that if the system’s impulse response is 

given, the output of the system is also known. 

(a)

 [ ]nδ

-2 -1 0 1 2 3 4 4 5  (b) 

[ ]x n

-2 -1 0 1 2 3 4 4 5  

(c)

 [ ]h n  

-2 -1 0 1 2 3 4 4 5 (d)

 Linear 
System 

[ ]nδ [ ]h n  

[ ]x n [ ]y n  

 
Figure 154 discrete time signal convolution. (a) delta function; (b) input impulse x[n]; (c) impulse response; 

(d) the input, output, and impulse response of a linear system 

The mathematical equation of discrete convolution can be put as 

 [ ] [ ] [ ]y n x n h n= ∗  (409) 

Using the concept of  using pulse decomposition to obtain output, Equation (409) can be  

 
1

[ ] [ ] [ ]
M

j
y i h j x i j

−

= −∑  (410) 
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3.2 Continuous time convolution 

Given two continuous time signals x(t) and y(t), the convolution is defined by 

 ( ) ( ) ( ) ( )x t y t x y t dτ τ τ
+∞

−∞

∗ = −∫  (411) 

If both x(t) and y(t) are zero for all t<0, Equation (411) becomes 

 

0

0,                         0
( ) ( )

( ) ( ) , 0
t

t
x t y t

x y t d tτ τ τ

<⎧
⎪∗ = ⎨ − ≥⎪
⎩
∫

 (412) 

3.3 Properties of convolution 

The properties of convolution can be summarized and demonstrated by the discrete signal 

convolution, listed in Table 9. 

Table 9  properties of convolution 

Commutative property: [ ] [ ] [ ] [ ]a n b n b n a n∗ = ∗  

Associate property: ( ) ( )[ ] [ ] [ ] [ ] [ ] [ ]a n b n c n a n b n c n∗ ∗ = ∗ ∗  

Mathematical 

properties 

Distributive property: ( )[ ] [ ] [ ] [ ] [ ] [ ] [ ]a n b n a n c n a n b n c n∗ + ∗ = ∗ +  

Delta function [ ] [ ] [ ]x n n x nδ∗ =  

 

Given two continuous signals x(t) and y(t) with Fourier transform X(ω) and Y(ω), the 

Fourier transform of the convolution x(t)*y(t) is equal to the product X(ω)Y(ω), resulting 

in a relationship 

 ( ) ( ) ( ) ( )x t y t X Yω ω∗ ↔  (413) 
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The pair shown in Equation (413) is very useful for practical implementation of the 

convolution in the time domain. The convolution can be calculated by first finding out 

the Fourier transform of each signal and obtained the product of their Fourier transform, 

then using inverse Fourier transform to find out the convolution result in the time 

domain. 

Conversely, for the convolution of X(ω)*Y(ω) in the frequency domain, then 

 [ ]1( ) ( ) ( ) ( )
2

x t y t X Yω ω
π

↔ ∗  (414) 

Equation (414) indicates that multiplication in the time domain corresponds to 

convolution in the Fourier transform domain. 
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4. HILBERT TRANSFORM 

The envelope of a family of curves or surfaces is a curve or surface that is tangent to 

every member of the family. Envelope extracts the amplitude of a periodic signal. It can 

be used to simplify the process of detecting the time of arrival for the wave packets in our 

EUSR system. In the EUSR, the envelope of the signal is extracted by applying Hilbert 

transform to the cross correlation signal.  

The Hilbert transform is defined as  

 

1 ( )( ( )) xH x t dt
t
τ

π τ

+∞

−∞

= −
−∫

 (415) 

It can also be defined in terms of convolution theory 

 
1( ( )) ( )H x t x t
tπ

= ∗
 (416) 

Hilbert transform is often used to construct a complex signal 

 Re Im( ) ( ) ( )x t x t i x t= + ⋅% % %  (417) 

where 

 

( )
( )( )

Re

Im

( )

( )

x t x t

x t H x t

=

=

%

%
 (418) 

The real part of the constructed signal, ( )Rex t% , is the original data ( )x t , while the 

imaginary part Im ( )x t%  is the Hilbert transform of ( )x t . Considering the convolution 

theory, the Hilbert transform (imaginary part) is a version of the original signal (real part) 

( )x t  after a 90° phase shift.  
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Suppose we have a harmonic signal 0( ) cos(2 )c cu t A f tπ φ= + , cf  is the carrying 

frequency and 0φ  is the initial phase. We will have the Hilbert transform according to the 

Hilbert transform property that (cos( )) sin( )H t tω ω=  

 0 0( ( )) sin(2 ) cos(2 )
2c c cH u t A f t A f t ππ φ π φ= + = + −  (419) 

Thus, the Hilbert transformed signal has the same amplitude and frequency content as the 

original real signal and includes phase information that depends on the phase of the 

original signal. The magnitude of each complex value ( )x t%  has same the amplitude as the 

origin signal. Therefore, we can say that the magnitude of the analytical signal ( )x t%  is the 

envelope of the original signal. Just by observing the envelope signal, the wave packages 

can be easily recognized.  

One aspect of Hilbert transform for envelope detection is, the result may differ from the 

theoretical envelope if the frequency composition is relatively complicated. For example, 

we have two simple signals showing in Figure 155a. The 3 counts tone burst has a carry 

frequency of 300 kHz and the sinusoid has a frequency of 30 kHz. The blue curve in (b) 

is the synthetic signal by simply adding the two. We see the envelope (red curve) is far 

from the smooth envelope we expect to see. 

This can be verified analytically with two properties of Hilbert transform: 

1. The often used Hilbert transform pair: ( cos ) sin( )H A Aϕ ϕ=  

2. Hilbert transform linearity property: ( ( ) ( )) ( ( )) ( ( ))H x t y t H x t H y t+ = +  

Assume we have a signal consisting of two frequency components: 
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1 1 2 2( ) cos cosu t A Aϕ ϕ= + , where 1 1( )tϕ ϕ=  and 2 2 ( )tϕ ϕ= .  

(a)

 
300 kHz 3-count 
toneburst signal 

1500 kHz sin signal 

 

(b)

 

Hilbert transform 
extracted envelop 

Synthetic signal 

 
Figure 155 Hilbert transform example: (a) original constitutive signals: a sinusoid of frequency 1500 kHz 

and a 3-count tone-burst of 300 kHz; (b) the synthetic signal (A1≠A2, φ1≠φ2) and its envelope 
extracted by Hilbert transform 

The Hilbert transform of ( )u t  and the constructing analytical signal %( )u t  are 

 1 1 2 2{ ( )} sin sinH u t A Aϕ ϕ= +  (420) 

 
%

1 1 2 2 1 1 2 2( ) cos cos ( sin sin )u t A A j A Aϕ ϕ ϕ ϕ= + + +  (421) 

To get the amplitudes | ( ) |u t  and %| ( ) |u t , here are several conditions to consider: 

(1) If 1 2ϕ ϕ= . This means we actually have a single frequency composition. We have 

1 2| ( ) |u t A A= +  and % 2 2
1 2 1 2 1 2| ( ) | 2u t A A A A A A= + + = + . Therefore, %| ( ) | | ( ) |u t u t= , it is 

verified. 

(2) 1 2ϕ ϕ≠  but 1 2A A= .  
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Now 1 2 1 2( ) 2cos( )cos( )
2 2

u t A ϕ ϕ ϕ ϕ+ −
= ⋅  and the amplitude | ( ) | 2u t A= . The amplitude of 

%( )u t  is 

% ( )2 2
1 2 1 2

2
21 2 1 2 1 2 1 2

2 2 21 2 1 2 1 2

1 2

| ( ) | cos cos (sin sin )

2cos cos (2sin cos )
2 2 2 2

2 (cos sin )cos
2 2 2

2 | cos |
2

u t A

A

A

A

ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ

= + + +

⎛ ⎞+ − + −⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= +⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

+ + +⎛ ⎞ ⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠
+⎛ ⎞= ⋅ ⎜ ⎟

⎝ ⎠  

If 1 2| cos | 1
2

ϕ ϕ+⎛ ⎞ =⎜ ⎟
⎝ ⎠

, %| ( ) | | ( ) |u t u t= ; otherwise %| ( ) | | ( ) |u t u t≠ . 

(3) 1 2ϕ ϕ≠  and 1 2A A≠ , 1 1 2 2| ( ) | | cos cos |u t A Aϕ ϕ= +  

% ( )2 2
1 1 2 2 1 1 2 2

2 2 2 22 2 2 2
1 1 2 2 1 2 1 2 1 1 2 2 1 2 1 2

2 2
1 2 1 2 1 2 1 2

2 2
1 2 1 2 1 2

| ( ) | cos cos ( sin sin )

cos cos 2 cos cos sin sin 2 sin sin

2 (cos cos sin sin )

2 cos( )

u t A A A A

A A A A A A A A

A A A A

A A A A

ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ

ϕ ϕ

= + + +

= + + + + +

= + + +

= + + −  

For this case, it is difficult to tell | ( ) | | ( ) |u t u t= %  or | ( ) | | ( ) |u t u t≠ %  directly, but there are 

some conditions that | ( ) | | ( ) |u t u t≠ % , e.g. when 1 290 , 0o oϕ ϕ= = , 2| ( ) | | |u t A= , 

2 2
1 2| ( ) |u t A A= +% . Clearly we can see that | ( ) | | ( ) |u t u t≠ % . So we can conclude that ( )u t  

does not always equal to ( )u t% . Example of this situation is demonstrated in Figure 155. 

Hence, we can conclude, when the signal has contains more than one frequency 

components, the Hilbert transform for envelope extraction may have aliasing. 



 312

5. CORRELATION METHOD 

Cross correlation is used to detect similarities in two signals. The cross correlation xyR  of 

two signals ( )x t  and ( )y t  is defined by 

 ( ) ( ) ( )xyR t x y t dτ τ τ
+∞

−∞

= −∫  (422) 

For discrete-time signals, Equation (347) can be expressed as: 

 
1

0

1[ ] [ ] [ ]
N

xy
n

R m x n y n m
N

−

=

= −∑  (423) 

To illustrate how the method works, we use a 3-count sinusoidal signal (tone-burst) as an 

example which is generated at the transmitting active sensor from a sinusoidal signal 

( ) sin(2 )x t tπ=  with period 1T sμ=  starting at 0 0t sμ=  and vibrating for 3 cycles. This 

signal arrives at the receiving sensor at 1 600t sμ= . See Figure 156a. The first signal i) is 

the transmitting signal and the one below it, ignal ii) is the receiving signal. The cross-

correlation coefficient ( )xyR t  is shown at the bottom as signal iii), with a peak right at 

1 600t sμ= .  
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Figure 156  Cross-correlation of simulated tone-burst signals: (a) 3-count sine signal: (b) 3-count Hanning-

window smoothed signal. Note: (i) transmitted signal x(t); (ii) received signal y(t); (iii) cross-
correlation of x(t) and y(t) 

The process of generating the cross correlation coefficients can be explained as followed: 

the input signal slides along the time axis of the correlated signal with a small step while 

the similarity of the overlapped part of two signals is compared. Before the tail of the 

input signal hits it, the two signals are not related and the corresponding cross correlated 

coefficients is 0. When the input signal arrives at 1 600t sμ= , the two signals completely 

overlap, i.e. they match perfectly. At this moment, the cross correlation coefficient ( )xyR t  

also reaches the maximum value (see bottom figure in Figure 156). After the input signal 

moves away from the best match point 1 600t sμ= , the similarity between the overlapped 
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parts becomes smaller again. Also the cross correlation coefficients decrease. When the 

input signal totally moves away the compared signal, the overlapping is none and the 

coefficients become zeros. 

Figure 156b illustrates the cross-correlation results of window-smoothed tone-burst 

signals. Assume the time-of-flight (TOF) of the received signal is still 1 600t sμ= . As 

explained before, the received signal is compared with the transmitted signal by sliding 

through the time axis. With the transmitted signal moves forward, the resulting 

coefficients ( )xyR t  change from 0 to small values, increasing, and then hitting the peak, 

and decreasing till become 0 again. From bottom cross-correlation coefficients curve iii), 

we see a peak showing up at 1 600t sμ= , which is exactly the arrival time of the received 

signal.. 

An extra bonus using the cross correlation method is, for real signals which have 

unavoidable noise, it can reduce the annoyance of noise since the noise is not related to 

the signals and not auto-related either. We employed an example signal from the proof-

of-concept experiment of the EUSR system collected by PWAS. The excitation signal 

was a window-smoothed 3-count tone-burst of 340 kHz carry frequency. This signal was 

used as the baseline signal in the cross-correlation method, shown as Figure 135a. The 

received signal, shown in Figure 135b, carried significant noise, which hampered the 

detection of the time of flight of the echo reflected by the crack. Cross correlation 

generated the coefficient curve in Figure 135c. Note that it has several local maxima, 

corresponding to the arrival time of each wave packet. The noise may contaminate the 

original signal, but it will not significantly affect the cross-correlation result. By applying 

some peak detection method, we can pick out those peaks and therefore, determine the 
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arrival time of each wave packets. 
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Figure 157  cross-correlation of PWAS signals: (a) window-smoothed tone-burst as the baseline; (b) PWAS 

received signal; (c) cross-correlation of the signals 
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APPENDIX II 

In appendix II, all programs developed in the dissertation research are presented with 

programming block diagram, program interface, and some example results. 

6. SHORT TIME FOURIER TRANSFORM 

This program is developed using MATLAB for short-time Fourier transform for better 

understanding the mechanism of this transformation, though MATLAB has built-in STFT 

function. 

6.1 Program block diagram 

 

Read data Zero 
padding 

Single 
window FFT 

STFT 
 

Figure 158 STFT analyzer logic block diagram 

6.2 MATLAB GUI program 

The MATLAB GUI interface is presented in Figure 159. The top area has many user 

input parameter controls. Users have to select the analyzed signal at first by selecting one 

from the DATA source pull-down menu. At this development stage, the source data is 

limited to the pre-determined data files. Zero padding multiplicity is how many zero 

padding you want to add in the end of the original signal in terms of the original data 

length. For window controls, there are several windows to choose from the window type 
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pull-down menu. Window length is control by the window length control by dividing the 

original signal length with this input and the STFT moving step is controlled by dividing 

the original signal length with the STFT step control. For better understanding how STFT 

works, a single window centered at user defined time instant, window FFT control, is 

offered as well. The viewable display maximum frequency is entered as the display 

controls F_max with amplifying factor Gain. The STFT spectrogram can be plotted in 

linear or log scale, determined by the STFT spectrogram. Once all parameters are 

entered, click the RUN button to start the analysis. 

STFT analysis results are presented in Figure 160. First is the original signal with the 

single analyzing window. Then followed in the top right is the frequency spectrum of 

using a single window. The bottom plots are both STFT spectrogram on the zero padding 

signal while one is plotted in contour and the other is plotted using the color coding. 

The Besides the plot output, some results such as the actual window length will be 

displayed in terms of data points and micro second in the control panel in Figure 159. 

Also displayed is data numbers in the displaying frequency range. 
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Figure 159 Short-time Fourier transform analyzer MATLAB GUI interface 
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Figure 160  STFT analysis image output 
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7. CONTINUOUS WAVELET TRANSFORM 

This program is developed using MATLAB for continuous wavelet transform analysis. 

Original signal is loaded and first pre-processed by cutting off the initial bang and 

denoised with discrete wavelet transform. Then the cleaned signal is analyzed using 

CWT to produce scalogram and conventional time frequency spectrogram. Later a single 

frequency component is extracted from the cleaned signal as well using the CWT 

filtering. 

7.1 Program flowchart 
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Figure 161 CWT analysis program logic block diagram 

7.2 MATLAB GUI program 

The MATLAB GUI program interface is presented in Figure 162. The program first reads 

data according to which sensor is selected by the control Sensors. The pre-process control 

allows you to cut off the initial bang and pad zero to the original signal or only to cut off 

the initial bang and the actual signal time determines the location of cutting off the initial 

bang. (By the time of this dissertation, zero-padding is not implemented yet). To 

implement DWT denoising, users need to enter the decomposition level and choose the 

decomposition filter from the pull-down menu. To implement CWT analysis, users need 



 321

to enter the scale ranges, minimum, delta, and maximum scales. To implement CWT 

filtering, users need to enter the level of interest. The corresponding frequency will be 

calculated later and displayed as an output. Once all parameters are enter, click calculate 

button to run the program. 

 

 
Figure 162 Continuous wavelet transform analysis MATLAB GUI interface 

After running the program, two figures will be generated. Figure 163 shows the original 

signal and the results from cutting off initial bang and DWT denoising pre-processing. 

Figure 164 shows the CWT analysis resulting spectrum as scalogram and conventional 
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time-frequency spectrogram, and the CWT filter extracted frequency component at 

certain level. 

 
Figure 163 CWT analysis pre-processing plot including original signal, signal with removed initial bang, 

cleaned signal, and removed noise 
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Figure 164 CWT analysis results for scalogram, time-frequency spectrogram, and CWT filtered signal at 

certain scale level 
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8. DENOISING BY DIGITAL FILTER  

This program is developed using MATLAB for removing noise from a simulated signal 

using the conventional bandpass digital filter. 

8.1 Program block diagram 
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Figure 165 Digital filter program block diagram 

8.2 MATLAB GUI program 

The MATLAB GUI program interface is presented in Figure 162. In this control panel, 

users need to choose a filter from the pull-down menu including Butterworth, Chebyshev 

I, Chebyshev II, and Elliptic filters. Then choose the filter function type being lowpass, 

highpass, bandpass, or bandstop and enter the rolloff frequency and the second frequency 

for filtering band (cutoff frequency range). Sampling frequency is the sampling frequency 

of the analyzed signal. Magnitude attenuation determines the filter attenuation rate (by 

default, set to be 30dB) and the order of filter will affect the filtering results. To observe 

how filter order affects the filtering, an error index is offered in this program to find out 

and plot the error for each order defined by starting, delta, and number of order 

parameters. Filtering function will choose which MATLAB built-in filtering function to 

be used. filtfilt function will automatically correct the phase shifting while filter will not. 
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After setting up all the parameters, press RUN button to start the program. Resulting plots 

are shown in Figure 167, giving the original signal, denoised signal, frequency spectrum 

of the denoised signal, and the error index at various filter orders. 

 

 
Figure 166 Digital filter MATLAB program GUI interface 
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Figure 167 Digital filter MATLAB result plots including original signal, denoised signal, frequency 

spectrum of denoised signal, and error index at various filter order 
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9. DENOISING BY DISCRETE WAVELET TRANSFORM  

This program is developed using MATLAB for removing noise from a simulated signal 

using the discrete wavelet transform (decomposition and reconstruction). 

9.1 Program block diagram 
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Figure 168 DWT denoising program block diagram 

9.2 MATLAB GUI program 

The MATLAB GUI control panel of DWT denoising program is shown in Figure 169. To 

start, first need to generate the simulated noised signal. From the to generate pull-down 

menu, choose the one you want to analyze. At this stage, only single ultrasonic signal has 

been implemented. Then enter the parameters for signal generation. dt is the sampling 

rate, sampling time is the duration of sampling, Alpha, Tao, and Beta are the noise related 

parameter (by default, set to be 25, 1, 1, respectively), central frequency is the carry 

frequency of the toneburst signal, and SNR is the signal-to-noise ratio. Then choose the 

DWT analyzing wavelet from the decomposition filter pull-down menu and enter the 

decomposition level. These parameters will be used in the reconstruction process as well. 

For densification process, enter the densification factor m and corresponding 

decomposition level. After entering all parameters, press RUN button to start analyzing. 

Resulting plots are shown in Figure 170, with original noised signal, DWT denoised 

signal, and DWT denoising with densification process signal. 
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Figure 169 DWT denoising program MATLAB GUI control panel 
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Figure 170 DWT denoising resulting plots 
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10. TIME-OF-FLIGHT DETECTION 

Time-of-flight detection was implemented by cross-correlation method and the peak 

indicating the arrival of the echo was detected by using Hilbert transform to obtain the 

signal envelop. This program was implemented in LabVIEW. 

10.1 LabVIEW program flowchart 
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Figure 171 Time-of-flight detection LabVIEW program flowchart 

10.2 LabVIEW time-of-flight detection Program  

The LabVIEW program front panel with running results is presented in Figure 172. Users 

should enter the full data file path into Please load the original signal box. Then select 

the baseline for cross correlation comparison. Clean signal should be selected in signal 

condition 1 for data analysis (this selection is originally added for particular denoising 

analysis). Choose from signal condition 2 to determine using the entire signal or using 

windowed signal. If windowed signal is chosen, use detection window setup to define the 

size of the window. 
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Figure 172 LabVIEW time-of-flight detection program front panel 

For the CWT filtering, choose a CWT wavelet from the pull-down menu first and enter 
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the maximum CWT scales. Time interval is the sampling time of the analyzed signal. 

Enter a_single value for the desired single frequency component. The corresponding 

frequency will be calculated and output as the f_single. Users may test the a_single value 

for several times to obtain the closest f_single value. 
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11. DISPERSION COMPENSATION 

This program is preliminary explore into the Lamb wave dispersion compensation using a 

simple simulation toneburst signal and an experimental signal. More theoretical and 

experimental research are suggested to be done in this aspect. 

11.1 MATLAB program flowchart 
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Figure 173 Dispersion compensation MATLAB program flowchart 

11.2 MATLAB program control panel 

In the control panel, users need to enter the parameters for generating a toneburst 

simulation signal: the center frequency f1, number of counts Ncount, amplitude of 

Hanning window, center of Hanning window, signal sampling frequency, and maximum 

time for recording signal. 

After loading the experimental A0 signal, the signal length will be calculated in terms of 

power of 2, output as old m. For zero-padding, users enter a new m which is equal to or 

larger than the old m (if equal to, no zero-padding is applied). Corresponding new time 

will be displayed.  



 334

 
Figure 174 Dispersion compensation control panel 

 

 
Figure 175 Dispersion compensation on simulated toneburst 
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Figure 176 Dispersion compensation on experimental A0 mode signal 

 

 
Figure 177 Dispersion compensation on certain segment of the experimental A0 mode signal 

 

 

 


