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Abstract 
 

Structural Health Monitoring of critical structural parts is a vital activity for preventing 

structural failure and loss of human lives. In response to this need, the use of 

piezoelectric wafer active sensors (PWAS) array in which the local structural health can 

be monitored with the electro-mechanical (E/M) impedance method has been proposed. 

The goal of the research was to develop the scientific basis and engineering know-how 

for the extensive use of PWAS and the E/M impedance method in structural health 

monitoring with direct application to aging aircraft and civil engineering structures. 

PWAS were studied from both theoretical and practical aspects. For the first time, a 

PWAS model, which describes the dynamics of elastically constrained PWAS was 

derived in both 1D and 2-D geometries. The model was validated with experimental 

results. Issues of PWAS fabrication, testing, and installation were also studied. In 

addition, for the first time, a method for PWAS self-diagnostics, using the imaginary part 

of the E/M impedance, was described.  

A theoretical model for describing the sensor-structure interaction and explaining the 

sensing mechanism of the E/M impedance method was developed for 1-D and 2-D 

geometries. The solution predicts the E/M impedance spectrum, as it would be measured 

at PWAS terminals, and accounts for both sensor dynamics and structural dynamics. Both 

flexural and axial vibrations of 1-D and 2-D host structures were considered in the 



vi 

solution. The validation of theoretical results was performed experimentally using 

metallic beams and circular plate specimens. 

The effect of damage on the E/M impedance spectra was studied using controlled 

experiments performed on a statistical set of calibrated specimens. Damage detection 

algorithms based on (a) statistical analysis; (b) overall-statistics damage metrics; and (c) 

probabilistic neural networks (PNN) were used to classify spectral data according to 

location of damage. It was observed that the use of the correlation coefficient deviation 

damage metric was the most appropriate for comparison of raw spectra. However, PNN 

was found to be the best classification algorithm for classifying spectra based on 

resonance frequencies data features. 

The application of PWAS and the E/M impedance method for crack identification in 

aging aircraft panels was successfully demonstrated. Damage detection algorithm 

utilizing the PNN method was able to identify cracks not only in the field near PWAS, 

but also in the medium field. The in-field implementation of E/M method for SHM of 

composite retrofits installed on a civil structure is also presented. 
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Chapter 1 

1 Introduction 

This Dissertation describes the application of piezoelectric wafer active sensors and 

Electro-Mechanical Impedance method for structural health monitoring. The research 

work sets forth with the development of the theoretical background for an Electro-

Mechanical Impedance method, and then addresses issues of its practical implementation. 

Examples of the Electro-Mechanical Impedance structural health monitoring of aging 

aircraft panels and of composite overlays on civil engineering structures are presented. 

1.1 Motivation for This Research 

Structural health monitoring (SHM) plays a significant role in maintaining the safety of a 

structural system. The assessment of a structural health is particularly important for aged 

aerospace vehicles and civil engineering structures that are subject to heavy periodic 

loads. For such structures, SHM is a complex activity that requires the interaction of 

several concurrent factors. Figure 1.1 shows that aerospace maintenance and repairs 

represents about a quarter of commercial fleet’s operating costs (Good, 1994). One of the 

possible solutions to decrease these costs is to couple the selective use of condition-based 

maintenance with the implementation of innovative SHM systems, which will 

continuously assess the structural integrity through on-line structural health monitoring. 
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Figure 1. 1 Aircraft costs breakdown (after Good, 1994) 

 

 

 Entire fuselage panels were
ripped away  

Multi-site cracks in the skin panel joints resulted in catastrophic 
“un-zipping” of large portions of the fuselage  

 
Figure 1. 2 Aloha Airlines Boeing 737 accident on April 28, 1988 was due to multi-

site crack damage in the skin panel joints resulting in catastrophic “un-
zipping” of large portions of the fuselage (www.aloha.net/~icarus) 
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Continuous SHM would lead to considerable life-cycle cost reduction since the damaged 

part can be replaced in time, preventing the failure of the whole structure and the loss of 

human lives. 

Another critical feature of a SHM system is its ability to detect the initiation and 

propagation of structural damage at an incipient stage. This would bring a considerable 

safety enhancement. The example of the Aloha Airlines 1988 accident (Figure 1.2) has 

shown that the damage tolerance design and structural health monitoring philosophies 

needs to be reassessed. In this accident, the structural failure was attributed to multi-site 

crack damage in the aircraft skin panel joints. This effect triggered the catastrophic “un-

zipping” of large fuselage panels. The ability to detect such incipient structural damage is 

crucial in any failure prevention technology. If damage could be detected at an early 

stage, corrective measures can be taken and catastrophic failure can be prevented. On the 

other hand, a reliable procedure for early damage detection reduces the design 

uncertainties, increases the designer confidence, and results in the reduced initial cost. 

In response to this need, the development of integrated sensory systems able to monitor, 

collect, and deliver structural health information is essential. One of the proposed 

approaches is to utilize piezoelectric wafer active sensor (PWAS) array in which the local 

structural health can be monitored with the electro-mechanical (E/M) impedance method. 

The E/M impedance method assesses the local structural response at high frequencies 

(typically hundreds of kHz). It is not disturbed by global conditions such as flight loads 

and ambient vibrations. Thus, the E/M impedance method allows monitoring of small-

scale phenomena (i.e., cracks, delamination, disbonds, etc), whose contribution to the 
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global dynamics of the structure may not be noticeable and may not be detected by other 

methods.  

Figure 1.3 shows a typical aircraft skin region equipped with piezoelectric active sensors. 

Two regions of the skin are presented: pristine (left) and damaged (right). The damage is 

a 1.9٠10-3m  (0.075 in) crack growing from the root of the rivet. The E/M impedance 

spectra taken at these locations with piezoelectric-wafer active sensors reveal a clear 

difference between the pristine and the damaged cases. The results of the E/M impedance 

health monitoring could be analyzed statistically and then used as input vectors in a 

damage identification algorithm. Upon processing, the damage identification algorithm 

would deliver information on the presence and severity of structural damage. 
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Figure 1. 3 Aircraft panel equipped with piezoelectric active sensors: left – pristine 

region, right – region with a crack growing from the rivet root, below – 
E/M impedance spectra for both cases 
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1.2 Research Goal, Scope and Objectives 

The goal of the research described in this Dissertation is to develop the scientific and 

engineering basis for the extensive use of piezoelectric-wafer active sensors (PWAS) and 

the electro-mechanical impedance method for structural health monitoring, damage 

detection, and failure prevention, with direct application to aging aircraft and civil 

engineering structures.  

The scope of this dissertation is to address the issues of PWAS development, the 

theoretical analysis of sensor-structure interaction for 1-D and 2-D geometries, the 

investigation of suitable damage identification algorithms for data processing and 

classification, and the E/M impedance structural health monitoring of actual structures 

and structural specimens. 

The objectives for this research are defined as follows: 

1. To present the detailed modeling of the PWAS dynamics for various types of 

boundary conditions, validate the modeling through experimental testing of typical 

PWAS, and address the issues of PWAS fabrication, characterization, installation, 

and quality control. 

2. To develop analytical models and perform validation experiments for the sensor-

structure interaction revealing the sensing mechanism for 1-D and 2-D geometries.  

3. To investigate and test damage metric algorithms for the E/M impedance structural 

health monitoring. 

4. To demonstrate the applications of the PWAS and E/M impedance method for SHM 

of actual structures and structural specimens. 
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1.3 Organization of the Dissertation 

To accomplish the objectives set forth in the preceding section, the Dissertation is 

organized in seven Chapters divided up into three Parts. The division into three parts was 

done to highlight the three major stages in the development of the E/M impedance 

method. Part I discusses the theoretical and experimental foundation for the method. In 

the SHM process, the collected data needs to be assessed and processed with a suitable 

damage detection algorithm for the classification according to the state of structural 

health. Part II addresses the issues of data assessment and processing. Part III describes 

applications of the E/M impedance method. The chapters are organized as follows: 

Chapter 2 presents the state of the art in application of the E/M impedance method for 

structural health monitoring. The damage detection technologies currently available for 

SHM are reviewed. Their advantages and disadvantages are outlined. The application of 

the PWAS and E/M impedance method is proposed for SHM. The principles of the 

electro-mechanical impedance method are presented. Previous modeling efforts for the 

E/M impedance method are discussed. The use of the E/M impedance method and PWAS 

for SHM is demonstrated by an interrogating experiment on undamaged and damaged 

circular plates. Previous efforts in applying this method to SHM of structural members, 

composites, and civil engineering structures are presented. Recent developments in the 

quantification of damage size and intensity are discussed. An overview of the advantages 

of the E/M impedance method over traditional health monitoring techniques concludes 

Chapter 2.  

Chapter 3 presents the development of piezoelectric wafer active sensors. Small 

unobtrusive piezoelectric wafers serve as the active elements of the E/M impedance 
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method. Two modeling approaches are discussed: 1-D approach for rectangular wafers 

and 2-D approach for piezoelectric disk sensors. In addition to two extreme boundary 

conditions used in the literature for modeling of sensors dynamics (free and clamped), a 

formulation that considers the vibration of an elastically constrained PWAS was 

developed. The derived general expression approaches the free and the clamped scenarios 

when the stiffness of the elastic constraint is respectively zero and infinite. The 

theoretical developments for both 1-D and 2-D scenarios were experimentally validated. 

The study shows that the 1-D modeling could be used to predict impedance of the 

rectangular PWAS having a high aspect ratio. As expected, the accuracy of the results 

increases when the ratio of width/length of the sensor decreases, i.e. when the specimen 

approaches the 1-D case. For a low PWAS aspect ratio, the accuracy of the 1-D model is 

not very good. However, the analysis of 2-D circular PWAS, which uses radial symmetry 

and Bessel functions, gave a very good agreement with experimental results. The issues 

of sensor fabrication, testing, and installations are also discussed. The procedure for 

installation of PWAS on the host structure under strict quality control is outlined. Upon 

installation, the PWAS ability for self-diagnostics is observed and emphasized.  

In Chapter 4, a theoretical model for the dynamic identification of 1-D structures using 

the E/M impedance method is developed. The model is needed for proper understanding 

of the sensing mechanism and sensor-structure interaction. The theoretical development 

is carried out in accordance with 1-D theory of a beam/rod structure undergoing 

simultaneous flexural and axial vibrations. The modeling formulation accounted for the 

sensor-structure interaction through the dynamic stiffness ratio between the dynamic 

structural stiffness and the sensor stiffness. The expression developed describes both the 
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sensor and the structural dynamics and accounts for simultaneous axial and flexural 

structural vibrations. The theoretical results were verified with a set of experiments 

performed on metallic beams. Very good results were obtained. In addition, the non-

invasive characteristics of the E/M impedance method in comparison with conventional 

modal analysis methods were discussed. 

In Chapter 5, the model developed for the 1-D structures is extended onto 2-D structures. 

A circular plate undergoing simultaneous axial and flexural vibration under PWAS 

excitation is considered. The derivation is carried out for a free boundary condition 

around the plate’s circumference. The solution is obtained in terms of Bessel functions of 

certain kinds and orders. Illustrations are given for particular modeshapes of axial and 

flexural vibrations. The effect of structural dynamics on the E/M impedance spectrum is 

accounted for via the dynamic stiffness ratio. The expression developed predicts the E/M 

impedance spectrum as it is measured at the PWAS terminals. Thus, a direct comparison 

between theoretical and experimental results is possible. The validation of theoretical 

development is performed through the experimental testing of circular plates with PWAS 

mounted in their center. Very good agreement between theory and experiment was 

obtained. 

Chapter 6 discusses the damage identification algorithms for structural health monitoring 

using the E/M impedance method. First, an overview of current research in the area is 

given. Second, the features of the E/M impedance spectrum sensitive to the damage 

presence are outlined. The inherent statistical variation in the E/M impedance data and 

the effect of temperature variations on the E/M impedance spectrum are discussed. Third, 

the issues of feature-vector data reduction and adaptive resizing of the features vector are 
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addressed. A calibration experiment with 25 circular plate specimens having various 

damage locations is discussed. The E/M impedance spectra are presented for 5 groups of 

specimens. The damage was placed at an increasing distance from the PWAS, permitting 

the assessment of damage location though the analysis of E/M impedance spectra. The 

frequency shifts, appearance of new harmonics, and peak splittings represent the effect of 

damage on the E/M impedance spectra. In order to classify the specimens according to 

the damage location, three approaches for damage metric development were investigated: 

(a) overall statistics damage metrics, (b) statistical analysis of spectral features, and (c) 

neural networks. The overall statistics damage metrics were used to achieve direct 

comparison of the impedance raw data. Although good results were obtained with this 

method for a dense spectrum at a high frequency range using the deviation of correlation 

coefficient damage metric, it was suggested that some other algorithms be applied for 

damage classification in the frequency band with low peak density. For statistical 

analysis of spectral features, the t-test statistical analysis was used for classification into 

two classes: pristine and damaged. In this test, resonance frequencies were used as data 

features. For the neural network method, the application of a probabilistic neural network 

(PNN) to the analysis of E/M impedance spectral features was investigated. It is shown 

that PNN is able to correctly classify data into the corresponding classes even when a 

small number of training sets are used, regardless of the choice of the training vector. 

Chapter 7 presents the application of the E/M impedance method for SHM of actual 

structures and structural specimens. Two examples are considered: (a) the laboratory 

testing of aging aircraft skin panels and (b) the in-field SHM of a civil engineering 

structure. In the aging aircraft panels experiments, the damage was introduced as a crack 
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growing from a rivet hole. It is expected that the presence of such damage in the near 

field and medium field of a PWAS strongly modifies its E/M impedance spectrum. This 

hypothesis is confirmed by experimental testing. Several damage metrics are discussed 

for damage classification in aging aircraft panels. It is observed that, in order to achieve 

the best results, the application of suitable damage metric could be specific. For the in-

field SHM of a civil engineering structure, the example of SHM of a large stadium flight 

of stairs is presented. In this application, PWAS were installed on the overlay composite 

retrofit used for stair reinforcement. E/M impedance spectra were collected at regular 

intervals over a period of two years. The variation of E/M impedance spectra due to 

environmental changes over this period is discussed. Based on the analysis of the spectra, 

a reversible effect of resonance shift due to “warm” or “cold” seasons is observed. 

Possible directions for future development of the method applied to large civil 

infrastructures are outlined. 

Chapter 8 presents the conclusions of this Dissertation and recommendations for future 

work. 
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Chapter 2 

2 State of the Art in E/M Impedance 

Structural Health Monitoring 

2.1 Damage Detection Technologies: Current Status 

Early damage detection is not easy to achieve. The principal impediment to achieving 

early detection of an incipient damage lies in the very nature of this type of damage. 

Incipient damage is a small-scale phenomenon and can propagate inside a structure 

without producing detectable changes in its operational parameters. Global detection 

methods, for example those based on vibration modeshapes and frequency characteristics, 

are insensitive to localized incipient damage. A crack initiating at a critical location in a 

complex structure can be fatal for its operation but may produce undetectable changes in 

the overall structural frequency. From this perspective, the technologies for SHM should 

be chosen carefully to insure the ability of detecting incipient damage at an early stage. 

Another factor, which contributes to the proper choice of damage detection technology, is 

the periodicity of the SHM activity. To date, two approaches are available: scheduled 

periodic inspections, and continuous automatic health monitoring. During periodic 

inspection, a complex structure is disassembled and its vital parts are subjected to 

meticulous scanning in search of incipient damage. This is a time-consuming and labor-
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intensive procedure, which demands the machinery to be taken out of service for a 

considerable period of time. In addition, this approach is not foolproof against failures 

between inspection intervals. In contrast, an automatic health monitoring performs 

continuous surveillance of structural health, with special emphasis on the critical areas. 

At present, only the first approach is widely used: periodic inspections are done on most 

complex aircraft machinery ranging from airplanes and helicopters to power engines. 

However, the current trend in aircraft fleet maintenance is to substitute onboard 

continuous health monitoring systems for the periodic inspection procedures (Ikegami, 

and Haugse, 2001). This requires additional initial investment cost for the 

implementation of the SHM system, but leads to maintenance cost reductions in the long 

run. Figure 2.1 presents some enabling technologies, which are currently used for 

nondestructive evaluation (NDE) of various structures (Giurgiutiu and Rogers, 1998). On 

the left are passive and active scanning methods for periodic inspection. On the right are 

in-situ sensor array technologies that could enable continuous health monitoring. Passive 

and active scanning technologies are proven procedures for scheduled periodic 

inspections and will not be discussed in this review. Instead, the technologies that allow 

continuous SHM will be considered. The in-situ sensor array methods and their 

accompanying technologies are of paramount importance for the successful 

implementation of on-line structural health monitoring and failure prevention.  

Vibration sensors (accelerometers and velocity transducers) have been used for a long 

time to monitor the vibration levels and frequency spectra at critical locations. In this 

method, the presence of incipient damage may be inferred from changes in the vibration 

signature or modeshape. This method is effective in situations where dominant harmonics 
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Passive and Active Scanning 
1. Ultrasonic probing 
2. Eddy currents 
3. Liquid penetrant 
4. Thermography and Vibro-thermography 
5. Magnetic particles and Magnaflux 
6. Computer tomography  
7. Laser ultrasound 
8. Low power impulse radar 

In-situ Sensor Arrays 
1. Vibration monitoring 
2. Strain monitoring (electrical and fiber optics) 
3. Peak-strain indicators 
4. Acoustic emission 
5. Dielectric response 
6. Emitter-detector pairs 
7. Electro-mechanical impedance 

Damage Detection Technologies 

 
Figure 2. 1 Overview of damage detection technologies (after Giurgiutiu and Rogers, 

1998) 

are present in the normal operation. Then, the shift of the dominant harmonics or an 

appearance of new harmonics indicates that a change in the structural health has taken 

place. However, vibration monitoring methods are sensitive to global dynamic signature 

and, thus, insensitive to incipient local damage. Accurate results are difficult to obtain 

when no dominant normal-operation harmonic is present. In addition, the disadvantages 

of accelerometers and velocity transducers are their unavoidable bulkiness and possible 

interference with the structural dynamics through added mass. 

Strain monitoring sensors (e.g., resistance strain gauges or fiber optic sensors) may be 

used as an alternative way of recording vibrations. Strain sensors may also be used to 

measure actual strains in the structure, but inference of damage information from 

structural strain values is not straightforward. The peak-strain at critical locations can be 

recorded with the TRIP technology peak-strain indicators, recently developed by 

Thompson and Westermo (1994) of Strain Monitoring Systems, Inc. However, this 

technology can be used effectively only with other SHM methods. Acoustic emission 

(AE) sensors are another example of passive technology. AE sensors pick up the acoustic 



14 

waves generated in a structure by a crack developing in the structural material. This 

method is quite sensitive but captures only after-effects that may correspond to 

catastrophic failure. Dielectric sensors are capable of passively detecting the structural 

changes taking place in a polymeric composite due to insufficient cure, damage, or 

moisture absorption. 

Novel developments in active materials capable of deforming their shape and dimensions 

in response to electric, magnetic, and thermal fields have opened new options and 

opportunities in the field of sensor technologies for NDE and health monitoring. It is now 

possible to advance from passive sensors to active devices that can simultaneously 

interrogate the structure and listen to its response. Emitter-detector pairs of piezoelectric 

active sensors have been used to send ultrasonic waves through the material and detect 

the incipient damage using wave signature (Keilers and Chang, 1995). Alternatively, 

changes in the point-wise structural impedance can be detected and recorded by an array 

of piezoelectric wafer active sensors (Park, Cudney and Inman, 1999). In the latter case, 

the processing of the electro-mechanical impedance spectrum determined by 

piezoelectric active sensors is used to identify whether incipient damage has occurred 

(Giurgiutiu et al., 2000). This promising technology has the potential of identifying 

incipient damage on a local scale, i.e., well before it starts to affect the normal and safe 

operation of the structural system. 

2.2 Principles of the Active-Sensor Electro-Mechanical Impedance 

Technique 

The E/M impedance method is based upon the principle of electro-mechanical coupling 

between the active sensor and the structure, which allows the assessment of local 



15 

structural dynamics directly by interrogating a distributed sensor array. The active 

elements of a distributed sensor array are piezoelectric wafer sensors permanently bonded 

to the structure. Under electrical excitation, each sensor produces a local strain parallel to 

the structural surface and creates elastic waves in the structure. The structural impedance 

seen by the sensor is presented in the classical formulation: 

( ) ( ) ( ) ( ) /str e e eZ i m c ikω ω ω ω ω ω= + − . Due to mechanical coupling between the sensor 

and the host structure, this mechanical effect is picked up by the sensor and, through 

electro-mechanical coupling inside the active element, is reflected in electrical impedance 

measured at the sensor’s terminals (Figure 2.2).  

The total impedance picked up by the sensor Z(ω) contains both: structural Zstr(ω) and 

sensor’s ZPZT(ω) impedances (Giurgiutiu and Rogers, 1997). 
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 (2.1) 

In the expression above, C denotes the zero-load capacitance and κ31 represents the 

coupling coefficient of piezoelectric active sensor for in-plane vibration. 

To illustrate the use of the E/M impedance method in SHM consider an example of two 

circular plate structures: one the pristine, and the other damaged (Figure 2.3a).  
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Figure 2. 2 Electro-mechanical coupling between the active sensor and the structure 
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Figure 2. 3 Principles of structural health monitoring with the electro-mechanical 

impedance method: (a) pristine and damaged structure; (b) measurements 
performed using impedance analyzer; (c) pristine and damaged spectra; 
(d) variation of damage metric with damage location 
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The damage in the plate consists of a crack (narrow slit) placed at a certain distance from 

the plate center. Each of the plates is connected to the HP 4194A Impedance analyzer and 

the E/M impedance spectrum is measured over a frequency range (Figure 2.3b). The data 

is then downloaded though the GPIB interface into the computer and is presented upon 

processing in the form of the real part of the drive-point impedance. Figure 2.3c shows 

the difference between the spectra of the pristine and damaged plates. This difference can 

be quantified by employing a suitable damage metric. The damage metric should vary 

monotonically with damage intensity. Figure 2.3d shows how the damage metric 

decreases as the damage becomes less distinguishable (simulated crack moving away 

from plate center). For instance, the difference between the spectra of pristine and 

damaged plates illustrated in Figure 2.3a is about 45%. In a similar way, the presence and 

location of damage can be assessed in complex aerospace and civil structures. 

By scanning the real part of the impedance spectrum in a predetermined frequency range 

(in the hundreds of kHz) at various times during the service life of a structure, the state of 

structural health can be assessed in the local area of influence of the excited PWAS. The 

information obtained from each local sensor is then summarized on a global map, which 

represents a network of active sensors. The purpose of the network is to update and make 

an operator aware of the condition of crucial structural parts. 

2.3 Review of Impedance Techniques 

A precursor to the electromechanical impedance method is the mechanical impedance 

method. This method evolved in the late 1970’s and early 1980’s and was based on 

measuring the response to force excitation applied normally to a structural surface using 

conventional shakers and velocity transducers. Cawley (1984) studied the mechanical 



18 

impedance method for non-destructive inspection (NDI). He excited the vibrations of 

bonded plates using a specialized transducer that simultaneously measures the applied 

normal force and the induced velocity. In his study, Cawley (1984) extended the work of 

Lange (1978), and studied the behavior of bonded thin plates in order to identify local 

disbonds. Finite element analysis of the vibration of the bonded/disbonded plates was 

performed, and the impedance to excitation in the normal direction was predicted. The 

experimental work consisted of measuring the normal-direction impedance at various 

locations. The impedance magnitude spectrum below the anti-resonance frequency was 

compared with the finite element predictions and some correlation with the presence of 

disbonds was attempted. Phase information was not used in the data analysis. Since these 

early studies, the mechanical impedance method has evolved and gained its own place 

among NDE techniques. It is the dominant method used in detecting disbonds in 

laminated structures and delaminations inside composite materials up to a depth of 1/4-in.  

Currently, ultrasonic equipment manufacturers offer mechanical impedance analysis 

(MIA) probes and equipment as standard options (e.g., Staveley NDT Technologies, 

1998). The mechanical impedance method differs from the electro-mechanical impedance 

method on several accounts. (a) The transducer used in the mechanical impedance 

method is bulky (typically, 1” x 3-4”), while the E/M impedance PWAS is thin and non-

intrusive. (b) The mechanical impedance active sensor is not permanently attached to the 

structure, but has to be manually applied at various points of interest. By contrast, the 

E/M impedance PWAS are permanently attached and hard wired. They can form sensor-

arrays. (c) In the mechanical impedance method, the excitation is performed through the 

application of normal force, while the E/M impedance method uses in-plane strain. (d) 
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The mechanical impedance transducer measures mechanical quantities (force and 

velocity/acceleration) and then calculates the mechanical impedance, while the E/M 

impedance method measure the structural impedance directly. 

The electro-mechanical impedance method takes the mechanical impedance concepts to 

the new horizons offered by the use of small-wafer piezoelectric active sensors 

permanently affixed to the structure. Force excitation normal to the structural surface is 

replaced by strain excitation in the plane of the surface. High frequency excitation in the 

high kHz - low MHz region can be achieved. The bulky ultrasonic transducer of the 

mechanical impedance method (typically, 1” x 3-4”) is replaced by a thin wafer active 

sensor. In addition, since the E/M impedance sensor is permanently attached to the 

surface (or embedded in composite structures), the force coupling issue associated with 

conventional ultrasonics is no longer a problem. The PWAS of E/M impedance method, 

hard wired into the structure, can be interconnected into sensor arrays. Through the 

electro-mechanical coupling, the structural impedance is measured almost directly, 

whereas in the mechanical impedance method, post-processing of separately measured 

force and acceleration or velocity data was required. 

2.4 Theoretical Developments for the E/M Impedance Method 

The development of the theoretical background for the E/M impedance method begin in 

early 90’s. Liang, Sun, and Rogers (1993), and Giurgiutiu, Chaudhry and Rogers (1994) 

described the interdependence coupling between the electrical and mechanical impedance 

of a piezoelectric wafer active sensor affixed to an elastic structure. These papers 

developed expressions for the electro-mechanical impedance of the active sensor as a 

function of the mechanical impedance of the structure and the intrinsic characteristics of 
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the active sensor. Rossi et al., (1993) studied impedance modeling of piezoelectric 

actuator driven circular rings, but their analysis did not determine a closed form solution. 

Besides, the numerical examples were confined to relatively low frequencies (< 1.8 kHz).  

Liang et al., (1994) performed the coupled E/M analysis of adaptive systems driven by a 

surface-attached piezoelectric wafer. The aim of the analysis was to determine the 

actuator power consumption and system energy transfer. A 1-degree of freedom (1-DOF) 

analysis was performed, and the electrical admittance, as measured at the terminals of the 

PZT wafer attached to the structure, was expressed as: 

 2
33 32 22
T EstrA A

A str A

Zw lY i d Y
h Z Z

ω ε
 

= − + 
 (2.2) 

where wA, lA, hA are the width, length and thickness of the PZT active sensor, 33
Tε is the 

complex dielectric constant at zero stress, d32 is piezoelectric constant, 22
EY  is the 

complex modulus of the sensor at zero electric field, Zstr is the 1-DOF structural 

impedance as seen by the sensor, and ZA is the sensor impedance. A 1-DOF numerical 

example, using a quasi-static sensor impedance formulation, was used to show that the 

E/M admittance response accurately reflects the system dynamic response. At coupled-

system resonance, the real part of the E/M admittance was shown to have a distinct peak. 

However, due to the additional stiffness contributed by the PZT wafer, the system natural 

frequency shifted from 500 Hz (without PZT wafer) to 580 Hz (with PZT wafer). 

Experimental curve-fitting results were also presented. No modeling of the structural 

substrate was included, and no prediction of Zstr for a multi-DOF structure was presented. 

This work was continued and extended by Sun et al., (1994) who used the half-power 

bandwidth method to accurately determine the natural frequency and damping values. 
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Mode shape extraction methods, using the self and cross admittance of multiple sensors, 

were explored. Experiments were performed on aluminum beams at frequencies up to 7 

kHz. These two papers were the first to conceptualize that the E/M admittance as seen at 

the sensor terminals reflects the coupled-system dynamics, and that an embedded PZT 

wafer could be used as structural-identification sensor. However, no theoretical modeling 

of the E/M impedance/admittance response for comparison with experimental data was 

attempted. Nor were investigated the issues of sensor calibration, disbonding/self-

diagnostics, and consistency. The modeling of wave-propagation in jointed 1-D bars, 

using the E/M method, was attempted by Esteban et al., (1996), but fully conclusive 

results were not obtained. The effect of internal damping on the wave localization was 

studied by Esteban, Lalande, and Rogers (1996). 

2.5 Application of the E/M Impedance Method for SHM of Structural 

Members 

Until now, the electro-mechanical impedance technique has evolved mainly through 

experimental discovery and proof-of-concept demonstrations. Chaudhry, Sun, and Rogers 

(1994) and Sun, Chaudhry, Liang and Rogers (1995) described the tentative use of 

impedance measurements for health monitoring of a model space structure. These papers 

described the use of piezoelectric wafer active sensors and impedance analyzer 

equipment to perform the measurements and highlighted the main differences between an 

impedance-based technique and the modal analysis techniques. In more details, 

Chaudhry, Sun, and Rogers (1994) described the use of the E/M impedance technique for 

health monitoring of a three-bay aluminum truss (Figure 2.4). The purpose of this 

experimentation was the on-line implementation of a system using PZT actuator/sensors 
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(a) (b) (c)  

Figure 2. 4 Experimental set-up for the E/M impedance health monitoring of a 3-bay 
space truss (a) the experimental set-up; (b) the PZT wafer active sensor 
applied to a Delrin node of the truss; (c) the E/M impedance frequency 
spectrum before and after application of a near-field damage (after 
Chaudhry, Sun, and Rogers, 1994) 

 

 

(a)         (b)  

Figure 2. 5 The electro-mechanical impedance technique used on the bolted junction 
between the vertical tail and the fuselage of a Piper Model 601P airplane: 
(a) PZT active sensors were mounted on the fuselage side of the vertical-
tail support brackets, each within one inch of the two securing bolts; (b) 
the damage index bar-chart shows sensitivity to the near-field damage and 
rejection of the far-field changes (after Chaudhry, Joseph, Sun, and 
Rogers, 1995) 
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placed at multiple critical locations. Small PZTs (approximately 8 x 8 x 0.2 mm) were 

bonded to the eight nodes of the middle-bay. Damage was simulated by loosening one of 

the member’s connection with the nodal Derlin-ball. Sun et al., (1995) presented a 

development of the method into an automated real-time space-structure health-

monitoring technique containing switching electronics and computer data processing. The 

impedance signature from each node was sequentially acquired and controlled through a 

PC microcomputer. Within the PC microcomputer controller, the damage metric was 

computed and the health status of the structure was displayed in a green/yellow/red light 

fashion. Thus, the possibility of implementing the method for on-line health monitoring 

was confirmed. 

Chaudhry et al., (1995) explored the potentiality of an E/M impedance method for local-

area health monitoring of a tail-fuselage aircraft junction. Figure 2.5b shows the damage 

index measured in the exploratory demonstration of the E/M technique performed on the 

Piper Model 601P aircraft fin/fuselage bolted junction. It was noticed that the method is 

highly sensitive to actual damage, while it is relatively insensitive to other types of 

changes taking place during the normal operation of the aircraft. The sensing localization 

was also remarkably good. Large damage readings were recorded for the smallest bolt 

turn in the near field, while almost no reading was obtained when the same change was 

applied to a bolt in the far field. 

The high frequency impedance SHM of complex precision parts (e.g., spur gears) was 

reported by Childs et al., (1996). Gears were chosen as complex precision parts for the 

experimental procedure because of their high tolerances, high quality, and broad use. It 

was noticed that greater structural activity in a frequency range, which is reflected in an  
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(a) (b)  

Figure 2. 6 Detection of the bending fatigue cracks and abrasive wear in high-
precision gears: (a) the experimental specimen; (b) the damage metric of 
studied cases (after Childs, Lalande, Rogers, and Chaudhry, 1996) 

 

impedance reading, would cause the damage metric to increase because more variations 

in the impedance are present. In addition, the damage metric is larger for cracks adjacent 

to the PZT actuator/sensor due to the localized effect. The damage metric for the abrasive 

wear is shown in Figure 2.6b. It is noticeable that the damage, created by the wear of the 

gear teeth, is less important than the damage created by the crack. 

A succinct overview of exploratory work using the impedance approach for structural 

health monitoring was given by Lalande and Rogers (1996) as well as by Rogers and 

Giurgiutiu (1997). In the last work the authors showed that the changes in the high-

frequency drive-point mechanical impedance can be sensed in the form of changes in the 

apparent E/M impedance of the active material sensor. This allows the direct monitoring 

of impedance changes induced by structural damage and no intermediate equipment 

between the active sensor and the impedance analyzer is needed. Previous work 

performed with the E/M impedance technique at the University of South Carolina 

encompassed damage detection and health monitoring of bolted joints and spot-welded 

joints (Giurgiutiu, Turner and Rogers, 1999; Giurgiutiu, Reynolds, and Rogers, 1999). 
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The bolted joints were selected because “damage” in the joint can be easily induced and 

subsequently reversed. This reversibility aspect allows for testing the method repeatedly, 

which is essential for method validation. Four aluminum thin-gauge plates and multi-site 

bolt-washer-nut assemblies were used in these experiments. These specimens depicted in 

Figure 2.7 as Lap Joint 1 though 4 were tested in three conditions: (a) free (no bolt); (b) 

bolt and nut; (c) bolt, nut and washer. In the last case, the bolted-joints were consistently 

tightened to 50 in-lb torque. The E/M impedance spectra were collected for each 

condition in the 100-800 kHz frequency range. The integrity of the joint was assessed 

through the utilization of the root mean square deviation (RMSD) damage metric (Figure 

2.7).  The study shows that RMSD impedance change is higher for the “damaged” 

structure than for the “pristine” structure. 

The study of spot-welded joints performed using fatigue loading of shear lap-tension 

specimens was presented by Giurgiutiu, Reynolds, and Rogers (1998). In these 

experiments, gradual propagation of damage, induced by the fatigue loading, was 

monitored with the stiffness-damage correlation technique. The spot welded joint was 

constructed from dissimilar alloys, aluminum 7075-T6 and 2024-T3. The piezoelectric 

wafer active sensors were mounted on the specimen as it is shown in Figure 2.8a. The 

MTS 810 Material Test System was used for fatigue testing. The fracture of the specimen 

is depicted in Figure 2.8b. Sensor 1 was situated next to the fracture line. The stiffness-

damage correlation principle was used to identify and control the damage progression in 

the spot-welded specimen during the fatigue testing. At predetermined damage (stiffness 

loss) values, the loading was interrupted and E/M impedance spectra were collected 

(Figure 2.8c). The RMSD damage metric was used to compare spectra for corresponding 
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Figure 2. 7 Results of the high-frequency electro-mechanical impedance health 
monitoring testing of bolted joints: (a) experimental specimens: Lap joins 
1-4; (b) electro-mechanical impedance signatures for three structural 
health situations: no damage (bolt + nut+ washer), partial damage (bolt + 
nut); extensive damage (no bolt); (c) correlation between RMS impedance 
change and specimen structural integrity (damage progression) (after 
Giurgiutiu, Turner and  Rogers,  1999) 
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Figure 2. 8 Spot-welded joints health monitoring experiment: (a) test specimen 
instrumented with PWAS and a clip-on displacement transducer; (b) test 
specimen after failure; (c) E/M impedance signatures for increasing 
amounts of specimen stiffness loss; (d) correlation between RMS 
impedance change and specimen stiffness loss (after Giurgiutiu, Reynolds, 
and Rogers, 1999) 
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percent of stiffness loss. Figure 2.8d shows that direct mapping between damage 

progression and the RMSD E/M impedance change has been achieved. 

2.6 Application of the E/M Impedance Method for SHM in 

Composites 

Structural integrity monitoring of a composite patch repair specimen was attempted by 

Chaudhry et al., (1995). To test the applicability of the E/M impedance technique for 

repair health monitoring, an experiment was performed using a 700 mm × 126 mm dog-

bone specimen repaired with a 200 mm × 70 mm carbon/epoxy patch (Figure 2.9). A 10 

mm × 10 mm PZT wafer active sensor was used to monitor the crack growth under 

fatigue loading and to detect disbonds in the patch/substrate interface. Further extension 

of this work includes the investigation of composite overlays on concrete structures 

(Giurgiutiu et al., 2001). The propagation of cracks in the adhesive bond between 

composite overlays and concrete substrates was monitored with an array of PWAS 

affixed onto the composite overlay (Figure 2.10). The experimental procedure and results 

obtained were presented by Giurgiutiu et al., (2001). Correlation between damage 

progression (crack advancement) and RMSD impedance change was established. These 

experiments have shown positive results for the application of the E/M impedance 

method for SHM of typical composites applied to civil engineering structures. Chiu et al., 

(2000) reports the development of a “perspective repair” or “smart” structure which 

detects the disbond in the adhesive layer between boron/epoxy  and the metallic parent 

structure. The finite element model of a bonded repair system with PZT active sensors 

was presented. The numerical study revealed that if the impedance measurements were to 

be sensitive to the presence of disbond in the adhesive layer, then the sensor had to be 



29 

 

 

(a) (b)  

Figure 2. 9 E/M impedance health monitoring of composite patch repair dog-bone 
specimen: (a) specimen layout; (b) admittance graph (after Chaudhry et 
al., 1995) 

 

 

 

(a) (b) 

Figure 2. 10 University of South Carolina test specimen for E/M impedance technique 
disbond detection: (a) support fixture, concrete brick and composite 
overlay; (b) retention bolts (after Giurgiutiu, V., Lyons, J., Petrou, M., 
Laub, D., and Whitley, S., 2001) 

 



30 

placed over or close to the location of the damage. However, the degree of disbond of the 

composite patch was successfully monitored with microprocessor-based electrical 

impedance analyzers. Amplitude and phase measurements were made in two frequency 

bands: 0.4-1 kHz, and 1-25 kHz. The authors obtained clear and distinctive changes of 

impedance signatures during the SHM process. Progressive disbonds produced 

downward translation of impedance spectra in the y-direction in increasing frequencies. 

The frequency shift depended on the location of damage as well as the sensor location. 

The reader’s attention is drawn to the observation that in order to detect a disbond, the 

PZT active sensor needs to be located on the patch. Placing the sensor on the host 

structure yields no measurable indication of the disbond. The authors conclude that 

impedance measurements can be used to monitor the degree of disbond. 

2.7 Application of the E/M Impedance Method for SHM of Civil 

Infrastructures 

Qualitative health monitoring of a ¼-scale steel bridge junction was investigated by 

Ayres et al., in 1996 (Figure 2.11a). The entire structure had a weigh of more than 500 

pounds and may be considered representative of a typical high-strength civil engineering 

steel structure. Three piezoceramic actuator/sensors were bonded at critical locations on 

the structure to investigate local and global damage due to loose connections and 

structural damage. In Figure 2.11b, the admittance measurements for the healthy structure 

and the damaged structure (one loosened local bolt) are shown. It is to be noted that 

loosening one of the six bolts constituting the connection between the two structural 

members does not constitute a change in the global stiffness of the structure; in fact, it is 

quite comparable to incipient-type damage. In the experiments, the incipient damage 



31 

 

(a) (b)  

Figure 2. 11 E/M impedance technique applied to the NDE of massive structures: (a) a 
¼-scale model of a bridge junction; (b) the loosening of a local bolt has 
the effect of shifting the admittance curve (after Ayres, Rogers, and 
Chaudhry, 1996) 
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Figure 2. 12 E/M impedance health monitoring of composite-overlay strengthening of 
masonry walls (URM specimen #10): (a) E/M impedance spectrum for no 
load, 40-kip and 60-kip; (b) damage index (here, labeled “structural health 
indicator”) vs. load (after Quattrone, Berman, and Kamphaus, 1998) 
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manifested itself as a vertical shift of the admittance and is considered an attribute to the 

high stiffness of the structure. Nevertheless, the E/M impedance technique had 

demonstrated the capacity to detect incipient damage. The results also indicated that the 

technique has the potential for quantifying damage: the effect of two loose bolts is almost 

double that of a single bolt. The localization phenomenon of the E/M impedance method 

was observed. 

Quattrone, Berman, and Kamphaus (1998) reported the use of the electro-mechanical 

impedance method to monitor crack initiation during static testing of masonry wall 

specimens reinforced with composite overlays. Several tests were performed with 

different composite-overlay fabrication solutions. This work indicated that the E/M 

impedance active sensors were able to sense incipient damage taking place in the 

structure much earlier than visual methods (Figure 2.12). The E/M impedance technique 

was also able to detect wide-area damage and to predict failure of the structure. 

Another example of civil infrastructure monitored with the E/M impedance method was 

given by Park et al., (1999). Five piezoelectric active sensors were installed on a 

composite reinforced wall: 4 in the corners and one in the center. The wall was subject to 

diagonal load and propagation of incipient damage was monitored with PZT sensors. 

When the composite reinforced structure was loaded up to 50,000 lbs in steps of 5,000 

lbs, failure along the top line occurred. Later the load was increased to 60,000, which 

caused a centerline fracture along with multiple cracks appearing at the lower corner of 

the wall (Figure 2.13a). The impedance spectra of sensors neighboring the damaged 

region were modified by propagating damage. The measured data was processed with a 

damage metric defined as the sum of the squared difference of the real impedance  
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(a) (b)  

Figure 2. 13 Experiment with composite reinforced concrete wall conducted by Park et 
al., (1999): (a) composite reinforced concrete wall specimen under 
compression load, failure type and sensors locations; (b) damage metric 
corresponded to the particular loads 

 

changes at each frequency step (details are available in Park and Inman, 2001). Based on 

this metric the severity and location of the damage were assessed. At the point of 

maximum load just before fracture (60,000 lbs), almost all sensors installed on the 

structure revealed significant change in the impedance signature, and thus in the damage 

metric (Figure 2.13b). However, the sensor distant from the damage did not show a large 

increase in damage metric. This localization effect was expected. It should be noted that 

multiple cracks in different areas were picked up accurately when they were already 

visually observed. Although this limitation was noted, the experiments confirm the ability 

of the E/M impedance method to monitor the structural health of a reinforced concrete 

structure. 

2.8 Qualification of Damage Size and Intensity 

Pardo de Vera and Guemes (1997) employed a simplified impedance measuring method 

consisting of the use of an inexpensive laboratory-made RC-bridge to detect damage in a 

GFRP composite specimen. The reported advantage of using the RC-bridge lies in its low 
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cost and simplicity. The disadvantages of using the RC-bridge are:  (a) additional 

instrumentation and processing needs to be used to separate the signal into its real (in 

phase) and imaginary (out of phase) parts. (b) Precise bridge balance needs to be initially 

attained in order to prevent the excitation signal from filtrating into the output and 

masking the sensing signals. The experimental set up consisted of a 4 × 30 × 115 mm3 

GRFP specimen instrumented with a 0.2 × 10 × 20 mm3 PZT wafer active sensor. 

The active sensor was placed close to the left end of the composite specimen (Figure 

2.14a). Damage in the specimen was simulated by drilling holes of increasing size (3, 4, 

and 6 mm) on the central line of the specimen, 35 mm away from the PZT active sensor. 

The instrumentation used during the experiment consisted of a high-rate A/D-D/A board 

controlled by LabView software through a PC. Plots of the transfer function over a 1 kHz 

to 60 kHz range were obtained. Particular activity was noticed in the 38 kHz range: as the 

hole size was increased, an increase in the amplitude of the corresponding resonance 

frequency was also noticed. In order to quantify damage, a damage factor was defined as 

the difference between the transfer function amplitudes of the damaged and undamaged 
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Figure 2. 14 Experimental specimen and results obtained for GRFP composite health 
monitoring using the E/M impedance technique: (a) GRFP specimen with 
PZT wafer active sensor and hole. (b) Correlation between the damage 
factor and the damage size (after Pardo de Vera and Guemes, 1997) 
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structures. Pardo de Vera and Guemes (1997) also explored the possibility of correlating 

the damage factor with the defect size. In this case, the damage factor can be used to 

perform quantitative evaluations, i.e., to identify the size and extent of damage. Figure 

2.14b presents a plot of the damage factor against the simulated-defect size (hole 

diameter). It can be seen that a good linear fit is present. This indicates that the E/M 

impedance method, besides sensing incipient damage, is also able to sense damage size. 

However, the utilization of a suitable damage metric is still an open question for the SHM 

community. An extensive study of this subject is presented by Tseng et al., 2001. The 

authors used an overall-statistics approach based on root mean square deviation (RMSD), 

mean absolute percentage deviation (MAPD), covariance and the correlation coefficient 

to quantify the presence of damage. Three types of specimens were used: an aluminum 

strip with holes drilled towards the bonded PZT active sensor, an aluminum strip with 41 

pre-drilled holes, each of which was tightly screwed by screw and nut, and a square plate 

with a PZT sensor bonded to the center and damage simulated by drilling holes of 

different sizes. The high frequency ranges (about 400-450 kHz) were found to be more 

sensitive in the characterization of structural health than the low frequency ranges (100-

150 kHz). Of all the four techniques, the RMSD was found to be the least sensitive 

metric. In contrast, for the set of discussed experiments, the correlation coefficient was 

found to be the most appropriate damage metric. The authors also recommend that the 

characterization of damage in terms of RMSD values can be done only for the extent or 

the size of the damage but not the exact location of damage.  

The successful utilization of the E/M impedance method for structural health monitoring 

has been demonstrated for many types of applications: aerospace and civil structures, 
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precision machinery and different types of mechanical joints. By studying proof of 

concept applications the following advantages of the E/M impedance method over 

traditional health monitoring techniques were observed: 

 Capability of capturing incipient damage at early stage. 

 Insensitivity to unwanted disturbances associated with changes in global boundary 

conditions, loading, or normal operational vibrations. 

 Operation in the high frequency band where conventional modal analysis methods 

experience difficulties. 

 Capability for on-line health monitoring, and suitability for continuous monitoring 

that can replace scheduled depot-based inspections. 

 Applicability to complex structures. 

 Non-intrusive and small-size lightweight piezoelectric wafer active sensors, which 

add no significant mass to the structure, and can be placed in locations inaccessible 

for other methods. 

It should be emphasized that the electro-mechanical impedance method offers two clear 

benefits over traditional vibration-based NDE and SHM methods: (a) ensures high 

resolution to incipient structural damage; (b) ensures localization of the sensing area. 

To use the E/M impedance method to its best advantage, a proper understanding of 

PWAS dynamics and sensor-structure interaction mechanism is needed. Part I presents a 

detailed study of these issues. Both theoretical and experimental aspects of the 

development of the method are addressed. 
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Chapter 3 

3 Piezoelectric Wafer Active Sensors  

The advent of commercially available low-cost piezoceramics has opened new 

opportunities for dynamic structural identification using embedded active sensors. 

Embedded active sensors are small piezoelectric (Lead (Pb) Zirconate Titanate (PZT)) 

ceramic wafers that can be permanently attached to the structure (Figure 3.1). Through 

their intrinsic electro-mechanical (E/M) coupling, these piezoelectric wafers act as both 

sensors and actuators. In addition, their frequency bandwidth is orders of magnitude 

larger than that of conventional modal analysis equipment. They can form sensor and 

actuator arrays that permit effective modal identification in a wide frequency band.  

Crawley and Luis (1987) proposed the use of piezoceramic wafers as elements of 

intelligent structures. Dimitriadis et al., (1991) and D’Cruz (1993) used piezoelectric 

wafers for structural excitation. Zhou et al., (1996) performed experiments in which a 

 PZT wafer 
active sensor

Structure 

Defect or 
damage 

 
Figure 3. 1 PZT wafer acting as active sensor to detect and monitor structural damage 
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PZT wafer produced the excitation, while a laser velocimeter picked up the vibration 

response. Several investigators (Collins et al., 1992; Clark et al., 1993) and others used 

piezo-polymer films for vibration sensing. Banks (1996) describes experiments in which 

the PZT wafer was used initially for excitation, and then for sensing the free decay 

response. Wang and Chen (2000) used a PZT wafer to excite the structure and an array of 

PVDF film sensors to pick up the forced vibration response to generate the frequencies 

and mode shapes through multi-point signal processing.  

This chapter presents a step-by-step derivation of the piezoelectric wafer active sensor 

dynamics for various boundary conditions. In these derivations, the limitations of the 

quasi-static sensor approximation adopted by previous investigators are lifted. The 

classical approach for free vibrations of a piezoelectric sensor was reviewed and 

numerical simulations are presented. An expression for an elastically constrained sensor 

containing the full sensor dynamics is derived. This opens the path towards full inclusion 

of the structural dynamics and the development fully coupled sensor-structure models to 

be presented in Chapters 4 and 5. Analytical expressions and numerical results for the 

E/M admittance and impedance as seen at sensor terminals are produced for 1-D and 2-D 

cases. These numerical results are directly compared with experimental measurements 

performed at the piezoelectric active sensor terminals. 

3.1 Modeling of the Piezoelectric Active Sensor, 1-D Approach 

The dynamics of a single PZT active sensor is first considered. The modeling of a single 

PZT sensor is useful for two reasons: (a) understanding the electromechanical coupling 

between the mechanical vibration response and the complex electrical response of the 

sensor; and (b) sensor screening and quality control prior to installation on the structure. 
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Various boundary conditions (free; clamped; elastically constrained) are discussed. The 

free boundary condition is a classical case (Onoe and Jumoji; 1967; Pugachev et al., 

1984; IEEE Std. 176, 1987; Parton and Kudryavtsev, 1988; Ikeda, 1996), which 

introduces the notations to the reader and sets the stage for the other two cases. The 

clamped case is important as the antithesis of the free case. The elastically constrained 

case represents a generic situation, which asymptotically approaches each of the previous 

two cases as the constraint becomes vanishingly soft, or infinitely stiff, respectively. The 

elastically constrained case opens the path toward the analysis of the complete sensor-

structure dynamics, as covered in following chapters of this dissertation. 

Consider a PZT wafer of length la, breadth ba, and thickness ta (Figure 3.2), undergoing 

displacements, u1, u2, u3 induced by the electric polarization field, E3. The electric field is 

produced by the application of a harmonic voltage V(t) = V̂ eiωt between the top and 

bottom surface electrodes. The resulting electric field, E = V/ta, is assumed spatially 

uniform ( 1/E x∂ ∂  = 2/E x∂ ∂  = 3/E x∂ ∂  = 0). 

The constitutive equations of the PZT material are: 

 

ta 

1 

2 

3

Surface electrodes

Poling direction

la 

ba 

 

Figure 3. 2  Schematic of a PZT active sensor 
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 1 11 1 12 2 13 3 31 3
E E ES s T s T s T d E= + + + . 

 2 21 1 22 2 23 3 32 3
E E ES s T s T s T d E= + + +  (3.1) 

 3 31 1 32 2 33 3 33 3
E E ES s T s T s T d E= + + +  

 3 31 1 32 2 33 3 33 3
TD d T d T d T Eε= + + + . 

where Si is the strain, Ti is the stress, D3 is the electrical displacement (charge per unit 

area), E
ijs  is the mechanical compliance at zero field, 33

Tε  is the dielectric constant at zero 

stress, d3i is the induced strain coefficient, i.e., mechanical strain per unit electric field. 

3.1.1 Longitudinal Vibrations of a Free Active Sensor 

To simplify the analysis, the length, breadth, and thickness are assumed to have widely 

separated values (ta<<ba<<la) such that the length, breadth, and thickness motions are 

practically uncoupled. For a longitudinal vibration, we write: 

 1 11 1 31 3

3 31 1 33 3

E

T

S s T d E

D d T Eε

= +

= +
. (3.2) 

Using Newton’s law of motion, /
1 1T uρ= , and the strain-displacement relation, 1 1S u′= , 

Equation (3.2) yields the axial waves equation: 

 x3

x1, u1 

Polarization,
E3 

PZT active sensor

length la  
 

Figure 3. 3 PZT wafer active sensor schematic 
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 2
1 1u c u′′=  (3.3) 

where ( )= ( )/ t∂ ∂ , and ( ) = ( )/ x′ ∂ ∂ , while 2
111/ E

ac sρ=  is the wave speed, ρa is the 

density of piezoelectric material. The solution of Equation (3.3) is: 

 ( )1 1 1 1 2ˆ ˆ( , ) ( )    where     ( ) sin cosi tu x t u x e u x C x C xω γ γ= = +  (3.4) 

The variable γ = ω/c is the wave number (Graff, 1975), and ˆ( )  signifies the harmonic 

motion amplitude. The constants C1 and C2 are determined from the boundary conditions. 

For a free PZT active sensor, stress-free boundary conditions apply at both ends, i.e., 

1
2( )aT l−  = 1

2( )aT l  = 0. Equation (3.2) gives the conditions 1 1
31 32 2

ˆˆ ˆ( ) ( )a au l u l d E′ ′− = = . 

Substitution of Equation (3.4) yields: 

 ( )1 1
1 2 31 32 2

ˆcos sina aC l C l d Eγ γ γ− =  (3.5) 

 ( )1 1
1 2 31 32 2

ˆcos sina aC l C l d Eγ γ γ+ =  (3.6) 

The solution is: 

 1
1 2 1 1

2 2

sinˆ ( )
cosISA

a a

xu x u
l l

γ
γ γ

=  (3.7) 

This result is consistent with Ikeda (1996), with the only difference of the notation 

31 3
ˆ

ISA au d E l= ⋅ . The poles of Equation (3.7), correspond to frequency values where the 

mechanical response to electrical excitation becomes unbounded, i.e., electromechanical 

resonance. For pure mechanical response (Inman, 1996, pp. 322), resonance occurs at 

al nγ π= , n = 0,1,2, …. The even multiples of π correspond to symmetric modes of 

vibration, while the odd values correspond to anti-symmetric modes. However, the 
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condition for Equation (3.7) to have unbound values and produce electromechanical 

resonance is 1
2 2(2 1)al m πγ = +  m = 0,1,2, …. This means that only anti-symmetric 

vibration modes, corresponding to odd multiples of π, are amiable to electromechanical 

resonance. The physical explanation for this phenomenon lies in the fact that the free 

boundary conditions (3.5) and (3.6) imply that the mode shape derivatives have same 

values at both ends, and this can only happen if the vibration modes shapes are anti-

symmetric. Equation (3.2) can be re-expressed as: 

 ( ) 231 1
3 1 31 3 33 3 33 3 31

31 311

1 1T T
E

d uD u d E E E
d Es

ε ε κ
  ′

′= − + = + −  
  

 (3.8) 

where ( )2 2
13 31 11 33/ E Td sκ ε=  is the electromechanical coupling factor (IEEE Std. 176, 1987). 

Integration of Equation (3.8) yields the charge: 

 22 2 2
3 33 31 1

31 32 2 2

1 11 1
a a a

a a a

l b l
T a a

l b l
a a

b lQ D dxdy V u
t l d E

ε κ
+ + +

− − −

  
= = + −  

   
∫ ∫  (3.9) 

where 33 /T
a a ab l t Cε =  is the conventional capacitance of the piezoelectric wafer. For 

harmonic motion, ˆˆ iI Qω= ⋅ . Recall the expressions ˆ ˆ/Y I V= and Z = Y-1 for the electric 

admittance and impedance, respectively. Hence, Equation (3.9) yields 

 
1

2 2
31 1

2

tani 1 1a

a

lY C
l
γω κ

γ
  

= ⋅ + −  
  

 (3.10) 

This result agrees with Ikeda (1996). To facilitate comparison with future results, we 

write Equation (3.10) in the form: 

 2
31

1i 1 1
cot

Y Cω κ
ϕ ϕ

  
= ⋅ − −  
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1

2
31

1 11 1
i cot

Z
C

κ
ω ϕ ϕ

−
  

= − −  ⋅   
 (3.11) 

where 1
2 alϕ γ= . As for any electrically reactive device, the admittance is purely 

imaginary. The admittance poles, 2(2 1)Y m πϕ = + , m = 0, 1, 2, … correspond to the 

electromechanical resonance. At the admittance poles, Î → ∞ . Mathematically, the 

admittance follows the behavior of the 1/cotϕ function, which goes to +∞, and then 

suddenly jumps to -∞. Also of interest are the admittance zeros (impedance poles), which 

are solutions of the equation ( )2 2
31 31cot / 1Z Zϕ ϕ κ κ= − − . At these values I = 0. Table 3.1 

shows the admittance and impedance poles calculated for κ31= 0.36. The numerical 

values of the admittance poles, ϕY, and impedance poles, ϕZ, differ significantly only for 

the first few modes. By the fourth mode, the difference between them drops below 0.1%. 

Equation (3.11) can be used to predict the admittance and impedance frequency response 

shown in Figure 3.4. To this purpose, it is necessary to note that ω  = 2πf and 

1
2 /al cϕ ω= . As the excitation frequency varies, and resonance and anti-resonance 

frequencies are encountered, the admittance and impedance go through +∞ to -∞ 

transitions. In practice, admittance and impedance magnitudes always display some 

limited values due to the effects of internal losses inside piezoelectric material. Outside 

resonance, the admittance follows the linear function iωC, while the impedance follows 

the inverse function 1/(iωC). 

Internal Damping Effects 

Materials under dynamic operation display internal heating due to several loss 

mechanisms (Lazan, 1968). Such losses can be incorporated in the mathematical model 
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Figure 3. 4 Frequency response of the piezoelectric bar in the region of resonance: (a) 
magnitude of admittance, log scale; (b) magnitude of impedance, log scale 

 
 
 
 
 
 

Table 3. 1 Admittance and impedance poles for κ31= 0.36 

Admittance poles, ϕY π/2 3π/2 5π/2 7π/2 9π/2 

Impedance poles, ϕZ 1.0565π/2 3.021π/2 5.005π/2 7π/2 9π/2 

ϕZ/ϕY 1.0565 1.0066 1.0024 1.0012 1.0007 
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of the piezoelectric active sensor by assuming complex expressions for the compliance 

and dielectric constant: 

 11 11(1 i )E Es s η= − ,      ( )33 33 1 iT Tε ε δ= −  (3.12) 

The values of η and δ vary with the piezoceramic formulation, but are usually small (η, δ 

< 5%). The admittance and impedance become complex expressions: 

 2
31

1i 1 1
cot

Y Cω κ
ϕ ϕ

  
= ⋅ − −  

  
 

 
1

2
31

1 11 1
i cot

Z
C

κ
ω ϕ ϕ

−
  

= − −  ⋅   
 (3.13) 

where ( )2 2
13 31 11 33/ E Td sκ ε=  is the complex coupling factor, and ( )1 iC Cε= − , 

1 iϕ ϕ δ= − . Similar expressions can be derived for the breadth and thickness 

vibrations, with appropriate use of indices. When studying the frequency spectrum of the 

complex admittance and impedance, an interesting phenomenon is observed at resonance 

and anti-resonance frequencies. Recall that, in the absence of internal damping, the 

admittance is purely imaginary and, at resonance, crosses over from +∞ to -∞. The effect 

of damping is to make these extremes to finite, though very large values. Thus, while 

traversing a resonance frequency, the imaginary part of admittance crosses from a very 

large positive to a very large negative value. In this process, the value of admittance at 

resonance is actually zero. At the resonance frequency, the real part of the admittance is 

the only non-zero term, since the response is only limited by the physical dissipation 

mechanism. At resonance, the real part of admittance displays a clear peak, which can be 

used to detect the value of the resonance frequency (This phenomenon is well known in 
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vibration testing, as described by Ewins, 1984). A similar behavior is also displayed by 

the complex impedance. 

3.1.2 Longitudinal Vibrations of a Clamped Active Sensor 

Consider fully constrained PZT active sensor as shown in Figure 3.5. The boundary 

conditions for this case are expressed as 1
1 2( )au l−  = 1

1 2( )au l  = 0. General solution (3.4) 

upon substitution into Equation (3.2):  

 ( )1 1
1 2 11 1 31 32 2

ˆcos sin E
a aC l C l s T d Eγ γ γ− = +  (3.14) 

 ( )1 1
1 2 11 1 31 32 2

ˆcos sin E
a aC l C l s T d Eγ γ γ+ = − +  (3.15) 

Upon summation 31 3
1 1

2

ˆ

cos a

d EC
lγ γ

= , and the general solution is expressed as: 

 1
1 2 1 1

2 2

sinˆ ( )
cosISA

a a

xu x u
l l

γ
γ γ

=  (3.16) 

Equation (3.16) is applied only for the even modes, i.e. for the electromechanical 

resonances. 

Imposing boundary condition into Equation (3.9), we obtain the electric charge: 

 22 2 2
3 33 31 1

31 32 2 2

1 11 1
a a a

a a a

l b l
T a a

l b l
a a

b lQ D dxdy V u
t l d E

ε κ
+ + +

− − −

  
= = + −  

   
∫ ∫ , 

 

x1, u1

Polarization,
E3 

x3 

length la   

Figure 3. 5 Clamped PZT wafer active sensor 
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 2
33 311TQ CVε κ = −   (3.17) 

For harmonic motion, ˆˆ iI Qω= ⋅ , the electric admittance and impedance expressions for a 

PZT active constrained sensor are obtained in the following form: 

 2
31( ) i 1Y Cω ω κ = ⋅ −  ,      

12
31

1( ) 1
i

Z
C

ω κ
ω

−
 = − ⋅

 (3.18) 

It can be shown that this result is equivalent with that mentioned by Ikeda (1996). The 

effect of structural and sensor damping can be easily introduced in Equations (3.18) by 

the use of complex notations: 

 2
31( ) i 1Y Cω ω κ = ⋅ −  ,      

12
31

1( ) 1
i

Z
C

ω κ
ω

−
 = − ⋅

 (3.19) 

3.1.3 Longitudinal Vibrations of an Elastically Constrained Active Sensor 

Consider a constrained PZT active sensor as shown in Figure 3.6. For symmetry, the 

overall structural stiffness, kstr, has been split into two end components, each of size 2kstr. 

The boundary conditions applied at both ends connect the resultant of internal stresses 

with the spring reaction force, i.e., 

 
( ) ( )

( ) ( )

1 1
1 12 2

1 1
1 12 2

2

2
a a a str a

a a a str a

T l b t k u l

T l b t k u l

= −

− = −
 (3.20) 

 
 

x1, u1

Polarization,
E3 

length l, thickness t; width, b. 2kstr 2kstr 

x3 

 
Figure 3. 6 PZT wafer active sensor constrained by an overall structural stiffness kstr 
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Substitution of Equation (3.20) into Equation (3.2) gives:  

 
( ) ( )

( ) ( )

111 1
1 1 31 32 2

111 1
1 1 31 32 2

2

2

E

a a a str a
a a
E

a a a str a
a a

su l b t k u l d E
b t

su l b t k u l d E
b t

′ = − +

′ − = − +

 (3.21) 

Introducing the quasi-static stiffness of the PZT active sensor, 

 
11

b a
PZT E

a

Ak
s l

= , (3.22) 

and the stiffness ratio 

 ( )( ) str
b
PZT

kr
k

ωω = , (3.23) 

Equation (3.21) can be rearranged in the form: 

 ( ) ( )1 1
1 1 31 32 21

2

( )
a a a a

a

ru l b t u l d E
l
ω′ ± ± ⋅ =  (3.24) 

Substitution of the general solution (3.4) yields the following linear system in C1 and C2: 

 
( ) ( )
( ) ( )

1
1 2 2

1
1 2 2

cos ( )sin sin ( ) cos

cos ( )sin sin ( )cos
ISA

ISA

r C r C u

r C r C u

ϕ ϕ ω ϕ ϕ ϕ ω ϕ

ϕ ϕ ω ϕ ϕ ϕ ω ϕ

+ − − =

+ + − =
 (3.25) 

where 31 3
ˆ

ISA au d E l= ⋅  and 1
2 alϕ γ= . Upon solution, 

 ( ) ( )
1

1 2
sinˆ

cos ( )sinISA
xu x u

r
γ

ϕ ϕ ω ϕ
=

+
 (3.26) 

Substitution into Equation (3.2) leads to admittance and impedance expressions for a PZT 

active sensor constrained by the structural substrate with an equivalent stiffness ratio 

r(ω): 
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 2
31

1( ) i 1 1
cot ( )

Y C
r

ω ω κ
ϕ ϕ ω

  
= ⋅ − −  +  

 

 
1

2
31

1 1( ) 1 1
i cot ( )

Z
C r

ω κ
ω ϕ ϕ ω

−
  

= − −  ⋅ +  
  (3.27) 

Comparison of this equation with Equation (3.11) corresponding to the free sensor, 

indicates that the structural stiffness ratio, r(ω), is additive to the sensor resonance term, 

cotϕ ϕ . When the PZT active sensor is used in a frequency sweep, the apparent 

structural stiffness, kstr will vary with frequency, going through zero at structural 

resonances, and extreme values at structural anti-resonances. Equation (3.27) infers that 

both structural resonances and sensor resonances will be reflected in the admittance and 

impedance frequency spectra. Analysis of the asymptotic behavior of Equation (3.27) 

reveals important facts. For a vanishingly small r(ω), i.e., free sensor vibrations, we get 

 2
31

1( ) i 1 1
cotfreeY Cω ω κ

ϕ ϕ
  

= ⋅ − −  
  

 as r(ω) → 0 (3.28) 

For infinitely large r(ω), i.e., clamped sensor vibrations, we get Equation (3.18): 

 2
31( ) i 1clampedY Cω ω κ = ⋅ −   as r(ω) → ∞ (3.29) 

Both these formulae are consistent with the fundamental theory of piezoelectricity (Ikeda, 

1996). On the other hand, as γla → 0 (i.e., quasi-static sensor conditions), we get 

 2
31

( )( ) i 1
1 ( )qs

rY C
r
ωω ω κ

ω
 

= ⋅ − + 
, 

1
2
31

1 ( )( ) 1
i 1 ( )qs

rZ
C r

ωω κ
ω ω

−
 

= − ⋅ + 
, (3.30) 

which is consistent with the results of Liang et al., (1994), Giurgiutiu et al., (1994), and 

other investigators as presented in Chapter 2. The expressions contained in Equation 
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(3.27) are a generalization of these results and bridge the gap between high-frequency 

sensor-focused analysis (e.g., Ikeda, 1996) and low-frequency structure-focused analysis 

(e.g., Liang et al., 1994). The present results cover the complete frequency spectrum and 

encompass both structure and sensor dynamics. 

The effect of structural and sensor damping can be easily introduced in Equation (3.27) 

by the use of complex notations: 

 2
31

1( ) i 1 1
cot ( )

Y C
r

ω ω κ
ϕ ϕ ω

  
= ⋅ − −  +  

  

 
1

2
31

1 1( ) 1 1
i cot ( )

Z
C r

ω κ
ω ϕ ϕ ω

−
  

= − −  ⋅ +  
 (3.31) 

where r (ω) is the frequency-dependent complex stiffness ratio that reflects the structural 

point-wise dynamics and the sensor dissipation mechanisms. 

3.1.4 Breadth and Thickness Vibrations of Active Sensor 

The breadth and thickness vibrations could be deduced in ways similar with those used 

for length vibrations. However, certain aspect-ratio particularities and plane-stress vs. 

plane-strain issues need to be addressed (Pugachev et al., 1984; Ikeda, 1996). For a free 

sensor: 

 2
31

tan( ) i 1 1l
l

l

Y C ϕω ω κ
ϕ

  
= ⋅ + −  

  
, 1( ) ( )l lZ Yω ω −=     (length vibrations) (3.32) 

where 
2

2 31
31

33 11
T E
d

s
κ

ε
= , 11v 1/ E

l asρ= , 1
2 v

a
l

l

lωϕ =  . 
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 2
31

tan( ) i 1 1b
b

b

Y C ϕω ω κ
φ

  
′= ⋅ + −  

  
, 1( ) ( )b bZ Yω ω −=  (breadth vibrations) (3.33) 

where 
2

2 31
31 2

31

1
11

a

a

κ νκ
νκ

+′ =
−−

, ( )2 2
11v =1/ 1b a asρ ν− , 1

2 v
a

b
b

bωϕ = , να  = Poisson’s ratio for 

the piezoelectric material. 

 2

33

tan1( ) 1
i

a t
t tS

a a t

tZ
b l

ϕω κ
ω ε ϕ

 
= − 

 
, 1( ) ( )t tY Zω ω −=    (thickness vibrations) (3.34) 

where 
2

2 33

33 33
t S D

h
c

κ
β

= , 33v /D
t ac ρ= , 1

2 v
a

t
t

tωϕ = . 

3.1.5 Numerical Simulation of a Piezoelectric Rectangular Wafer Active Sensor 

To illustrate presented analysis, a numerical simulation was performed for a typical 

piezoelectric active sensor with following dimensions: la = 6.99 mm, ba = 1.65 mm, ta = 

0.2 mm. The piezoceramic properties are presented in Table 3.2 (Note that ε0 = 8.84194 

pF/m). 

Figure 3.7 presents the numerical simulation of longitudinal vibrations over a wide 

frequency range. The impedance and admittance spectra were simulated with Equation 

(3.13). The electromechanical admittance and impedance, as it would be measured at 

sensor terminals, are plotted. In these simulations, 1% damping (δ = ε = 1%) was 

assumed. The introduction of this slight damping value generated non-singular behavior 

around the resonance and anti-resonance points and gave realism to the simulation. The 

examination of Figure 3.7 shows the effect of resonances and anti-resonances on the 

admittance and impedance curves. Outside resonances, the electro-mechanical admittance 

behaves essentially like iωC (Figure 3.7a). Similarly, outside anti-resonances, the electro-
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mechanical impedance behaves like 1/(iωC). At resonances and anti-resonances, the 

basic iωC and 1/(iωC) patterns of behavior are modulated by the resonant and anti-

resonant responses that generate zigzags in the imaginary parts and sharp peaks in the 

real part. The resonance and anti-resonance frequencies can be clearly identified as 

definite peaks in the real-part plots of the admittance and impedance functions (Figure 

3.7b). These frequencies, read to 4-digit accuracy, are listed in Table 3.3. Also listed in 

Table 3.3 are the undamped resonance and anti-resonance frequencies determined with 

the Yϕ  and Zϕ  values of Table 3.3. Comparison of slightly damped and undamped 

frequencies reveals that their numerical values remain virtually unchanged when slight 

damping was introduced. This confirms that the peaks of the admittance and impedance 

real-part spectra can be confidently used to determine the resonance and anti-resonance 

frequencies. This has important experimental significance, since extracting the same 

information from the imaginary part plots is much less practical because, in these plots, 

the resonance and anti-resonance specific patterns are masked by the dominant iωC and 

1/(iωC) basic response. 

3.1.6 Comparison of Measured and Calculated E/M Admittance Spectra for the 

Rectangular Wafer Active Sensors 

As received, the rectangular piezoceramic wafers had an aspect ratio close to one, i.e., 

were practically square. The modeling of in-plane vibrations of square PZT wafers is not 

easily attainable, since no closed-form solution exists for this 2-dimensional (2-D) non-

axisymmetric mode. In the discussed analysis, the applicability of 1-dimensional (1-D) 

results of Equations (3.32-3.34) to predict the E/M impedance and admittance response, 

and subsequently identify resonance frequencies was investigated. To achieve this, the 



54 

 

Table 3. 2 Properties of a typical PZT active-sensor wafer (APC-850) 

Property Symbol Value 

Compliance 11
Es  15.300·10-12 Pa-1  

Dielectric constant 33
Tε  15.470·109 F/m 

Induced strain 
coefficient d13 -175·10-12 m/V 

Coupling factor κ31 0.360 
Length-wise wave 
speed c 2900 m/s 

Permittivity of free 
space ε0 8.84194 pF/m 

 

 

 

Table 3. 3 Admittance and impedance poles measured during numerical simulation of a 
PZT active sensor (la = 6.99 mm, ba = 1.65 mm, ta = 0.2 mm, APC-850 
piezoceramic, δ=ε =1%) 

Mode No. 1 2 3 4 5 6 … 
Resonance frequencies (peaks
of admittance real part
spectrum), fY, kHz. 

207.17 621.57 1035.80 1450.20 1864.50 2278.90 … 

Anti-resonance frequencies
(peaks of impedance real part
spectrum), fZ, kHz 

218.94 625.70 1038.30 1452.00 1866.00 2280.00 … 

fZ/fY 1.0568 1.0066 1.0024 1.0012 1.0008 1.0005 … 
fYn/fY1 1.000 3.000 5.000 7.000 9.000 11.000  
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Figure 3. 7 Simulated admittance and impedance of a PZT active sensor (la = 7 mm, 
ba = 1.68 mm, ta = 0.2 mm, APC-850 piezoceramic, δ =ε =1%): (a) 
complete plots showing both real (full line) and imaginary (dashed line) 
parts; (b) plots of real part only, log scale 
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active sensor specimens of increasing aspect ratios 1:1, 2:1, and 4:1 were progressively 

used. The specimens were fabricated from an as-received square wafer, by machining the 

breadth in half and then in quarter (Figure 3.8). It was expected that, as the aspect ratio 

increased, the experimental results would converge to the 1-dimensional prediction. 

Figure 3.9 shows the admittance real-part spectrum for the square-shaped piezoelectric 

active sensor (aspect ratio 1:1). In the 0 – 1500 kHz frequency band, the 1-D theoretical 

curve predicts 3 double peaks (1L, 1B, 2L, 2B, 3L, 3B) and one single peak (4L) where L 

= length modes, B = breadth modes. The 4B mode is outside the 0 – 1500 kHz range, and 

hence was not plotted. The double peaks indicate the modes coalescence between length 

and breadth vibrations due to la = 7.00 mm and ba = 6.99 mm giving almost identical 

length and breadth frequencies at the low end of the spectrum. The corresponding 

resonance frequencies (Table 3.4) are 208 kHz (1L), 222 kHz (1B), 621 kHz (2L), 663 

kHz (2B), 1038 kHz (3L), 1108 kHz (3B) and 1451 kHz (4L). It should be noted that the 

calculated frequencies are in the harmonic ratio 1:3:5:7, as predicted by Table 3.3.  

The 1L and 1B experimental results are significantly different from the theoretical 

predictions. The high errors (19% and 37%, respectively) are indicative of the 2-D 

stiffening effect, typical of low-aspect ratio in-plane vibrations, that is not captured by the 

1-D theory. At higher modes, this stiffening diminishes, and the agreement between 

theory and experiment improves (7.3% and 5.6% for the 2L and 2B modes; 2.3% and 

3.6% for the 3L and 3B modes). This indicates that, with the exception of first modes, 1-

D theory gives a reasonable approximation at aspect ratios as low as 1:1. Also in good 

agreement is the out-of-plane 1T thickness frequency (10, 565 kHz, 0.7% error). 
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(a) (b) (c)

 
Figure 3. 8 Rectangular piezoelectric active sensor with various aspect ratios: (a) 1/1; 

(b) 1/2; (c) 1/4 
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Figure 3. 9 Experimental and calculated admittance spectra for the square plate active 

sensor (la = 6.99 mm, ba = 6.56 mm, ta = 0.215 mm, 33
Tε = 15.470⋅109 F/m, 

11
Es = 15.3⋅10-12⋅Pa-1, 31d = -175⋅10-12⋅m/V, k31 = 0.36) 
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Figure 3.10 shows the admittance real-part spectrum for the half-breadth piezoelectric 

active sensor (aspect ratio 2:1). In the 0 – 1500 kHz frequency band, the theoretical curve 

displays 6 peaks. The corresponding resonance frequencies (Table 3.4) are 208 kHz (1L), 

621 kHz (2L), 1038 kHz (3L), 1451 kHz (4L), for lengthwise vibration, and 439 kHz 

(1B), 1318 kHz (2B) kHz for breadthwise vibration. The experimental results agree very 

well for the 1L and 1B modes (<2% error), a little less for the 2L and 2B modes (4 – 5% 

error) and reasonable for 3L mode (10%). The agreement for the 4L mode is also good. 

In addition to these clearly identifiable modes, several other peaks are present in the 

experimental curve. These modes are attributed to the edge roughness producing 

secondary vibration effects. It is possible to conclude that, although the half-breadth 

sensor (aspect ratio 2:1) is still far from a proper 1-D case, a clear trend towards mode 

separation and a definite improvement in the first-mode prediction accuracy can be 

observed. 

Figure 3.11 shows the admittance real-part spectrum for the quarter-breadth piezoelectric 

active sensor (aspect ratio 4:1). In the 0 – 1500 kHz frequency band, the theoretical curve 

displays six peaks. The corresponding resonance frequencies, as given in Table 3.4, are 

208 kHz (1L), 621 kHz (2L), 1038 kHz (3L), 1451 kHz (4L), and 940 kHz (1B) kHz  

The experimental results, as presented in Figure 3.11 and Table 3.4, are in good 

agreement with the theory, especially for the 1L, 2L, 3L, and 1B, resonances that stay 

within 4% error. The 4L resonance shows a rather higher (–9%) error. In addition, the 

experimental curve shows an additional peak at 1167 kHz, which does not have a 

theoretical explanation. The overall conclusion is that, for 4:1 aspect ratio, good 

agreement between experiment and 1-D theory is obtained. 
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Figure 3. 10 Experimental and calculated admittance spectra for the half-breadth active 

sensor (la = 6.99 mm, ba = 3.53 mm, ta = 0.215 mm, 33
Tε = 15.470⋅109 F/m, 

11
Es = 15.3⋅10-12⋅Pa-1, 31d = -175⋅10-12⋅m/V, k31 = 0.36) 
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Figure 3. 11 Experimental and calculated admittance spectra for the quarter-breadth 

active sensor (la = 6.99 mm, ba = 1.65 mm, ta = 0.215 mm, 33
Tε = 

15.470⋅109 F/m, 11
Es = 15.3⋅10-12⋅Pa-1, 31d = -175⋅10-12⋅m/V, k31 = 0.36) 
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Table 3. 4 Results of the dynamic characterization of 3 rectangular piezoelectric wafers 
of the same length and decreasing breadth (L = in-plane length vibration; B = 
in-plane breadth vibration) 

 Frequency, kHz 
Exp. 257 

1L  
352
1B  

  670
 

702
 

 1070  1150 

Calc. 208 
1L 

222
1B 

  621 
 

663 
 

 1038 
 

 1108 

Square 
wafer: 7 × 
7× 0.215 
mm 

Error
% 

19 37   7.3 5.6  2.3  3.6 

Exp. 208 
1L 

 432
1B  

470
 

597
 

670
 

821 1153 
 

 1388 
 

Calc. 208 
1L 

 439
1B 

 621
 

  1038 
 

 1318 

½ breadth 
wafer: 7 × 
3.53×0.215 
mm 

Error
% 

0  1.6  4   10  5 

Exp. 212 
1L 

   597
2L 

 950
1B 

1020 
3L 

1167 1332 

Calc. 208 
1L 

   621
2L 

 940 
1B 

1038 
3L 

 1451 

¼ breadth 
wafer: 7 × 
1.64×0.215
mm 

Error
% 

1.9    4  1 2  9 
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As a final note on this section, a few comments about the allocation of the symbols L, 

and B are being made. In Table 3.4, these symbols were used to signify the natural 

frequencies calculated for in-plane length-wise, and in-plane breadth-wise vibrations. 

Then, the measured frequencies were allocated based on their numerical proximity to a 

certain theoretical frequency. Admittedly, this approach could introduce uncertainties 

regarding mode allocation, if mode clusters were present. Fortunately, most of the modes 

were well-separated, permitting a straightforward mode allocation. However, in a few 

instances, uncertainty in mode allocation was encountered (e.g., in some of the 1/1 and 

1/2 rectangular plates results). To eliminate this uncertainty, precise instrumentation (i.e. 

laser vibrometer) is needed to determine the actual vibration mode shapes. 

3.2 Modeling of the Piezoelectric Active Sensor, 2-D Approach: 

Axisymmetric Vibrations of Piezoelectric Disk 

The linear constitutive equations for piezoelectric materials can be expressed in 

cylindrical coordinates in the following form (Onoe et al., 1967; Pugachev, 1984; IEEE, 

1987): 

 11 12 31
E E

rr rr zS s T s T d Eθθ= + + ,  

 12 11 31
E E

rr zS s T s T d Eθθ θθ= + + , (3.35) 

 ( )31 33
T

z rr zD d T T Eθθ ε= + +  

Using the strain-displacement relationships for axi-symmetric motion, 

 r
rr

uS
r

∂
=

∂
,                          ruS

rθθ =  
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where ur is the radial displacement of the sensor, yield stresses in terms of displacement 

and applied electric field: 

 
( ) ( )

31
2

1111

1
11

zr r
rr EE

d Eu uT
r r ss

ν
νν

∂ = + − ∂ − −
 (3.36) 

 
( ) ( )

31
2

1111

1
11

zr r
EE

d Eu uT
r r ssθθ ν

νν
∂ = + − ∂ − −

 (3.37) 

Applying Newton’s second law of motion at infinitesimal level yields 

 
2

2
rrrr r

a
T TT u

r r t
θθ ρ−∂ ∂

+ = ⋅
∂ ∂

 (3.38) 

Upon substitution, one recovers the equation of motion in cylindrical coordinates: 

 
2 2

2 2 2
1 1 0r r r ru u u u
r r cr r t

∂ ∂ ∂
+ − − =

∂∂ ∂
 (3.39) 

where 2
111/ (1 )E

a ac sρ ν= ⋅ −  is the wave speed in the PZT disk for axially symmetric 

radial motion. Note that the equation of motion (3.38) does not contain the piezoelectric 

effect, d31, E3 explicitly. However, the piezoelectric effect appears explicitly in the terms 

of the Trr and Tθθ stress, Equations (3.36) and (3.37), respectively. The general solution of 

Equation (3.39) is expressed in terms of the Bessel functions of the first kind, J1, in the 

form 

 1( , ) i t
r

ru r t A J e
c

ωω = ⋅  
 

 (3.40) 

The coefficient A is determined from the boundary conditions. Although the specialized 

literature presents such a solution for the case of a free boundary condition at the 

circumference (Pugachev et al., 1984), no such solution exists for the case where the 
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circumferential boundary condition is represented by an elastic constraint of known 

stiffness, kstr(ω). Hence, from the first principles, the solution for the electromechanical 

axial vibrations of a piezoelectric disk with elastic constraint of stiffness kstr(ω) around its 

circumference was developed. 

According to Figure 3.12, at the boundary r = ra, 

 ( ) ( )( )a a str r aN r k u rω= − ⋅  

The radial and tangential stress components of piezoelectric disk are: 

 ( ) ( ) ( ) ( )a a str PZT a
rr a

a a

N r k u rT r
t t

ω
= = ,    ( ) ( )

12 31
11

1 ( )r a E
a rr a zE

a

u r
T r s T r d E

rsθθ
 

= − − 
 

(3.41) 

where Na is a line force. 

Using the constitutive equations for piezoelectric disk in terms of displacement (Zagrai 

and Giurgiutiu, 2001) and Equations (3.41) we obtain: 

 
PZT sensor 

radius ra; thickness ta

kstr 

r, ur 

z kstr 

Structure 

Ez

 
Figure 3. 12 PZT disk wafer active sensor constrained by the structural stiffness, kstr(ω) 
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 12
11 12 31 31

11

( ) ( ) ( ) ( ) ( ) ( )E
E Er a str r a r a str r a

z zE
a a a

u r k u r u r k u rss s d E d E
r t r ts

ω ω ∂ ⋅ ⋅
= + − − + ∂  

 (3.42) 

Denoting the static stiffness of the piezoelectric disk by 11(1 )d E
PZT a a ak t r s ν = −  , and the 

dynamic stiffness ratio  

 ( ) ( ) d
str PZTk kχ ω ω=  (3.43), 

the expression above can be rearranged in the convenient form: 

 ( ) ( ) ( ) 31
( ) ( ) ( )1 1r a r a r a

z
a a

u r u r u r d E
r r r

χ ω ν ν ν∂
= ⋅ + − + +

∂
 (3.44) 

where 12 11
E E

a s sν = −  is the Poisson ratio. Substituting ur(ra) by the general solution for 

displacement given by Equation (3.40) allows us to find the constant A in the form: 

 ( )
( ) ( )( )

31 0

0 1

1
1 1

a

a aa a

a

d E
A

r rJ J
c c r c

ν
ν χ ω νω ωω

+ ⋅
=

− + ⋅ +   − ⋅   
   

 (3.45) 

The constitutive Equations (3.35) of the piezoelectric disk yield the electric displacement 

Dz: 

 
( ) ( )

2
31 31

0 33 02
1111

(1 ) 2
11

T i ta
z EE

aa

d drD AJ E e
c c ss

ων ω ω ε
νν

  +   = − +     − −   
 (3.46) 

Integration of Equation (3.46) yields the charge: 

 ( ) ( )
( ) ( ) ( )( ) ( )

2

0 0

12 2 2
33 0

0 1

1
1

1 1

ar
z

a aT i t
a p p

a a a a a

Q d D rdr

J
r E e k k

J J

π

ω

θ

ν ϕ
π ε

ϕ ϕ ν χ ω ν ϕ

= =

 +
= ⋅ − + 

− − + ⋅ + ⋅  

∫ ∫
 (3.47) 
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where /a ar cϕ ω= , while ra is the radius of a disk, and 2
31 11 332 / (1 )E T

p ak d s ν ε = ⋅ −  is 

the planar coupling factor. 

The electrical admittance in terms of harmonic electrical current and voltage is ˆ ˆY I V= . 

Since ˆˆ iI Qω= ⋅  and ˆ ˆ
aE V t= , Equation (3.47) yields the admittance expression for the 

piezoelectric disk sensor constrained by the structural substrate with dynamic stiffness 

ratio χ (ω): 

 ( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( )

2
12

2
0 1 1

1
( ) i 1 1

1 11
p a a

p
a a a a a ap

k J
Y C k

J J Jk
ν ϕ

ω ω
ϕ ϕ ν ϕ χ ω ν ϕ

 +
= − + 

− − − +−  
(3.48) 

The sensor impedance, Z (ω), can be found using the relationship 

( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( )

12
12

2
0 1 1

1
( ) i 1 1

1 11
p a a

p
a a a a a ap

k J
Z C k

J J Jk
ν ϕ

ω ω
ϕ ϕ ν ϕ χ ω ν ϕ

−
  + = − +  − − − +−    

(3.49) 

The theoretical Equation (3.49) can be used to predict the E/M impedance spectrum as it 

would be measured by the impedance analyzer at the embedded active-sensor terminals 

during a structural heath monitoring process. Thus, it allows for direct comparison 

between an experimental spectrum measured with the impedance analyzer and the 

spectrum predicted by Equation (3.49). 

It is worth noting that Equation (3.49) represents general formulation for vibration of an 

elastically constrained piezoelectric disk. Depending on structural constraints, Equation 

(3.49) asymptotically approaches two cases: (a) axial vibrations of free active sensor; (b) 

axial vibrations of clamped active sensor. For the axisymmetric vibrations of free active 

piezoelectric sensor, dynamic stiffness ratio approaches zero and we obtain very well 
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known expression (IEEE, 1997; Pugachev, 1998): 

( ) ( ) ( )
( ) ( ) ( )

12
12

2
0 1

1
( ) i 1 1

11
p a a

free p
a a a ap

k J
Z C k

J Jk
ν ϕ

ω ω
ϕ ϕ ν ϕ

−
  + = − +  − −−    

as     χ(ω) → 0 (3.50) 

In contrast, for infinitely large χ(ω), i.e. clamped sensor, Equation 3.49 is expressed as: 

 ( ) 12( ) i 1clamped pZ C kω ω
−

 = ⋅ −   as        χ(ω) → ∞ (3.51) 

It is necessary to note that both equations follow the similar trend previously obtained for 

1-D case and are consistent with the fundamental theory of piezoelectricity. 

3.2.1 Numerical Simulation of Piezoelectric Circular Wafer Active Sensor 

A numerical simulation was performed using Equation (3.50) for a piezoelectric circular 

wafer with diameter da = 6.98 mm and thickness ta = 0.216 mm. The following properties 

were used in the example: 33
Tε = 15.470⋅109F/m, 11

Es = 18⋅10-12⋅Pa-1, 31d = -175⋅10-12⋅m/V, 

kp = 0.63. No damping was introduced in this simulation. Figure 3.13 shows the 

admittance and impedance spectra in the neighborhood of the first radial mode resonance. 

Resonance and anti-resonance frequencies can be clearly identified. Outside the 

resonance region, electromechanical admittance and impedance follow a similar pattern 

observed for rectangular wafer active sensors, i.e., for admittance - iωC and 1/(iωC) for 

impedance.  

3.2.2 Comparison of Measured and Calculated E/M Admittance Spectra for the 

Circular PZT Wafer Active Sensors 

The E/M admittance of a disk-shaped piezoelectric active sensor undergoing 

axisymmetric in-plane radial vibrations was modeled with Equation (3.50). This equation 
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Figure 3. 13 Frequency response of the piezoelectric disk in the region of resonance: 
(a) magnitude of admittance, log scale; (b) magnitude of impedance, log 
scale 

 

describes axial vibrations of the piezoelectric disk with free boundary conditions. Figure 

3.14 shows superimposed predicted and measured results. On this plot, three resonance 

peaks are clearly visible. These frequencies (300 kHz, 784 kHz, 1,247 kHz, as indicated 

in Table 3.5 by R letter) correspond to the first three in-plane radial modes. The forth in-

plane frequency (1,697 kHz) which lies outside the 0—1,500 kHz plotting range, was not 

plotted. However, its value appears in Table 3.5. During experiments, a very high 

frequency peak in the E/M impedance real-part response at 10,895 kHz (Figure 3.18a) 

was observed. This value can be identified with the out-of-plane thickness vibration, as 

predicted by Equation (3.34). Comparison of measured and calculated results listed in 

Table 3.5 for the circular disk case indicates very good agreement between theory and 

experiment (2.1% maximum error). Thus, the model can be extensively used to predict 

E/M impedance and admittance responses of the real 2-D structures. Comparing spectra 

for both types of sensors: rectangular and circular, one can note that experimental results 

and theoretical calculation match better for the case of circular sensor. In addition, the 

spectrum of the circular wafer sensor is not contaminated by secondary vibration effects. 

This is attributed to the circular symmetry of the experimental specimen. Uncontaminated 
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spectrum and clearly defined resonances are the primary reasons to chose this model for 

the analysis of 2-D structures in comparison to the model for rectangular specimen where 

edge effects and the in-plane coupling contributes to the spectrum. 
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Figure 3. 14 Experimental and calculated admittance spectra for the circular wafer 

active sensor (da = 6.98 mm, ta = 0.216 mm, 33
Tε = 15.470⋅109F/m, 11

Es = 
18⋅10-12⋅Pa-1, 31d = -175⋅10-12⋅m/V, kp = 0.63) 

 
 
 

Table 3. 5 Results of the dynamic characterization of APC-850 piezoelectric circular 
wafer active sensor: R denotes radial mode of vibration. 

 Frequency, kHz 
Exp. 300

1R 
  784

2R 
 1,247 

3R 
1,697

4R 

Calc. 303
1R 

  796
2R 

 1267 
3R 

1,733
4R 

Circular wafer 
6.98 mm × 
0.216 mm 

Error% 1   1.5  1.6 2.1 
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3.3 PZT Wafer Active Sensors Fabrication, Characterization and 

Installation 

3.3.1 Fabrication of Piezoelectric Wafer Active Sensors 

Previous efforts (Giurgiutiu and Zagrai, 2000) have shown that consistent sensor 

fabrication and installation procedures are needed for successful implementation of active 

sensor techniques. Hence, the analysis of sensor fabrication, and the identification and 

elimination of fabrication faults and shortcomings was one of the major concerns during 

the present investigation. A batch of 25 APC-850 PZT wafers (7 mm sq., 0.2 mm thick, 

silver electrodes on both sides), from American Piezo Ceramics International Ltd., was 

acquired, and subjected to statistical evaluation. The selection of these products was 

based on their affordable cost and adequate manufacturing tolerances (Table 3.6). When 

connected to lead wires and adhesively installed on the structural specimen, these wafers 

would become piezoelectric active sensors. The aim of the investigation was to establish 

an in-process test procedure that would allow the final properties of the installed active 

sensor to be traced back to the initial properties of the PZT wafer, as modified by the 

sensor fabrication process. 

In this process, the mechanical and electrical properties reported by the vendor were 

considered, and then measurements were conducted to verify the vendor data and 

evaluate its consistency. The material properties of the basic PZT material are given in 

Table 3.2. The mechanical tolerances of these wafers, as presented by the vendor are 

given in Table 3.6. Other tolerances declared by the vendor were ±5% for resonance 

frequency, ±20% for capacitance and ±20% for the d33 constant.  

For in-process quality assurance of active sensor fabrication, the following indicators 
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Table 3. 6 Manufacturing tolerances for APC International Ltd. piezoelectric wafers 
(www.americanpiezo.com) 

Dimension Units (mm) Standard 
Tolerance 

Length or breadth 
of plates <13mm +/-0.13mm 

Thickness of all 
parts 

0.20mm to 
0.49mm +/-0.025mm 

 

were selected: (a) geometrical dimensions; (b) electrical capacitance; (c) E/M impedance 

and admittance spectra. The geometric measurements were the initial indicators that, 

when showing an acceptable tolerance and a narrow spread, would build up the 

investigator’s confidence. The electrical capacitance was use to verify electrical 

consistency of the fabrication process. It was found to be an important but also elusive 

indicator. It was observed that during the adhesive installation of the sensor onto the 

structural specimen, the electrical capacitance would typically decrease but still remain 

within the order of magnitude of the initial reading. Of the three indicators, the E/M 

impedance and admittance spectra were found to be the most labor-intensive but also the 

most comprehensive.  

Geometric measurements 

Twenty-five nominally identical APC-850 wafers were measured with precision 

instrumentation consisting of Mitutoyo Corp. CD - 6'' CS digital caliper (0.01-mm 

precision) and Mitutoyo Corp. MCD - 1'' CE digital micrometer (0.001-mm precision). 

Length, breadth, and thickness were measured and recorded. Statistical analysis of the 

data obtained from these measurements shown good agreement with the Normal 

distribution (Gauss law). The experimental and theoretical statistical distributions are 

shown superimposed in Figure 3.15. Mean and standard deviation values for 
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length/breadth and thickness were 6.9478 mm, ± 0.5%, and 0.2239 mm, ± 1.4 %, 

respectively. 

Electrical Measurements 

Electrical capacitance was measured with a BK Precision® Tool Kit™ 27040 digital 

multimeter with a resolution of 1pF. Capacitance measurements were selected as a in-

process quality check to be applied during each step of sensor development and also 

during the sensor installation process. 

Capacitance of the basic PZT sensors was measured directly by putting the PZT square 

on a flat metallic ground plate. The negative probe was connected to the plate in a semi-

permanent fashion (hole, bolt + nut + washer, short multifilament lead, alligator clip), and 

the top of the PZT wafer was touched with the positive probe. Then, data was taken when 

the tester readings had converged to a stable value. At least 6 readings were recorded and 

the average was taken. The process was iteratively improved until consistent results were 

obtained. The results of statistical analysis for direct capacitance test is presented on 

Figure 3.16. Mean and standard deviation values are 3.276 nF, ± 3.8 %. 

3.3.2 Intrinsic E/M Impedance and Admittance Characteristics of the PZT Active 

Wafer Sensor  

The intrinsic E/M impedance/admittance of the PZT active sensor is an important 

dynamic descriptor for characterizing the sensor prior to its installation on the structure. 

The frequency response of a sensor to the electrical excitation defines its dynamic 

properties. Thus, the spectrum over certain frequency range uniquely identifies an active 

element. In this work, the intrinsic E/M impedance/admittance of the PZT active sensor 

was determined both theoretically and experimentally. Theoretical calculations were
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Figure 3. 15 Statistical distributions of geometrical dimensions of APC-850 
piezoceramic wafers: (a) length (Mean-6.95 mm, STD± 0.5%); (b) 
thickness.(Mean-0.2239 mm, STD ± 1.4 %) 
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Figure 3. 16 Statistical distribution of APC-850 piezoceramic wafers capacitance 

(Mean - 3.276 nF, and STD ± 3.8 %). 
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Figure 3. 17 (a) Test jig schematics for dynamic measurement of PZT elements that 
ensures unrestraint support of the PZT wafer (Waanders, 1991); (b) 
physical implementation of the schematic as used in experiments 
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Figure 3. 18 Amplitude and phase characteristic of a free-free sensor vs. frequency in 
terms of impedance: (a) real part of impedance; (b) imaginary part of 
impedance; (c) amplitude of impedance; (d) phase of impedance 
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 performed with Equations (3.32)-(3.34). The measurements were done with HP 4194A 

Impedance Phase Gain Analyzer. The experimental set up is shown in Figure 3.19. 

Measurements of the Intrinsic E/M Impedance and Admittance Characteristics of the 

PZT Active Sensor 

The test fixture for measuring the intrinsic E/M impedance/admittance of free PZT active 

sensor was designed following Waanders (1991) concept shown on Figure 3.17a. A 

metallic plate with a lead connected at one corner was used as conductive support (Figure 

3.17b). The PZT wafer was centered on the bolt head and held in place with the probe tip. 

Thus, proper support conditions were simulated, and the PZT wafer could freely perform 

its vibrations. The PZT active sensors were tested in the 100Hz  12MHz frequency 

range using the HP 4194A Impedance Analyzer connected with PC through GPIB 

interface. Typical admittance and impedance frequency spectra are given in Figure 3.18. 

The PZT wafer resonance frequencies were identified from the E/M admittance spectra. 

It was found that since the length and the breadth of the PZT wafers are nearly identical, 

the corresponding lengthwise and breadth-wise frequencies are coalescent, forming twin-

peaks of in-plane vibration resonances. The first, second, and third in-plane resonance 

frequencies, as well as the out-of-plane (thickness) resonance (which is at much higher 

frequency) were identified and recorded. Also recorded were the values of the 

corresponding resonance peaks. Statistical distributions of the resonance frequencies and 

resonance amplitudes are given in Figure 3.20. Mean values of 251kHz and 67.152 mS, 

and standard deviations of ±1.2% and ±21%, respectively, were obtained. These results 

proved that the basic APC-850 piezoelectric wafers had acceptable quality with a narrow 

dispersion band of resonance frequency. 
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Figure 3. 19 Experimental set up for measuring the impedance and admittance 

characteristics of the PZT active sensors with HP 4194A Impedance 
Phase-Gain Analyzer 
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Figure 3. 20 Results histograms vs. frequency and amplitude: (a) the 1st resonance 
frequencies and (b) the admittance amplitudes at the 1st resonance of PZT 
active sensors 
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3.3.3 Active Sensors Installation 

Sensor installation on the health-monitored structure is an important step that may have 

significant bearing on the success of the health monitoring process. The development of a 

reliable and repeatable installation method, which would provide consistent results, was 

one of the major objectives of PWAS development. In the installation process, the 

adhesive used to bond the sensor to the structure plays a crucial role. The thickness and 

stiffness of the adhesive layer can significantly influence the sensor’s capability to excite 

the structure and may affect the quality and repeatability of the E/M impedance 

signatures. Using published data (e.g., Bergman and Quattrone, 1999) and personal 

communications with piezoceramic vendors it was concluded that cynoacrylate adhesives 

are appropriate and convenient for short-term experiments, though their performance may 

degrade under prolonged environmental exposure. For long-term environmental 

exposure, other adhesive types (e.g., epoxy) may be more appropriate. Some investigators 

also reported the use of conductive epoxy. However, it was found that for the presented 

applications adhesive conductivity is not necessary. Rather, the adhesive layer should be 

thin enough to ignore its contribution to sensor-structure interaction. The cynoacrylate 

adhesive used in this study was M-Bond 200 from Measurements Group, Inc. The 

accompanying strain-gage installation instruction bulletin 309D (Measurements Group 

Inc., 1992) and installation kit (Figure 3.21) were also used. 

The sensor installation procedure followed the general steps mentioned in the strain gage 

installation instruction bulletin, with some modifications introduced to account for the 

rigidity and fragility of the PZT material. Changes in sensor handling, cleaning, and cure 

pressure requirements were introduced. The complete procedure that was elaborated for 
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bonding piezoelectric active sensors is presented in Figure 3.22. The fabricated sensors 

are subject to an in-process quality check procedure, which consists of measuring the 

sensor’s geometrical dimensions, capacitance, and dynamic characteristics (i.e. E/M 

admittance or impedance spectrum in the resonance neighborhood). If the information 

about the host structure will be used later, the desirable characteristics are measured. In 

this study, only the geometrical dimensions of the host structure were considered. In the 

next step, the surface of the host structure should be properly prepared to insure 

appropriate bonding of PWAS. For developing a chemically clean surface, the degreasing 

is performed to remove oils, organic contaminants, etc. The CSM – 1 degreaser was used 

for this purpose. The surface abrading is needed to remove oxides, coatings, etc. In the 

case of metallic specimens used in the experiments, the roughness of the surface was not 

the critical issue and skipping the abrading in the installation procedure did not introduce 

any noticeable changes in PWAS readings. However, for each particular application the 

need for surface abrading should be considered. Depending on surface roughness the 

silicon-carbide paper of a suitable grit can be used. In many cases, it is desirable to 

designate the sensor location and orientation with layout lines. 309D Instruction Bulletin 

recommends that the reference or layout lines should be burnished, rather than scored or 

scribed, on the surface. For the metallic specimens a drafting pencil gave satisfactory 

results. The purpose of surface conditioning is to remove the residue of layout lines 

drafting. This can be done with Conditioner A available from Measurements Group Inc. 

and cotton-tipped applicators or a gauze sponge. The surface preparation is finished with 

neutralizing, which provides optimum alkalinity for M-Bond 200 adhesive. M-Prep 

Neutralizer 5A was applied on the surface, which then was scrubbed with cotton-tipped 
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Figure 3. 21 The installation kit for strain gages (Measurements Group, Inc) was used 

in the bonding of piezoelectric active sensors. 
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Figure 3. 22 Installation procedure for piezoelectric active sensors. 
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applicators. Finally, the surface was dried by wiping it with a gauze sponge. The detailed 

description of surface preparation is given in Instruction Bulletin 309D (Measurements 

Group Inc., 1992). 

During bonding, particular attention should be paid to the handling of piezoelectric-wafer 

active sensors. PZT material is very brittle and the sensor can be easily broken. This is 

especially true for thin PWAS larger than 10mm. It is recommended that sensors should 

always remain on the supporting foam until they are bonded. The cynoacrylate adhesive 

M-Bond 200 requires application of a catalyst. The catalyst is applied in a thin uniform 

coat to cover the surface of the sensor, which will be bonded to the host structure. After 

the catalyst coat is dried out (usually 1-5 minutes), the adhesive drop is placed on a 

surface of the structure where the PWAS location is designated with layout lines. Using a 

cotton-tipped applicator, the sensor is aligned to the layout lines. This should be done 

very quickly before adhesive is solidified. When the sensor is properly aligned, the thin 

(2-5mm) layer of rubber is used for a safe interface between the sensor and a small 

mechanical clip. The clip provides appropriate pressure to ensure a good bond and a thin 

adhesive layer between the PWAS and the host structure. For the metallic specimens, the 

thickness of the cynoacrylate adhesive layer is much smaller than the thickness of the 

PWAS itself and its effect was not considered in the analysis. It was observed that 

adequate bonding is developing in 3 hours at room temperature. However, the best results 

were obtained after 24 hours. The excess of the solidified adhesive can be removed 

mechanically with fine tools and chemically with acetone. Acetone cleaning should be 

done carefully to prevent its leakage under the edges of the sensor, which sometimes 
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causes disbonding. After installation, the sensor capacitance was measured again and 

checked for consistency against the free-sensor capacitance on file. 

3.3.4 Active Sensor Self-Diagnostics 

It is well known that piezo-electric wafer active sensors affixed to, or embedded into, the 

structure play a major role in the successful operation of the health monitoring and 

damage detection system. Integrity of the sensor and consistency of the sensor/structure 

interface are essential elements. The general expectation is that, once PWAS have been 

placed on or into the structure, they behave consistently throughout the duration of the 

health monitoring process. For real structures, the duration of the health monitoring 

activity is extensive and can span several decades. It also encompasses various service 

conditions and several loading cases. Therefore, in-situ self-diagnostics methods are 

mandatory. The PWAS array should be scanned periodically as well as prior to any 

damage detection cycle. Self diagnostic methods for assessing active sensor integrity are 

readily available with the E/M impedance technique. The piezo-electric active sensor is 

predominantly a capacitive device that is dominated by its reactive impedance 1/iωC. It 

was found experimentally that the reactive (imaginary) part of the impedance (Im Z) can 

be a good indication of active sensor integrity. Base-line signatures taken at the beginning 

of endurance experiments when compared with recent reading could successfully identify 

defective active sensors. Figure 3.23 compares the Im Z spectrum of a well-bonded PZT 

sensor with that of a disbonded (free) sensor. The appearance of sensor free-vibration 

resonance, and the disappearance of structural resonances constitute un-ambiguous 

features that can be used for automated sensor self-diagnostics. 
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Figure 3. 23 Active sensor self-diagnostic using the imaginary part of the E/M 

impedance: when sensor is disbonded, new free-vibration resonance 
features appear at ~267 kHz. 

 

3.4 Conclusions 

Piezoelectric wafer active sensors play a major role in structural health monitoring 

process with the E/M impedance method. The main purpose of this chapter has been to 

gain an adequate understanding of piezoelectric sensor behavior and to develop 

predictive models that can be validated through carefully conducted calibration 

experiments. The modeling effort starts with the classical theory of piezoelectricity and 

progresses through the vibrations analysis of a free, clamped, and elastically constrained 

piezoelectric wafer. In doing this, the unifying formulations for the prediction of the 

electromechanical (E/M) impedance and admittance as it would be measured at sensor’s 

terminals were developed. The formulations for 1-D analysis of PZT active sensors were 

presented first. Although the models for vibration of the sensor with free and clamped 

boundary conditions are known, no formulation was found for the case of elastically 

constrained boundary conditions. However, this situation was important to consider for 

the understanding of sensor-structure interaction, which is discussed in the next chapter. 
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To address this need the complete derivations of E/M admittance and impedance 

formulation for the elastically constrained sensor in both 1-D and 2-D situations were 

presented. The models asymptotically recover the free and clamped cases as well as the 

quasi-static case favored by previous investigators. The numerical simulation and 

experimental verification of the models were presented. Poor but acceptable results were 

obtained for square piezoelectric wafer modeled with 1-D theory. More importantly, for 

the rectangular wafers it was noticed that the accuracy of the results increases when the 

experimental specimen approaches the 1-D case described by the model (highlighted 

region in Table 3.4). In contrast to this situation, experimental and calculated spectra for 

2-D case match very well. This was attributed to the circular symmetry accounted in 

modeling and absence of edge effects. 

Another important aspect covered in this chapter is that of sensor calibration, reliability 

and repeatability. These aspects are essential for the qualification of new sensor concepts. 

The intrinsic properties of the piezoelectric active sensors in the as-received condition 

(single wafers), and after adhesive attachment to the 1-D and 2-D structures were 

statistically studied. Good consistency and repeatability was found throughout presented 

work. The particular attention was paid to the active sensors installation procedure. The 

quality of the bond between sensor and host structure determines the success of structural 

health monitoring process. The installation diagram based on installation procedure for 

strain gauges was adopted and successfully tested. During the tests, it was observed that 

the imaginary part of sensors impedance spectra is a good indicator of active sensor 

integrity and can be used for sensor self-diagnostics. This important feature can be 

implemented in automated health monitoring system. 
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In view of advantages and disadvantages, it is felt that piezoelectric active sensors in 

conjunction with the E/M impedance technique, have their niche as a structural 

identification methodology using self-sensing, permanently attached active sensors. They 

can be confidently used at high frequencies where other sensors (e.g., accelerometers and 

strain gauges) usually encounter bandwidth difficulties. Due to their perceived low cost, 

these active sensors can also be inexpensively configured in sensor arrays. 

As the next step, the sensor’s response when attached to the structural substrate is 

considered. In a manner similar to this chapter, 1-D and 2-D structures are discussed. 
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Chapter 4 

4 Dynamic Identification of 1-D Structures 

Using the Piezoelectric Wafer Active 

Sensors and E/M Impedance Method 

In contrast to the extensive experimental effort invested in the E/M Impedance method, 

little theoretical work on the modeling of sensor-structure interaction has been reported to 

date. Park, Cudney, and Inman (2000) showed that “there is little analytical work done 

about the vibration modes of complex structures at ultrasonic frequencies” and hence 

restricted their analysis to axial vibrations. In addition, only the structural displacement 

response was predicted. A few other investigators have attempted to model structures 

with piezoelectric active sensors (Wang and Rogers, 1991; Esteban, 1996; and Zhou et 

al., 1996), but none have derived explicit expressions for predicting the E/M admittance 

and impedance as it would be measured by the impedance analyzer at the embedded 

active sensor terminals during the structural identification process. Such a derivation is 

necessary to permit complete understanding of the phenomenon and to allow critical 

comparison with the available experimental results. 

To address this need, this chapter presents modeling of the interaction between the 

piezoelectric active sensor and the host structure, and derives, for the first time, analytical 
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expressions and numerical results for the E/M admittance and impedance seen at the 

sensor terminal. These numerical results are then directly compared with those 

experimentally measured at the piezoelectric active sensor terminals during the structural 

identification process. Exact analytical expressions are used for structural modeling of 

simultaneous axial and flexural vibrations. Free-free boundary conditions that can 

unequivocally be implemented during experimental testing (though more difficult to 

model) are being used.  

To verify the theoretical model, experiments were conducted on miniature metallic beam 

specimens. The E/M admittance and impedance were captured in the 1-30 kHz range, and 

compared with theoretical predictions. For the first time, a direct comparison between the 

modeled and measured E/M admittance spectra are presented, and the capabilities and 

limitations of the piezoelectric active sensors to detect the structural resonance 

frequencies from the E/M admittance response are rationally evaluated. The result of this 

comparison proves that embedded piezoelectric active sensors may reliably perform 

structural identification. Their usefulness is especially apparent in the ultrasonic 

frequency range and beyond, where conventional sensors loose their effectiveness. 

4.1 Analytical Model for 1-D Beam Structure  

Consider a 1-D structure with a PZT active sensor attached to it surface as it is shown in 

Figure 4.1a (Giurgiutiu and Zagrai, 2000). The PZT active sensor has length la, and lies 

between xa and xa + la. Depending on excitation voltage sign, the PZT active sensor 

expands or contracts by uPZT (Figure 4.1b). This generates a reaction force FPZT from the 

beam onto the PZT and an equal and opposite force from the PZT onto the beam (Figure 

4.1c). This force excites the beam. At the neutral axis, the resultant is expressed in terms 
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of an axial force excitation, Na, and a bending moment excitation, Ma as it is shown in 

Figure 4.1d. As the active sensor is electrically excited with a high-frequency harmonic 

signal, it will induce elastic waves into the beam structure. The elastic waves travel 

sideways into the beam structure, and set it up into oscillation. In a steady-state regime, 

the structure oscillates at the PZT excitation frequency. The reaction force per unit 

displacement (dynamic stiffness) presented by the structure to the PZT will depend on the 

internal state of the structure, on the excitation frequency, and on the boundary 

conditions: 

 ( ) ( ) ( )ˆ ˆ/str PZT PZTk F uω ω ω= , (4.1) 

where ( )ˆPZTu ω  is the displacement amplitude at frequency ω, ( )ˆ
PZTF ω  is the reaction 

force, and kstr(ω) is the dynamic stiffness. The symbol ^ signifies amplitude. Since the 

size of the PZT is very small with respect to the size of the structure, formula (4.1) 

represents a point-wise structural stiffness.  

4.1.1 Dynamics of the Structural Substrate  

The response of the structural substrate to the PZT excitation is deduced from the general 

theory of beam vibrations (Timoshenko, 1955; Meirovitch, 1986; Inman, 1996; Kelly, 

2000). However, the PZT excitation departs from the typical textbook formulation since 

it acts as a pair of self-equilibrating axial forces and bending moments that are separated 

by a small finite distance, la. 

Definition of the Excitation Forces and Moments 

The excitation forces and moments acting upon the beam structure are derived from the 

PZT force, ˆ i t
PZT PZTF F e ω= , using the beam cross-section geometry (Figure 4.1c): 
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Figure 4. 1 Interaction between PZT active sensor and a host structure: (a) geometry; 

(b) contraction of the piezoelectric-wafer active sensor; (c) excitation 
force; (d) forces and moments at the neutral axis. 
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2a PZT
hM F= ,       a PZTN F=  (4.2) 

The space-wise distribution of excitation bending moment and axial force are expressed 

using the Heaviside function, H(x - xa), defined as H(x - xa) = 0 for x < xa, and H(x - xa) 

=1 for xa ≥ x: 

 ( ) ( )ˆ( , ) i t
e a a a aN x t N H x x H x x l e ω = − − + − − ⋅   (4.3) 

 ( ) ( )ˆ( , ) i t
e a a a aM x t M H x x H x x l e ω = − − − + − − ⋅   (4.4) 

Equations (4.3) and (4.4) correspond to axial and flexural vibrations, respectively. Axial 

vibration modes are usually of much larger frequency than flexural vibration modes, and 

were neglected by previous researchers (Liang et al., 1994). However, their vibration 

frequencies are comparable with those of the PZT active sensors. Other researchers have 

only considered axial modes and neglected the flexural vibrations (Park et al., 2000). In 

the present analysis, both axial and flexural vibrations are considered. 

Axial Vibrations 

The equation of motion for axial vibrations (Meirovitch, 1986) is: 

 // /( , ) ( , ) ( , )eA u x t EA u x t N x tρ ⋅ − ⋅ =  (4.5) 

Assume modal expansion 

 ( ) i

0

, ( ) t
p p

p

u x t B U x e ω
∞

=

= ⋅∑ , (4.6) 

where Up(x) are ortho-normal mode shapes, i.e., ( ) ( )q p qpU x U x dx δ=∫ , with 1qpδ =  for 

q = p, and 0 otherwise. Bp are the modal amplitudes. Substituting the modal expansion of 
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axial vibrations (4.6) into the equation of motion (4.5) and canceling the time-varying 

harmonic function on both sides of the equation we obtain the space-wise differential 

equation 

 2 // /( ) ( ) ( )p p p p e
p p

A B U x EA B U x N xω ρ− ⋅ − ⋅ =∑ ∑ . (4.7) 

Multiplication by Uq(x) and integration over the length of the beam, L, gives: 

 2 // /
0 0

( ) ( ) ( ) d ( ) ( )d
L L

q p p p p q e
p p

U x A B U x EA B U x x U x N x xω ρ
 
− ⋅ − ⋅ = 

  
∑ ∑∫ ∫  (4.8) 

Recall the equation defining the natural modes of flexural vibration: 

 2 // 2( ) ( )p p pc U x U xω⋅ = − ⋅  

where /c E ρ=  is the wave speed for axial waves and ρ is the density of the structure. 

Substitution of // ( )pU x  in terms of Up(x) into (4.8) gives 

 2 2 /
0 0

1( ) ( ) ( ) d ( ) ( )d
L L

q p p p p p q e
p p

U x B U x B U x x U x N x x
A

ω ω
ρ

 
− + = 

  
∑ ∑∫ ∫  (4.9) 

or, in other terms, 

 ( )2 2 /
0 0

1( ) ( )d ( ) ( )d
L L

p p q p q e
p

B U x U x x U x N x x
A

ω ω
ρ

− =∑ ∫ ∫  (4.10) 

Using the ortho-normality property of modeshapes, we obtain the modal excitation and 

the modal participation factors as follows: 

 /
0 0

1 ( ) ( )d
L

p q eU U x N x x
Aρ

= ∫  (4.11) 
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( )

0
2 2

p
p

p

U
B

ω ω
=

−
 (4.12) 

The expression for the modal participation factors (4.12) is derived for undamped 

vibrations. In practice, damping is always present in any dynamic system. To account for 

damped vibrations with the viscous damping factor ζp , the modal response is given by 

the complex expression: 

 0
2 22

p
p

p p p

U
B

iω ζ ωω ω
=

+ −
. (4.13) 

According to expression (4.3), the excitation axial force Ne 

 ( ) ( )ˆ( , ) i t
e a a a aN x t N H x x H x x l e ω = − − + − − ⋅   

 ( ) ( )/ ˆ( , ) i t
e a a a aN x t N x x x x l e ωδ δ= − − + − − ⋅    (4.14) 

Substitution into Equations (4.11) yields: 

 ( ) ( )0 0

ˆ
( ) d

La
p p a a a

NU U x x x x x l x
A

δ δ
ρ

= ⋅ − − + − −  ∫ , (4.15) 

Using the properties of the delta function we obtain 

 ( ) ( )0

ˆ
da

p p a a p a
NU U x l U x x

Aρ
 = + −  , (4.16) 

Thus, the modal participation factor is 

 
( ) ( )
2 2

ˆ

2
p a a p aa

p
p p p

U x l U xNB
A iρ ω ζ ωω ω

 + − = ⋅
+ −

, (4.17) 

and axial displacements can be expressed as 
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( ) ( )

2 2
0

ˆ
( , ) ( )

2
p a a p a i ta

p
p p p p

U x l U xNu x t U x e
A i

ω

ρ ω ζ ωω ω

∞

=

 + − = ⋅
+ −∑  (4.18) 

Flexural Vibrations 

For Euler-Bernoulli beams, the equation of motion under moment excitation is: 

 ( , ) ( , ) ( , )eA w x t EI w x t M x tρ ′′′′ ′′⋅ − ⋅ = − . (4.19) 

Assume modal expansion  

 
0

( , ) ( ) i t
s s

s
w x t C W x e ω

∞

=

= ⋅∑ , (4.20) 

where Ws(x) are the orthonormal bending mode shapes. 

Substituting of modal expansion (4.20) into equation of motion (4.19) and cancellation of 

the time-varying harmonic function on both sides of the equation yields the differential 

equation: 

 2 //// //ˆ( ) ( ) ( )s s s s e
s s

A C W x EI C W x M xω ρ− ⋅ + ⋅ = −∑ ∑ . (4.21) 

Multiplication by Wv(x) and integration over the length of the beam gives: 

2 //// //
0 0

ˆ( ) ( ) ( ) d ( ) ( )d
L L

v s s s s v e
s s

W x A C W x EI C W x x W x M x xω ρ
 
− ⋅ + ⋅ = − 

 
∑ ∑∫ ∫  (4.22) 

Since the mode shapes satisfy the free-vibration differential equation 

//// 2( ) ( )s s sEI W x A W xω ρ⋅ = ⋅ ⋅ , substitution of ////
sW  in terms of Ws expands (4.22) 

2 2 //
0 0

ˆ( ) ( ) ( ) d ( ) ( )d
L L

v s s s s s v e
s s

W x A C W x C A W x x W x M x xω ρ ω ρ
 
− ⋅ ⋅ + ⋅ ⋅ ⋅ = − 

 
∑ ∑∫ ∫ , (4.23) 
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or, in other terms, 

 ( )2 2 //
0 0

ˆ( ) ( )d ( ) ( )d
L L

s s v s s e
s

A C W x W x x W x M x xρ ω ω− = −∑ ∫ ∫ . (4.24) 

Recall modeshapes ortho-normality condition: 

 
0

1,
( ) ( )d

0,

L

v s vs
v s

W x W x x
v s

δ
=

= =  ≠
∫ . (4.25) 

Define the modal excitation and the modal participation factors as follows: 

 //
0 0

1 ˆ( ) ( )d
L

s s eW W x M x x
Aρ

= − ∫ , (4.26) 

 
( )

0
2 2

s
s

s

WC
ω ω

=
−

. (4.27) 

The modal participation factor for the case of damped flexural vibrations can be 

represented in the way similar to the case of axial vibrations considered above 

 0
2 22

s
s

s s s

WC
iω ζ ωω ω

=
+ −

. (4.28) 

The modal excitation, W0s, can be defined in terms of excitation bending moment 

expressed using the Heaviside and delta functions. Recall the expression (4.4) for ˆ
eM , 

i.e., 

 ( ) ( )ˆ( , ) i t
e a a a aM x t M H x x H x x l e ω = − − − + − − ⋅   

 ( ) ( )// / /ˆ( , ) i t
e a a a aM x t M x x x x l e ωδ δ = − − − + − − ⋅  . (4.29) 

Thus,  

 ( ) ( )/ /
0 0

ˆ
( ) d

La
s s a a a

MW W x x x x x l x
A

δ δ
ρ

 = − − + − − ∫  (4.30) 
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Through integration by parts, 

( ) ( ) ( )/ / /
0 0

( ) d ( ) ( ) d ( )
0

L L
s a s a s a s a

L
W x x x x W x x x W x x x x W xδ δ δ− = − − − = −∫ ∫  (4.31) 

and, similarly, 

 ( )/ /
0

( ) d ( )
L

s a a s a aW x x x l x W x lδ − − = − +∫  (4.32) 

Therefore: 

 ( ) ( )/ /
0

a
s s a s a a

MW W x W x l
Aρ

 = − +   (4.33) 

Using expressions (4.28) and (4.33) together, we obtain 

 
( ) ( )/ /

2 22

a
s a s a a

s
s s s

M W x W x l
AC

i
ρ

ω ζ ωω ω

 − + 
=

+ −
 (4.34) 

Thus, the final form for flexural displacements can be expressed 

 
( ) ( )/ /

2 2
0

( , ) ( )
2

s a s a a i ta
s

s s s s

W x W x lMw x t W x e
A i

ω

ρ ω ζ ωω ω

∞

=

 − + = ⋅
+ −∑  (4.35) 

4.1.2 Calculation of the Frequency Response Function and the Dynamic Structural 

Stiffness 

To obtain the dynamic structural stiffness, kstr, presented by the structure to the PZT, it is 

necessary to calculate the elongation between the two points, A and B, connected to the 

PZT ends. Simple kinematics gives the horizontal displacement of a generic point P place 

on the surface of the beam: 

 ( ) ( ) ( ), , ,
2P
hu x t u x t w x t′= − , (4.36) 
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where u and w are the axial and the flexural displacements of the neutral axis. Letting P 

be A and B, and taking the difference, yields: 

( ) ( ) ( ) ( )( , ) ( , ) ( , ) , , , ,
2PZT B A a a a a a a
hu x t u x t u x t u x l t u x t w x l t w x t′ ′= − = + − − + −    (4.37) 

Using Equations (4.2), (4.18), and (4.35) the Equation (4.37) becomes 

( ) ( ) ( ) ( )
22 / /2

2 2 2 2

ˆ
ˆ

22 2
s a a s ap a a p aPZT

PZT
p sp p p s s s

W x l W xU x l U xF hu
A i iρ ω ζ ωω ω ω ζ ωω ω

  + − + −     = +  + − + −   
∑ ∑  (4.38) 

where differentiation between axial and flexural vibrations frequencies and mode shapes 

was achieved by the use of p, pζ , pω , ( )pU x  and s, sζ , sω , ( )sW x , respectively. 

Dividing Equation (4.38) by ˆ
PZTF  yields the structural frequency response function 

(FRF) to the Single Input Single Output (SISO) excitation applied by the PZT active 

sensor. This situation is similar to conventional modal testing (Maia et al., 1997) with the 

proviso that the PZT wafers are unobtrusive and permanently attached to the structure. 

For convenience, the axial and flexural components of the structural FRF are expressed 

separately, i.e., 

 ( )
( ) ( ) 2

2 2
1

2
p a a p a

u
p p p p

U x l U x
H

A i
ω

ρ ω ζ ωω ω

 + − =
+ −∑ ,  (4.39) 

 ( )
( ) ( )

2/ /2

2 2
1

2 2
s a a s a

w
s s s s

W x l W xhH
A i

ω
ρ ω ζ ωω ω

 + −   =   + − 
∑ . (4.40) 

Modal damping, ζp, ζs for axial and flexural vibrations was introduced to provide 

practical confirmation to the presented modeling. The FRF’s are additive, and the total 

FRF is simply 
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 ( ) ( ) ( )u wH H Hω ω ω= + . (4.41) 

The SISO FRF is the same as the dynamic structural compliance, as seen by the PZT 

wafer active sensor. The dynamic structural stiffness is the inverse of the structural 

compliance, i.e., 

( )
( ) ( ) ( ) ( )

122 / /2

2 2 2 222 2
s a a s ap a a p a

str
p sp p p s s s

W x l W xU x l U x hk A
i i

ω ρ
ω ζ ωω ω ω ζ ωω ω

−
  + − + −     = +  + − + −   
∑ ∑ . (4.42) 

Boundary Conditions 

For free-free axial vibrations of beams (Inman, 1996) the modeshapes are defined as:  

 ( ) cos( )p p pU x A xγ= , p
p
l
πγ = , p pcω γ= , Ec

ρ
= , p = 1,2,…  (4.43) 

where scale factor 2 /pA l=  is determined through a normalization process. 

Modeshape function for flexural vibrations is presented in the following form (Inman, 

1996): 

 ( )( ) cosh cos sinh sins s s s s s sW x A x x x xγ γ σ γ γ= + − +   , (4.44) 

where wave speed w
EIc

Aρ
= , frequency 2

s s wcω γ= , and scale factor 

( )2
0

1/
l

s sA W x dx= ∫  will be used in further analysis. 

Numerical values of sL γ⋅ and sσ  for 5s ≤  can be found in Blevins (1979), page 108; for 

5 s< , ( )2 11
2s

s
L

π
γ

+
=  and 1sσ = .  



96 

The expressions above can be used in further mathematical developments to narrow the 

general Equation (4.42) to the case of particular boundary conditions. Upon 

differentiation, the modeshapes (4.44) are: 

 ( )/ ( ) sinh sin cosh coss s s s s s s sW x A x x x xγ γ γ σ γ γ= − − +   , (4.45) 

Hence 

 

( )
( )

( )
( )

/ /( ) ( ) sinh sinh

sin sin

cosh cosh

cos cos

s a s a a s s s a s a a

s s s a s a a

s s s s a s a a

s s s s a s a a

W x W x l A x x l

A x x l

A x x l

A x x l

γ γ γ

γ γ γ

γ σ γ γ

γ σ γ γ

− + = − +  
− − +  
− − +  
− − +  

 (4.46) 

i.e., 

 

/ / 2( ) ( ) 2 cosh sinh
2 2

22 cos sin
2 2
22 sinh sinh

2 2
22 sin sin

2 2

a a a
s a s a a s s s s

a a a
s s s s

a a a
s s s s s

a a a
s s s s s

x l lW x W x l A

x l lA

x l lA

x l lA

γ γ γ

γ γ γ

γ σ γ γ

γ σ γ γ

+ − + = −  
+ − −  

+ − −  
+ − −  

. (4.47) 

Upon simplification, 

/ / 2 2( ) ( ) 2 cosh sinh cos sin
2 2 2 2

2 22 sinh sinh sin sin
2 2 2 2W

a a a a a a
s a s a a s s s s s s

a a a a a a
s n s s s s s

x l l x l lW x W x l A

x l l x l lA

γ γ γ γ γ

γ σ γ γ γ γ

+ + − + = − +  
+ + + +  

 (4.48) 

Upon substitution, one can develop explicit expressions for 0 ˆ, , and ( )s PZT strW u k ω , but 

that would be unwieldy. A better option is to carry on the evaluation and substitution 

numerically in the general expression (4.42). The dynamic structural stiffness (4.42) 
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participates in the stiffness ratio r (ω), (3.23), introduced to account for elastic boundary 

conditions at the sensor’s edges. Thus, the Equations (3.31) can be used to predict 

impedance or admittance signatures and this allows for direct comparison between 

theoretical and experimental results. It is worth noting that by introducing dynamic 

structural stiffness (4.42) along with particular set of boundary conditions (4.43) and 

(4.48), Equation (3.31) accounts for both: dynamics of the sensor and dynamics of 

structural substrate with the free-free boundary conditions. 

4.2 Numerical Simulation and Comparison with Experimental 

Results 

The analytical model discussed was used to perform numerical simulations that directly 

predict the E/M impedance and admittance signature at the active sensor’s terminals 

during structural identification. Subsequently, experiments were performed to verify 

these predictions. The simulation conditions identically represent the real specimens 

consisted of small steel beams (E = 200 GPa, ρ = 7750 kg/m3) of various thickness and 

widths fabricated in the laboratory. All beams had L = 100mm and various widths: b1 = 

8mm (narrow beams) and b2 = 19.6mm (wide beams). The nominal thickness of the 

specimens was h1 = 2.6mm; by gluing two specimens back-to-back, a double thickness 

specimens, h2 = 5.2mm, was created. Thus, four beam types were used (Figure 4.2): 

narrow-thin, narrow-thick, wide-thin, and wide-thick. The comparison of wide and 

narrow beams was aimed at identifying the width effects in the frequency spectrum, 

while the change from double to single thickness was aimed at simulating the effect of 

corrosion (for traditional structures) and disbonding/delamination on adhesively bonded  
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N arro w  beam s :  
b= 8  m m , L= 100  m m  
h= 2 .6  and  5 .2  m m  
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 #  4  

 #  3

 
Figure 4. 2 Experimental specimens to simulate one-dimensional structure. 
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Figure 4.3 Experimental set up for dynamic identification of steel beams 
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Table 4.1 Theoretical and experimental results for wide and narrow beams with single 
and double thickness. Flexural modes - #1 – 5; Axial mode - #7 

Beam #1 

(narrow thin) 

100 x 8 x 2.6 mm 

Beam #2 

(narrow thick) 

100 x 8 x 5.2 mm 

Beam #3 

(wide thin) 

100 x19.6 x 2.6 mm 

Beam #4 

(wide thick) 

100 x19.6 x 5.2 mm# 

Calc., 

kHz 

Exp, 

kHz 
∆% 

Calc., 

kHz 

Exp, 

kHz 
∆% 

Calc., 

kHz 

Exp, 

kHz 
∆% 

Calc., 

kHz 

Exp, 

kHz 
∆% 

1 1.396 1.390 -0.4 2.847 2.812 -1.2 1.390 1.363 -1.9 2.790 2.777 -0.5 

2 3.850 3.795 -1.4 7.847 7.453 -5.2 3.831 3.755 -2 7.689 7.435 -3.4 

3 7.547 7.4025 -2 15.383 13.905 -10.6 7.510 7.380 -1.7 15.074 13.925 -8.2 

4 12.475 12.140 -2.7  20.650  12.414 12.093 -2.6  21.825  

5 18.635 17.980 -3.6 25.430 21.787 -16.7 18.545 17.965 -3.2 24.918 22.163 -12.4

6  24.840      24.852     

7 26.035 26.317 1 26.035 26.157 0.5 26.022 26.085 0.2 25.944 26.100 0.6 

  

Cluster 

175 

kHz 

  

Cluster 

210 

kHz 

  
Cluster 

35 kHz  
  

Cluster 

60 kHz
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and composite structures. All specimens were instrumented with thin 7-mm square PZT 

active sensors (la = 7mm, ba = 7mm, ta = 0.22mm) placed at xa = 40 mm from one end. 

The numerical simulation was performed using a MathCAD® -coded simulation based on 

modal analysis theory presented in previous sections assuming damping coefficient ζ = 

1% for steel beams. Numerically exact expressions for the axial and flexural frequencies 

and mode shapes were used (Blevins, 1979). The simulation was performed over a modal 

subspace that incorporates all modal frequencies in the frequency bandwidth of interest. 

The theoretical analysis indicates that these frequencies should be identical with the basic 

beam resonances, as predicted by classical vibration analysis (Inman, 1996). “Calc.” 

columns of Table 4.1 show the first 6 predicted resonances for axial and flexural 

vibrations. The experimental set up is shown in Figure 4.3. During the experiments, 

recording of the E/M impedance real part spectrum with the HP 4194A Impedance 

Analyzer was performed in the 1–30 kHz range. To approximate the free-free boundary 

conditions, the beams were supported on common foam. The beam natural frequencies 

were identified from the E/M impedance spectrum. The results are given in the “Exp.” 

columns of Table 4.1. It should be noted that the errors are small, and within the range 

normally accepted in experimental modal analysis. When the beam thickness was 

doubled, the frequencies also doubled. This is consistent with theoretical prediction. 

However, the error between theory and experiment seems larger for the double thickness 

beam, which may be caused by the compliance of the adhesive layer used in the 

construction of the double thickness beam. Even so, the confirmation of theoretical 

predictions  by the experimental results is quite clear. The effect of beam width is 

demonstrated by comparison of “Narrow Beam” and “Wide Beam” columns in Table 4.1. 
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The experimental results indicate a cluster of frequencies, which move to higher 

frequencies as the width of the beam is reduced. The appearance of these clusters was 

associated to in-plane coupling (wide beams approach plate structure behavior), which is 

not covered by the simple 1-D beam theory. 

The width vibrations are also influenced by the thickness, i.e., they shift to higher 

frequencies as the thickness is increased. This is also noticeable in Table 4.1, which 

shows that the lowest cluster appeared for single thickness wide specimen and the highest 

cluster for double thickness narrow beam. Another important aspect that needs to be 

noticed is that the first axial mode of vibrations is at 25 kHz. This explains the ~25 KHz 

double frequencies observed in the single-thickness beams, both narrow and wide. An 

example of the actual impedance spectra is given in Figures 4.4-4.7. The calculated and 

measured results are shown superimposed. It was found that for the first 4 modes of 

single thickness beams, the predicted and measured frequency values are almost 

identical. For the 5th mode, there is a slight difference. 

These results prove again that the predicted and measured results are in close agreement, 

well within the tolerance normally expected from experimental modal analysis. The 

results obtained for double thickness beams are less precise due to inhomogeneity 

introduced by the layer of glue between single thickness beams. This inhomogeneity is 

found to alter the E/M impedance response of a beam. 
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Figure 4. 4 Experimental and calculated spectra of frequencies for single thickness 

narrow beam. (Beam #1) 
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Figure 4. 5 Experimental and calculated spectra of frequencies for double thickness 

narrow beam. (Beam #2) 



103 

 

0

1

10

100

1000

10000

0 5 10 15 20 25 30

Frequency, kHz

R
e 

Z,
 O

hm
s

Experimental 

Calculated

 
Figure 4. 6 Experimental and calculated spectra of frequencies for single thickness 

wide beam. (Beam #3) 
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Figure 4. 7 Experimental and calculated spectra of frequencies for double thickness 

wide beam. (Beam #4) 
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4.3 Comparison with Conventional Methods 

In order to highlight the advantages of the E/M impedance method, dynamic 

identification was also attempted with conventional modal analysis methods. A small 

steel beam with dimensions identical to the #1 specimen (single thickness, beam) was 

instrumented with two CEA-13-240UZ-120 strain gauges connected in half bridge 

configuration to a P-3500 strain indicator from Measurements Group, Inc. The specimen 

was suspended in a free-free configuration and excited with a sharp impact. The resulting 

signal was collected with HP 54601B digital oscilloscope and processed numerically on a 

PC. Standard signal analysis algorithms (FFT) were used to extract the frequency 

spectrum and the resultant power spectral density (PSD) is presented in Figure 4.8. The 

first natural frequency (1.367 kHz) was clearly displayed. The second natural frequency 

(3.711 kHz) could also be identified, but with a much weaker amplitude. The amplitude 

at third natural frequency (7.227 kHz) is comparable with noise. These results are 

consistent with the theoretical values and with the experimental results obtained with the 

E/M impedance method, as presented in Figure 4.9 and Table 4.1. However, the impact 

excitation method was not able to excite the other higher frequencies depicted in Table 

4.1, due, most probably, to bandwidth limitations inherent in the impact excitation 

approach. The use of another conventional modal analysis method was also considered, 

specifically the sweep excitation method. In principle, sweep excitation would be able to 

reach all the natural frequencies within the sweep bandwidth. However, the application of 

this method to considered small specimen was not found to be feasible due to attachment 

difficulties and the kHz range of frequency required that could not be easily achieved 

with conventional shakers. It should be noted that in addition to considered frequency 
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Figure 4. 8 Power spectra density for single thickness narrow beam 
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Figure 4. 9 Real part of the E/M impedance spectrum for single thickness narrow 

beam (log scale) 
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band, the E/M impedance method was able to detect the natural frequencies of a structure 

at much higher frequency bands (hundreds of kHz), where the conventional methods 

were not applicable. This demonstrates that, for the type of small rigid specimens 

considered in this study, the E/M impedance method has a niche of its own that cannot be 

filled by conventional modal analysis methods. 

4.4 Non-invasive Characteristics of the PZT Wafer Active Sensors 

The active sensors used in the experiments were very small and did not significantly 

disturb the dynamic properties of the structure under consideration. Table 4.2 presents the 

mass and stiffness for the sensor and structure (single thickness narrow beam). For 

comparison, the mass of an accelerometer is also presented. 

Table 4.2 illustrates numerically the non-invasive properties of piezoelectric wafer active 

sensors. The mass and stiffness additions brought by the sensor are small (0.56% for 

mass; 2.34% and 7.02% for axial and flexural structural stiffness correspondingly). In 

spite of its small dimensions, the PZT wafer active sensor was able to adequately perform 

the dynamic structural identification of the test specimens, which is shown by results 

presented in Table 4.1 and the sequence of figures showing the E/M impedance spectrum 

of calculated and measured response. If the same identification were to be attempted with 

classical methodology, i.e. using an accelerometer and an impact hammer, the mass 

addition due to the accelerometer would have been around 4.3%, which would greatly 

contaminate the results. This simple example underlines the fact that the use of 

piezoelectric wafer active sensors is not only advantageous, but in certain situations 

irreplaceable. For small components such as in precision machinery and the computer  
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Table 4. 2 Numerical illustration of the non-invasive properties of the piezoelectric wafer 
active sensors. 

Sensor type Mass, g % of structural 
mass Stiffness, MN/m % of structural 

stiffness 
Axial:      2.34%Active sensor  0.085 0.56% Axial:    14.6 
Flexural: 7.02%

Axial:    624 
Structure 16.2 N/A 

Flexural: 208 
N/A 

Accelerometer: 352A10, 
PCB Piezotronics 0.7 4.32% N/A N/A 

 

industry the use of PZT wafer active sensors could be the only practical option for in situ 

structural identification. 

4.5 Conclusions 

An analytical model based on structural vibration theory and theory of piezoelectricity 

was developed and used to predict the electro-mechanical (E/M) impedance response, as 

it would be measured at the piezoelectric active sensor’s terminals. The model considers 

one-dimension structures and accounts for both axial and flexural vibrations. The derived 

mathematical expressions and the model for an elastically-constrained piezoelectric 

active sensor introduced in the preceding chapter were used to account for the dynamic 

response of both the sensor and the structure. Experiments were conducted on metallic 

beam specimens in support of the theoretical investigation. It was shown that the E/M 

impedance spectrum recorded by the piezoelectric active sensor accurately represents the 

mechanical response of a structure. A good agreement between calculated and 

experimental spectra for frequency band controlled by 1-D theory was obtained. 

However, it was observed that at higher frequencies, the beam specimen behaved more 

like a strip or plate structure with clusters of modes, which are not covered by the simple 



108 

1-D beam theory. It was noticed that the response of the structure is not modified by the 

presence of the sensor, thus validating the latter’s non-invasive characteristics. It is 

shown that such sensors, of negligible mass, can be permanently applied to the structure, 

creating a non-intrusive sensor array adequate for on-line automatic structural 

identification and health monitoring. As presented in the proposed method, using just one 

active sensor it is possible to detect only the structural resonances. The detection of 

structural mode shapes is also possible, but requires the simultaneous use of several 

sensors, their number being in direct relationship to the desirable modal resolution.  

A limitation of the E/M impedance method is that, by being tuned to high frequency 

explorations, it does not behave well below 5 kHz. These difficulties can be alleviated in 

the 1 – 5 kHz range by narrow band tuning. This was done during the experiments 

reported here. However, below 1 kHz, the method is simply not recommended. In view of 

these advantages and disadvantages, it is felt that piezoelectric active sensors in 

conjunction with the E/M impedance technique, have their niche as a structural 

identification methodology using self-sensing, permanently attached active sensors. 
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Chapter 5 

5 Dynamic Identification of 2-D Structures 

Using the Piezoelectric Wafer Active 

Sensors and E/M Impedance Method 

The previous chapter discussed the dynamic identification of 1-D structures using the 

example of metallic beams. The scope of the following work is to extend the positive 

results obtained for 1-D structures onto 2-D structures. In this chapter, a study of the 

sensor-structure interaction mechanism using the example of 2-D structures (circular 

plates) is presented. 

 

5.1 Axi-symmetrical 2-D Vibrations of Circular Plates  

For simplicity, consider a circular plate with a piezoelectric disk sensor installed at its 

center. Assuming the axial symmetry of the problem, which in this case is a valid 

assumption since the PZT sensor is installed at the plate’s center, the angle dependent 

components in the governing equations can be eliminated. Thus, the governing equations 

of structural dynamics are significantly simplified. 
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5.1.1 Model Definition and Geometry of the Problem for the Axial Vibrations of 

Circular Plates 

To take an advantage of this simplification, the following geometry of a problem is 

considered. Figure 5.1a shows the sensor location on a plate and Figure 5.1b explains the 

front view of a plate with a sensor installed on its surface.  

Force and Moment Excitation of the Circular Plate 

When the piezoelectric sensor is excited by the external voltage with certain amplitude, 

the volume of a sensor expands or shrinks depending on voltage sign. Thus, elongation 

cased by electric excitation of piezoelectric material produces both: force and moment 

excitation of the host plate. These excitation forces and moments are derived from the 

PZT force, ˆ i t
PZT PZTF F e ω=  using the geometry presented in Figure 5.1. 

 
2a PZT
hM F= ,       a PZTN F=  (5.1) 

According to the convention adopted from the previous chapter, the total line force 

produced by PZT is denoted as: 

 ( , ) ( )e a i t
r rN r t N r e ω= ⋅  (5.2) 

It should be noted that usually line forces are used in the mathematical developments for 

plates and the Na
r units are N/m. Since the axially symmetric case is assumed, no θ 

dependent component is presented. The r dependent part of the excitation line force 

produced by PZT can be denoted as ( , )e
rN r t  and is present in terms of the Heaviside and 

delta functions (r Œ [0,µ.)). 
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Figure 5. 1 Schematics of PWAS excitation of a circular plate: (a) plane view; (b) side 
view 
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N r N r r
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= ⋅ − −

∂
= ⋅ −

∂
∂  = ⋅ − − ∂

 (5.3) 

Similarly, the same principle can be employed to derive the expression for the moment 

produced by the PZT sensor. This moment is a line moment and has the units of N/m 

multiplied by m, and, hence, N – Newtons. Thus, the generic expression for the moment 

cased by the elongation and shrinkage of the sensor can be denoted as follows, 

 ( , ) ( )e a i t
r rM r t M r e ω= ⋅  (5.4) 

Using the same assumption regarding θ dependent component as for the case of force, the 

r dependent part of the excitation moment ( , )e
rM r t can be presented in terms of the 

Heaviside and delta functions. 
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M r M r r
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M r M r r
r

δ

δ

= ⋅ −

∂
= ⋅ − −

∂
∂  = ⋅ − ∂

 (5.5) 
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Figure 5. 2 Schematics of bending deformation of plate 
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The Displacement of Piezoelectric Sensor in Terms of Axial and Flexural Displacements 

of the Plate 

Assume that after the small deformation of the circular plate the middle surface remains 

normal to the middle surface (no shear strain), i.e. Kirchoff assumption. In this case, the 

displacement can be represented according to the Bickford, 1998, pp.343:  

 
/( , ) ( ) ( )

( , ) ( )
u r z u r z w r
w r z w r

= − ⋅
=

 (5.6) 

The axial displacement of the sensor is equal to its elongation between points A and B. 

 
(0, ) (0, ) 0
( , ) ( , )

Au

Bu a a

u t u t
u r t u r t

= =
=

 (5.7) 

The flexural displacement is determined according to the geometry shown on Figure 5.2. 

For the sensor placed at the upper surface of a plate, noting that z = h/2, the expression 

for displacements at points A and B can be introduced as follows: 

 

/

/

(0, ) (0, ) 0
2

( , ) ( , )
2

Aw

Bw a a

hu t w t

hu r t w r t

= − ⋅ =

= − ⋅
 (5.8) 

Hence, total horizontal displacement of PZT sensor between points A and B. 

 /( , ) ( , ) ( , ) ( , ) ( , ) 0
2PZT B A a a
hu r t u r t u r t u r t w r t = − = − ⋅ − 

 
 (5.9) 

 /( , ) ( , ) ( , )
2PZT a a
hu r t u r t w r t= − ⋅  (5.10) 

In the following sections, the axial and flexural vibrational displacements (5.6) will be 

expressed in terms of their corresponding modeshapes and modal response parameters. 
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To achieve this, the axial and flexural vibrations of the circular plate will be studied 

separately and subsequently assembled in the total response through linear superposition. 

In the end, the expression (5.10) will be used to calculate the dynamic structural stiffness 

to be used in Equation (3.43) to obtain the dynamic stiffness ratio. Subsequently, using 

Equations (3.48) and (3.49) the E/M admittance and impedance as measured at sensor 

terminals will be determined. 

5.1.2 Axial Vibrations of a Circular Plate 

Consider axial vibrations of a circular plate. No additional assumptions were made in 

addition to those, presented previously. 

Force Summation for Static and Dynamic Case 

To obtain an equation for the forces acting on the differential element of a circular plate it 

is necessary to account for each component presented in a Figure 5.3. The summation of 

forces lead to the known expression (Kunukkasseril et al., 1974, pp. 604.) 
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Figure 5. 3 Force diagram for the element of a circular plate 
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 1 0r rr N N NN
r r r

θ θ

θ
∂ −∂

+ + =
∂ ∂

 (5.11) 

Details on the development of Equation (5.11) are available in the report by Zagrai and 

Giurgiutiu, (2001). The formulation (5.11) can be further simplified by considering the 

assumption presented in the first section i.e. the force is θ independent. 

 0rr N NN
r r

θ−∂
+ =

∂
 (5.12) 

The dynamic state of the structure can be accounted by considering the Newton’s Law in 

the following form: 

 
2 2 2

2 2 2ρ ρ θ∂ ∂ ∂
= ⋅ = ⋅ = ⋅ = ⋅ ⋅

∂ ∂ ∂dynamic
u u uF m a m dV h rdrd

t t t
. (5.13) 

Combination of (5.13) and (5.11) gives 

 
2

2
1 θ θ ρ

θ
∂ −∂ ∂

+ + = ⋅
∂ ∂ ∂

r rr N N NN uh
r r r t

. (5.14) 

For θ independent forces (5.14) yields. 

 
2

2
rr N NN uh

r r t
θ ρ−∂ ∂

+ = ⋅
∂ ∂

. (5.15) 

Stress Resultants 

Recalling Leissa, (1969), pp.336, in-plane forces (stress resultants) are obtained by 

integrating the in-plane stresses over the plate thickness. 

                     2

2

h

hr rN dzσ
−

= ∫               2

2

h

h
N dzθ θσ

−
= ∫            2

2

h

hr rN dzθ θσ
−

= ∫  (5.16) 

Since the stresses have no variance over z direction, integration yields. 
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 r rN h σ= ⋅          N hθ θσ= ⋅       r r rN N hθ θ θσ= = ⋅  (5.17) 

Taking into account (5.17) and canceling h on both sides, we can represent Equation 

(5.15) in terms of stress. 

        
2

2
θσ σσ ρ−∂ ∂

+ = ⋅
∂ ∂

rr u
r r t

 (5.18) 

Pugachev, (1984), pp.56 presents the same form. 

It is known that governing equations for strain in the cylindrical system of coordinates (a) 

can be simplified for θ independent case (b). (Chou and Pagano, 1967, pp.100) 

 (a)     1

1

r
r

r

r r
r

u
r

uu
r r

uu u
r r r

θ
θ

θ
θ

ε

ε
θ

ε
θ

∂
=

∂
∂

= +
∂

∂∂
= + −

∂ ∂

     ⇒            (b)      
r

u
r

u
rθ

ε

ε

∂
=

∂

=
 (5.19) 

The Hook’s law can be represented in terms of strains (a) or displacements (b). 

 (a)     
( )

( )

2

2

1

1

r r

r

E

E

θ

θ θ

σ ε ν ε
ν

σ ε ν ε
ν

= + ⋅
−

= + ⋅
−

      ⇒    (b)  
2

2

1

1

r
E u u

r r
E u u

r rθ

σ ν
ν

σ ν
ν

∂ = + ⋅ ∂−  
∂ = + ⋅ ∂−  

 (5.20) 

Substitution of (5.20b) into (5.18) upon cancellation of the similar members yields 

 
2 2

2 2 2 2
1

1
Eh u u u uh

r rr r t
ρ

ν
 ∂ ∂ ∂

+ − = ⋅ ∂− ∂ ∂ 
 (5.21) 

Another form of (5.21) is 

 
2 2

2
2 2 2

1u u u uc
r rt r r

 ∂ ∂ ∂
= ⋅ + − ∂∂ ∂ 

 (5.22) 
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where 2(1 )c E ρ ν= ⋅ −  is the wave speed in the circular plate, ρ and ν are the density 

and the Poisson’s ratio of the structural material. 

Axial Vibrations of the Circular Plate Caused by PZT Sensor Force Excitation 

Consider a piezoelectric wafer active sensor permanently bonded to the structure. When 

electrically excited, due to piezoelectric effect, the sensor shrinks or elongates and 

produces additional force ( , )e
rN r t . This force can be accounted in governing equation of 

axially symmetric vibrations of circular plate (5.15) by denoting: 

 total e
r r rN N N= +  (5.23) 

Using this notation, 

 ( ) 2

2

e e
r r r r

N N N N N uh
r r t

θ ρ
∂ + + − ∂

+ = ⋅
∂ ∂

 (5.24) 

and rearranging signs, we obtain a convenient form 

 
2

2

e e
rr r rN NN u N Nh

r r r rt
θ ρ

 −∂ ∂ ∂
+ = ⋅ − + ∂ ∂∂  

. (5.25) 

According to Equations (5.15) and (5.21), 

 
2

2 2 2
1

1
rr N NN Eh u u u

r r r rr r
θ

ν
 −∂ ∂ ∂

+ = + − ∂ ∂− ∂ 
 (5.26) 

Thus, Equation (5.25) in terms of displacements 

 
2 2

2 2 2 2
1

1

e e
r rEh u u u u N Nh

r r r rr r t
ρ

ν
   ∂ ∂ ∂ ∂

+ − − ⋅ = − +   ∂ ∂− ∂ ∂   
 (5.27) 
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Modal Response of the Circular Plate due to Force Excitation Produced by PZT Sensor 

Assuming the steady state response and the space-wise solution in terms of mode-shapes, 

the general solution of homogeneous Equation (5.21) can be denoted as 

 ( , ) ( ) i t
k k

k
u r t P R r e ω 

= ⋅ 
 
∑  (5.28) 

Time differentiation yields 

 
2

2
2( , ) ( ) ( , )i t

k k
n

u r t P R r e u r t
t

ω ω∂
= ⋅ = − ⋅

∂∑  (5.29) 

Substituting Equations (5.28) and (5.29) into Equation (5.21) upon differentiation with 

respect to r we obtain, 

// / 2
2 2

1 1( ) ( ) ( ) ( )
1

e e
i t i t r r

k k k k k k
k k

Eh N NP R r R r R r e h P R r e
r r rr

ω ωρ ω
ν

 ∂ + − ⋅ + ⋅ ⋅ = − +   ∂−    
∑ ∑  (5.30) 

Eliminating the exponential term yields 

 // / 2
2 2

1 1( ) ( ) ( ) ( )
1

a a
r r

k k k k k k
k k

Eh N NP R r R r R r h P R r
r r rr

ρ ω
ν

 ∂ + − + ⋅ = − +   ∂−    
∑ ∑  (5.31) 

The separation of variables constant can be found from the space and time solution ratio 

by considering the homogeneous Equation (5.21) 

 
( )

// / 2
22

( )1 1 1( ) ( ) ( )
( ) ( )1

k
k k k k

k k

T tE R r R r R r
r R r T tr

ω
ρ ν

 + − ⋅ = = − 
 ⋅ −

 (5.32) 

Therefore,  

 
( )

// / 2
22

1 1( ) ( ) ( ) ( )
1 k k k k k k k

k k

Eh P R r R r R r h P R r
r r

ρ ω
ν

 ⋅ + − = ⋅ − 
 −

∑ ∑  (5.33) 
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Thus, Equation (5.31) yields 

 2 2( ) ( )
a a
r r

k k k k k
k k

N Nh P R r h P R r
r r

ρ ω ρ ω
 ∂

⋅ − ⋅ = − + ∂ 
∑ ∑  (5.34) 

Rearranging and changing signs gives 

 ( )2 2 ( )
a a
r r

k k k
k

N Nh P R r
r r

ρ ω ω
 ∂

⋅ − ⋅ = + ∂ 
∑  (5.35) 

The equation above can be multiplied by Rl (r) and integrated over the area of a plate to 

use the ortho-normal property discussed in Appendix (A.23-A.25). 

 ( ) 2 22 2
0 0 0 0

( ) ( ) ( )
a aa a r r

k k k l l
k

N Nh P R r R r rdrd R r rdrd
r r

π π
ρ ω ω θ θ

 ∂
⋅ − ⋅ = + ∂ 
∑ ∫ ∫ ∫ ∫  (5.36) 

Ortho-normality condition yields 

 2

0 0
( ) ( )

a
k lh R r R r rdrd m

π
ρ θ⋅ =∫ ∫  (5.37) 

where m is the total mass of the plate. This can be rearranged to 

 2 2 2
0 0

1
( ) ( )

0
a

k l kl
k l

h R r R r rdrd h a h a
k l

π
ρ θ ρ π δ ρ π

=
⋅ = ⋅ ⋅ = ⋅ ⋅  ≠
∫ ∫  (5.38) 

Therefore, when k = l 

 ( ) 22 2
2 0 0

1 ( )
a aa r r

k k k
k

N NP R r rdrd
r ra h

π
ω ω θ

π ρ
 ∂

− = + ∂⋅  
∑ ∫ ∫  (5.39) 

Define the modal excitation: 

 2
0 2 0 0

1 ( )
a aa r r

k k
N NR R r rdrd
r ra h

π
θ

π ρ
 ∂

= + ∂⋅  
∫ ∫  (5.40) 
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( )

0
2 2

k
k

k

RP
ω ω

=
−

 (5.41) 

The Equation (5.41) for modal participation factor Pk was developed for the case of 

undamped vibrations. However, in real structures some damping is always present. This 

can be accounted in the analysis for modal participation factor by introducing a viscous 

damping factor ςk , and the Equation (5.41) becomes the complex expression: 

 
( )

0
2 22

k
k

k k k

RP
iω ς ωω ω

=
+ −

 (5.42) 

Consider the force excitation in a form presented in Equation (5.3) and rearrange (5.40) 

as follows.  

 2 1
0 2 0 0

( ) ( ) ( )
aa

k k a ar
NR R r r r H r r rdrd

a h
π

δ θ
π ρ

= ⋅ ⋅ − − −  ⋅ ∫ ∫  (5.43) 

Modal excitation parameter R0k can be divided in two integrals for simplicity. 

 2

0 0
( ) ( ) 2 ( )

a
k a a k aR r r r rdrd r R r

π
δ θ π− = ⋅∫ ∫  (5.44) 

 
( )

2

0 0 0

0 0

( ) ( ) 2 ( ) 1 ( )

2 ( ) ( ) ( )

a a
k a k a

a a
k k a

R r H r r drd R r H r r dr

R r dr R r H r r dr

π
θ π

π

− = − − =

 = − −  

∫ ∫ ∫

∫ ∫
 (5.45) 

Hence, Equations (5.44) and (5.45) upon integration yield 

 0 2 0

2 ( ) ( ) ( )
aa

k a k a k a
NR r R r R r H r r dr

a h
π

π ρ
 = ⋅ − −  ⋅ ∫  (5.46) 

Recalling the general solution for the axial displacement of circular plate (5.28) 

combination (5.42) and (5.46) gives a solution in the following form: 
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( )

0
2 2 2

( ) ( ) ( )2( , ) ( )
2

a
a k a k a

i ta
k

k k k k

r R r R r H r r drNu r t R r e
a h i

ω

ρ ω ς ωω ω

 − −  = ⋅ ⋅
⋅ + −

∫
∑  (5.47) 

 Axial Mode-Shapes of a Free Circular Plate  

The free boundary condition around the circumference of a plate was considered because 

they can be unequivocally implemented during experimental testing. 

The details on the development of space-wise solution of Equation (5.21) are given in 

Appendix (Equations A.1 – A.12). The expression for axial vibrations of a circular plate 

is expressed in terms of first order Bessel function. 

 ( )1( )k kR r A J rλ= ⋅  (5.48) 

where A is a constant that can be determined through normalization process described in 

Appendix (A.4.13-A.4.24). The formulation for this constant is 

 
1

2 2
1 0 2( ) ( ) ( )k k k kA J a J a J aλ λ λ

−
 = −   (5.49) 

Numerical values of λka can be obtained though the development of the frequency 

equation presented in Appendix (A.4.25-A.4.34). Using the numerical roots of the 

frequency equation, we can determine natural frequencies of axial vibrations of a circular 

plate with the free circumference edge. 

 k kcω λ= ⋅  (5.50) 

where 2(1 )c E ρ ν= ⋅ −  is the wave speed previously defined in Equation (5.22). 

The modeshapes for axial vibrations of free circular plate simulated with Equation (5.48) 

are illustrated in Figure 5.4. 
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(a) Nodal circles k = 0 (b) Nodal circles k = 5 (c) Nodal circles k = 10 

Figure 5. 4 Axial mode shapes of free circular plate 
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5.1.3 Flexural Vibrations of a Circular Plates 

The problem of flexural vibrations of circular plates is very popular in engineering 

analysis due to the large number of practical applications. Hatches, piston heads, pressure 

sensors, turbine disks, and different types of pumps are some examples. To take 

advantage of axial symmetry, consider the assumption presented in the previous section: 

the plate is subject to the symmetrical loading and free boundary conditions around its 

circumference. This implies that the plate is continuous in θ direction (i.e. in the region 

0 2θ π≤ ≤ ), load is θ independent, and boundary conditions do not vary around the 

circumference (Vinson, 1974, pp.65). Mathematically, this implies that the following 

components are zero:  
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2 0rM Qθ θθ θ
∂ ∂

= = = =
∂ ∂

 (5.51) 
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Figure 5. 5 Force and moment diagram for the element of a circular plate 



124 

Consider that no external force is applied to the plate element shown on Figure 5.5. In 

cylindrical coordinates the volume of this differential element is dV =hplate rdrdθ. An 

equation of equilibrium can be obtained by summing forces and moments relative to the 

chosen axis.  

Force Summation for Static and Dynamic Cases 

Summing forces in z (vertical) direction, neglecting second order terms and division by 

rdrdθ, yields 

 (a) 1 0r rQQ Q
r r r

θ

θ
∂∂

+ + =
∂ ∂

, since 0Qθ

θ
∂

=
∂

 ⇒       (b)   0r
r

QQ r
r

∂
+ =

∂
 (5.52) 

Using Newton’s law of motion (5.13) we can formulate the dynamic equation for 

transverse forces in terms of flexural displacements w.  

 
2

2
r

r
QQ wQ r h r

r t
θ ρ

θ
∂∂ ∂

+ + = ⋅
∂ ∂ ∂

 (5.53) 

The axially symmetric case, based on assumption (5.51) yields 

 
2

2
r

r
Q wQ r h r
r t

ρ∂ ∂
+ = ⋅

∂ ∂
 (5.54) 

Moment Summation for Static and Dynamic Cases 

Summation of moments along section cd and neglecting second and third order terms 

upon division by rdrdθ gives the classical formulation (Vinson, 1974, pp.62 and 

Kunukkasseril et al., 1974, pp.604) of the moment equation for bending of  circular 

plates. 

 1 0r rr
r

M M MM Q
r r r

θ θ

θ
∂ −∂

+ + − =
∂ ∂

 (5.55) 
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This equation can be written in terms of displacements by using (5.52a) and a following 

moment’s definition (Ugural, 1999, pp.107) simplified with (5.51). 

 (a) 

( )

2 2

2 2 2

2 2

2 2 2

2

2

1 1

1 1

1 11

r

r

w w wM D
r rr r

w w wM D
r r r r

w wM D
r r r

θ

θ

ν
θ

ν
θ

ν
θ θ

  ∂ ∂ ∂
= − ⋅ + +  ∂∂ ∂   

 ∂ ∂ ∂
= − ⋅ + + ∂ ∂ ∂ 

 ∂ ∂
= − − ⋅ − ∂ ∂ ∂ 

 ⇒   (b) 

2

2

2

2
1

r
w wM D

r rr

w wM D
r r rθ

ν

ν

 ∂ ∂
= − ⋅ + ∂∂ 

 ∂ ∂
= − ⋅ + ∂ ∂ 

(5.56) 

Reader may address Kunukkasseril et al., 1974, pp. 605 for further development. The  

scope of the following derivation is to investigate the axially symmetric case since it 

represents the nature of our problem. For the axially symmetric situation when Mrθ = 0 

Equation (5.55) yields (Ugural, 1999, pp.111; and Bickford, 1998, pp.342). 

 0rr
r

M MM Q
r r

θ−∂
+ − =

∂
 (5.57) 

To eliminate the shear force Qr, Equation (5.57) should be multiplied by r and 

differentiated with respect to r. 

 
2

2 2 0r r r
r

MM M Qr r Q
r r rr

θ∂∂ ∂ ∂ + − − + = ∂ ∂ ∂∂  
 (5.58) 

Substitution of (5.52b) into (5.58) gives 

 
2

2 2 0r r MM Mr
r rr

θ∂∂ ∂
+ − =

∂ ∂∂
 (5.59) 

Equation (5.59) is consistent with Jaeger, 1964, pp. 51 and may be rewritten in terms of 

flexural displacements using simplified Equation (5.56b). 
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4 3 2

4 3 2 2
1 12 0w w w wD r
r rr r r r

 ∂ ∂ ∂ ∂
− + − + ⋅ = ∂∂ ∂ ∂ 

 (5.60) 

Equation (5.60) can be presented in the other form. 

 
2 2

4
2 2 2 2

1 1 0r r
r

w wD w D
r rr r r r

   ∂ ∂ ∂ ∂
− ⋅∇ = − ⋅ + ⋅ ⋅ + ⋅ =   ∂ ∂∂ ∂   

 (5.61) 

The dynamic case can be realized by substituting (5.54) into (5.58). 

 
2 2

2 22 0r r MM M wr h r
r rr t

θ ρ∂∂ ∂ ∂
+ − − ⋅ =

∂ ∂∂ ∂
 (5.62) 

Division of Equation (5.62) by r gives 

 
2 2

2 2
2 1 0r r MM M wh
r r r rr t

θ ρ∂∂ ∂ ∂
+ − − ⋅ =

∂ ∂∂ ∂
 (5.63) 

Using Equation (5.60), we obtain 

 
4 3 2 2

4 3 2 2 3 2
2 1 1w w w w wD h
r rr r r r r t

ρ
 ∂ ∂ ∂ ∂ ∂

− + − + ⋅ = ⋅ ∂∂ ∂ ∂ ∂ 
 (5.64) 

Equation (5.64) can be rearranged in the following way: 

 
2

4
2
wD w h

t
ρ ∂

− ⋅∇ = ⋅
∂

      or      
2

4
2
wD w h

t
ρ ∂

⋅∇ = − ⋅
∂

 

where ( )3 212 1D Eh ν= ⋅ −  is the flexural rigidity (Bickford, 1998, pp.345). Finally, 

 
2

4
2 0wD w h

t
ρ ∂

⋅∇ + ⋅ =
∂

 (5.65) 

Equation (5.65) is the classical homogeneous equation of vibrations of an axially 

symmetric plate with no external load present. 
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Flexural Vibrations of the Circular Plate Caused by PZT Sensor Moment Excitation  

The additional moment component ( , )e
rM r t produced by a sensor, can be accounted in 

Equation (5.57) by denoting: 

 total e
r r rM M M= +  (5.66) 

Using this notation, 

 ( )
0

e e
r r r r

r

M M M M M Q
r r

θ
∂ + + −

+ − =
∂

 (5.67) 

Then, the following expression can be obtained upon multiplication by r 

 0
e

er r
r r r

M Mr r M M M rQ
r r θ

∂ ∂
+ + + − − =

∂ ∂
 (5.68) 

Differentiating with respect to r and accounting for plates dynamics yields 

 
2 2 2

2 2 22 2 0
e e

r r r rMM M M M wr r hr
r r rr r t

θ ρ
 ∂∂ ∂ ∂ ∂ ∂

+ − + + − ⋅ = ∂ ∂ ∂∂ ∂ ∂ 
 (5.69) 

We can rewrite (5.69) in terms of displacements. 
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The left bracket could be recognized as the Laplacian in fourth degree. (Bickford, 1998, 

pp.345) 
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Thus, the equation for flexural vibrations of an axially symmetric circular plate cased by 

PZT sensor moment excitation finally can be expressed as 
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Modal Response of the Circular Plate to the Moment Excitation 

The method introduced in the previous section for the axial vibrations can be easily 

applied to the case of flexural vibrations. Consider the steady state response and the 

space-wise solution in terms of mode-shapes. No θ-dependent modeshapes are presented 

in the solution due to the nature of the problem. Thus, the following form of the general 

solution of the homogeneous Equation (5.65) can be assumed: 

 ( , ) ( ) i t
m m

m
w r t G Y r e ω 

= ⋅ 
 
∑  (5.73) 

Then, the second derivative with respect to time in terms of displacement can be defined 

as 
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Substitution of (5.74) into differential Equation (5.72) upon cancellation of exponential 

multiplier yields 
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Utilization of ortho-normality condition according to Appendix (A.23) and (A.25) 

implies multiplication by Yn(r) and integration over the area of a plate. 

 

2 4 2
0 0

22

20 0

( ) ( ) ( )

2( )

a
n m m m m

m m

a aa r r
n

Y r D G Y r h G Y r rdrd

M MY r rdrd
r rr

π

π

ω ρ θ

θ

  
⋅ ∇ − ⋅ =  

  
 ∂ ∂

= ⋅ + ∂∂ 

∑ ∑∫ ∫

∫ ∫

 (5.76) 

Recall the relationship for the separation of variables constant 
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Using (5.77) we may rewrite (5.76) as 
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or,  
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The application of mode-shapes ortho-normality condition expressed by Appendix (A.23) 

and (A.25) gives 
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Therefore, when m = n 
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Define the modal excitation: 
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The effect of internal losses can be accounted in the model by introducing the viscous 

damping factor ςm. 
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In the formulation (5.81), the moment terms can be expressed using the terminology 

introduced in (5.5).  
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Since no θ-dependent component is presented, the integral expression can be reduced into 

the following: 
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At this point, we can take an advantage of specific properties of Dirac delta function 

(Appendix A.35 - A.39) by denoting ( ) ( )m mW r r Y r= ⋅ . Thus, the integration yields 
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Integration of the second part of (5.86) gives 
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Therefore, the Equation (5.85) using these two results yields 
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The modal participation factor (5.83) can be redefined using the results of (5.88) 
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Recalling the general solution for the flexural displacement of a circular plate in the form 

(5.73), we obtain 
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Flexural Mode-Shapes of a Free Circular Plate  

The general space-wise solution for the flexural vibration of circular plates with the free 

circumference edge was presented by Itaro and Crandall, 1979. 
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where Amn and Cmn are the amplitude and mode-shape parameters determined through the 

normalization process and by solving the eigenvalue problem.  

Particular cases of equation (5.91) depend on the number of circles m and diameters n in 

the correspondent mode-shape. The natural frequencies of vibration can be determined by 

solving for roots of Bessel functions involved in (5.91) and substituting obtained 

numerical values in the following expression: 
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where 
mnaλ is frequency parameter which is dependent on number of circles m, number of 

diameters n and boundary conditions. The solution for the frequency parameters and 

modal coefficients presented in (5.91) is tabulated in Itaro and Crandall, 1979. 



132 

For the presented scenario, the number of elements in (5.91) can be reduced by 

considering the physics behind the problem. When mounted on a structure, piezoelectric 

sensors are essentially strain sensors. Hence, from the experimental point of view, the 

best effect could be achieved by placing the sensor at the point of maximum curvature of 

a plate. For the considered boundary conditions, this point is the center of a plate. The 

disadvantage of this approach is that when the sensor is placed at the center of a plate, it 

cannot capture the modes, which have a node line in the center. In other words, it would 

be any mode where the nodal diameters are present. Thus, despite the convenience of 

considering the axially symmetric problem, the general solution (5.91) will be limited to 

the case when n = 0, i.e., only the zero order Bessel functions are involved in the solution. 

Mathematically this means the following formulation for modeshape function. 

 ( ) ( ) ( )0 0
0 0 0 0 0m ma a

m m ma aY r A J r C I r ,nλ λ = ⋅ + ⋅ =   (5.93) 

The expression above is illustrated with Figure 5.6, which presents modeshapes for 

different numbers of nodal circles.  

 

   

(a) Nodal circles m = 1 (b) Nodal circles m = 4 (c) Nodal circles m = 7 

Figure 5. 6 Flexural mode shapes of free circular plate 
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5.1.4 Calculation of the Frequency Response Function and the Dynamic Structural 

Stiffness 

At the beginning of this chapter, the displacement of the piezoelectric sensor in terms of 

axial and flexural displacements of the circular plate was discussed. For the particular 

geometry presented in Figure 5.1, this displacement can be expressed as: 

 /( , ) ( , ) ( , ) ( , ) ( , )
2PZT B A a a
hu r t u r t u r t u r t w r t= − = − ⋅  (5.94) 

Using solutions for axial (5.47) and flexural (5.90) displacements of a circular plate, the 

amplitude of Equation (5.94) can be defined in terms of axial and flexural modeshapes.  
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 (5.95) 

The frequency response function (FRF) can be obtained dividing Equation (5.94) by 

ˆ
PZTF . To highlight the difference, we express the axial and flexural components of FRF 

separately. 
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where Rk (r) and Ym(r) are the modeshapes for axial and flexural vibrations defined by 

Equations (5.48), (5.93) and illustrated with Figures (5.4) and (5.6). 
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The detailed definition of the FRF for axial vibrations of free circular plate can be 

obtained by substituting the expression (5.48) for the modeshapes and definition (5.49) 

for the normalization constant in (5.96). 
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  (5.98) 

To obtain the flexural component of FRF (5.97), we need to differentiate the modeshape 

(5.93) with respect to r . According to Abramowitz and Stegun, (1964), pp. 361 (section 

9.1.28) and pp. 376 (section 9.6.27) the following relationships hold. 
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Thus, the flexural component of FRF can be expressed as 
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The FRF’s are additive, and the total FRF is simply  

 ( ) ( ) ( )u wH H Hω ω ω= + . (5.102) 
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Thus, adding Equations (5.98) and (5.101) together, we obtain the total FRF of the 

circular plate vibrating due to PZT waver active sensor excitation. 

From the other hand, the dynamic structural stiffness is 

 ( ) ( ) ( ) 1
str u wk H Hω ω ω

−
 = +  . (5.103) 

This dynamic structural stiffness participates in dynamic stiffness ratio χ(ω) =  ksrt (ω )/ 

kPZT defined in Chapter 3. The ratio allows is used in the expression for the impedance 

spectrum as it would be read at the PWAS terminals. For the case of piezoelectric disk 

placed at the center of the circular plate this expression according to Chapter 3 is 
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(5.104) 

Therefore, with the developments presented in this chapter, Equation (5.104) incorporates 

the following: it accounts for 2-D scenario, it presents dynamics of the sensor and 

dynamics of the structural substrate, and it considers axial and flexural vibrations of the 

host structure. 

5.2 Numerical Simulation and Comparison with Experimental 

Results 

A series of experiments were conducted on thin-gage aluminum plates to validate the 

theoretical investigation. Five identical circular plates were manufactured from aircraft-

grade aluminum stock. The diameter of each plate was 100-mm and the thickness was 

approximately 0.8-mm. The plates were instrumented with 7-mm diameter piezoelectric-

disk active sensor (0.2 mm thick), placed at the center of a plate (Figure 5.7a). Impedance 
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Figure 5. 7 (a) Thin-gage aluminum plate specimens with centrally located 
piezoelectric sensors: 100-mm circular plates, thickness – 0.8mm. (b) E/M 
impedance spectra taken from pristine plates in the 11—40 kHz frequency 
band 

 
 

Table 5. 1 Statistical summary for resonance peaks of four axi-symmetric modes of a 
circular plate as measured with the piezoelectric active sensor using the E/M 
impedance method 

Statistical Summary for Circular Plates in Group 0 - Pristine 

Average 
frequency, kHz 

Frequency 
STD, kHz (%)

Log10 - Average 
amplitude, Log10 - Ohms

Log10 - Amplitude STD, 
Log10 -  Ohms (%) 

12.856 0.121 (1%) 3.680 0.069 (1.8%) 
20.106 0.209 (1%) 3.650 0.046 (1.2%) 
28.908 0.303 (1%) 3.615 0.064 (1.7%) 
39.246 0.415 (1%) 3.651 0.132 (3.6%) 

Table 5. 2 Theoretical and experimental results for a circular plate with a sensor installed 
in the center 

Frequency # 1 2 3 4 5 6 7 8 
Calc., kHz 0.742 3.152 7.188 12.841 20.111 29.997 35.629 39.498 
Exp, kHz 0.799 3.168 7.182 12.844 20.053 28.844 36.348 39.115 
Error ∆% -7.708 -0.520 0.078 -0.023 0.288 0.528 1.978 0.97 
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data was taken using a HP 4194A Impedance Analyzer. The spectra recorded during this 

process are shown in Figure 5.7b. During the experiments, the specimens were supported 

on commercially available packing foam to simulate free boundary conditions. Plate 

resonance frequencies were identified from the E/M impedance real part spectra. Table 

5.1 shows the statistical data in terms of resonance frequencies and amplitudes. It should 

be noted that the resonance frequencies have very little variation (1% standard deviation) 

while the amplitudes vary more widely (10-30% standard deviation). 

In Figure 5.8, the experimental spectrum was compared with the spectrum predicted by 

the theory presented in this chapter. The frequency response function (FRF) was 

calculated with a combination of Equations (5.98) (5.101) and (5. 102) for the axial 

vibrations damping factor ςk = 0.07% and the flexural vibrations damping factor ςm = 0.4 

%. The values of natural frequencies theoretically obtained for circular plates match very 

well with experimental data. However, some difference was noticed for the axial mode 

(about 2%). This deviation may come from the calculation procedure performed for the 

particular Poisson ratio, although the value of this ratio for the material of the 

experimental specimen was not known exactly. The modified expression (5.104) was 

used to simulate E/M impedance spectrum of a plate specimen used in the preceding 

experiment. Figure 5.8b shows this comparison over a wide frequency range (0.5 - 40 

kHz), which captures six flexural and one axial mode. The theoretical predictions of 

Figure 5.8b were obtained with a modified version of Equation (5.104). The 

modifications consisted in introducing a multiplicative correction factor a/ra, in front of 

the stiffness ratio χ(ω). This correction factor was needed to account for difference 

between kstr (N/m2) distributed over the radius of the plate and kpzt (N/m2) distributed over 
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Figure 5. 8 Experimental and calculated spectra for pristine plate specimen: (a) FRF 
in 0.5-40 kHz frequency range; (b) E/M impedance in the 0.5-40 kHz 
frequency range 
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the radius of the sensor.With this correction, good agreement of experimental and 

theoretical impedance spectra was obtained. Theoretical and experimental results are 

compared in Table 5.2. Two outliers were noticed, the first flexural frequency and the 

first axial frequency, 7.7% and 2% of mismatch respectively. Otherwise, the difference 

between experimental and theoretical values is not significant (all values below 1% 

error). Thus, we can conclude that expression (5.104) permits direct comparison of 

experimental and theoretical data, which was the aim of presented analysis. 

Although the simulation gives a good agreement with experimental results, the model is 

limited to the natural frequencies corresponding to the purely axi-symmetrical modes. As 

was mentioned earlier in this chapter, this assumption is consistent with the geometry of a 

problem where the piezoelectric disk active sensor is placed in the center of the plate. 

However, if the sensor is slightly misaligned, non axis-symmetric modes will also be 

excited and appear in the spectrum. This effect is especially noticeable at high 

frequencies as illustrated in Figure 5.8b. Low amplitude peaks that appeared due to slight 

misalignment of the sensor from the center of a plate are observable at 15, 24 and 33 

kHz. 

5.3 Conclusions 

In this chapter, the application of the E/M impedance method for dynamic identification 

of 2-D structures was discussed. The one-dimensional dynamic approach presented in the 

previous chapter for metallic beams was extended for metallic circular plates. A two-

dimensional cylindrical coordinates analysis for axi-symmetric vibrations was presented. 

The analytical solution incorporates and couples the dynamics of the structural substrate 

and the dynamics of the piezoelectric active sensor. The analytical model accounts for 
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flexural and axial circular plate vibrations and predicts the E/M impedance response as it 

would be measured at the piezoelectric active sensor’s terminals during the health 

monitoring process.  

A set of experiments was conducted to support the theoretical investigation. Circular 

plate specimens were used to measure the electro-mechanical impedance spectra as 

predicted by the theory for a piezoelectric active sensor attached in the center of the plate. 

Seven flexural harmonics and one axial harmonic of axi-symmetric vibrations were 

successfully identified by both theoretical predictions and experimental results. The 

experimental data also revealed other resonance peaks of residual amplitudes that can be 

attributed to non axi-symmetric modes that were inadvertently excited through small off-

center deviations in sensor placement. Thus, it is concluded that good agreement of 

experimental and calculated E/M impedance signatures was obtained for both flexural 

and axial harmonics of the spectrum. The work reported in this chapter has demonstrated 

the ability of permanently attached PZT active sensors to perform structural identification 

in thin circular plates through the E/M impedance method. 

For the development of a structural health monitoring technology, it is important to 

correlate the change in the E/M impedance spectrum to the presence of damage. This 

issue is addressed in Part II of this Dissertation, which discusses the data assessment and 

processing. 
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PART II: 
 
Data Assessment and Processing 
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Chapter 6 

6 Damage Metric Algorithms for the E/M 

Impedance Structural Health Monitoring 

6.1 State of the Art in Damage Identification Algorithms for SHM 

Damage identification algorithms are vital for practical implementation of SHM system. 

Damage identification algorithms can classify experimental data into several classes (i.e. 

pristine, lightly damaged, and severely damaged) depending on the damage severity 

and/or location. For example, when a researcher compares the frequency spectra of 

pristine and damaged structures, the difference between spectra is obvious in many cases, 

although, the researcher does not think about the classification algorithm, which classifies 

spectra into pristine and damaged scenarios. For successful solution of a classification 

problem, the deviation of inherent parameters of the structure due to temperature, 

humidity or integrity changes as reflected in the measured data should be accounted for. 

According to Doebling et al., (1996), structural damage, such as fatigue cracks in metals 

or delamination of layer composite structures, causes characteristic local changes of 

stiffness, damping, and/or mass. Corresponding to these changes, shifts of the dynamic 

characteristics (frequencies, modeshapes, modal damping) occur. Fritzen and Bohle 

(1999) studied parameter selection strategies for modal-analysis based damage detection 
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using the experimental data collected during the controlled experiments on the I-40 

bridge over the Rio Grande, New Mexico. Modal analysis measurements in the range 2-

12 Hz were collected at 26 accelerometer locations. An initial cut (600 mm long by 

10mm wide), was progressively expanded until it virtually cut through a girder. However, 

positive detection was only possible when the cut was almost through the girder, 

highlighting the difficulty of detecting incipient damage with low-frequency modal 

analysis.  

Deviation between the pristine dynamic properties and the damaged dynamic properties 

can be used to detect damage, and diagnose its location and extent. For example, Morita 

et al., (2001) used a flexibility method and damage-frequency correlation matrix obtained 

for the first 5 structural frequencies of a five story steel frame to identify damage 

presence and location from changes in frequencies and modeshapes. Hu and Fukunaga 

(2001) studied structural damage identification using piezoelectric sensors. The 

piezoelectric sensors were used as segmentwise curvature sensors. The resulting 

frequency response, modeled with a finite element analysis, was used to detect the 

presence and location of damage. 

As presented by Farar et al., (2001), the implementation issues for an integrated structural 

health monitoring system are: 

a) Hardware implementation of an active micro electromechanical system consisting of 

excitation, sensors, microprocessor, and wireless modem integrated pack 

b) Signal processing to identify damage. 
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The latter involves a feature-extraction data-compression process, which identifies 

damage-sensitive properties from the measured vibration response. 

The feature-extraction technique presented by Farar et al., (2001) implements statistical 

algorithms that analyze distributions in the extracted features in an effort to determine the 

damage state of the structure. Statistical modeling was used to quantify changes in data 

features due to the presence of damage or variations in operational and environmental 

conditions. Three types of algorithms were suggested: group classification, regression 

analysis, and outlier detection. Data compression into small-size features vectors was 

necessary to keep the problem size within manageable limits. In addition, realistic 

damage scenarios were always accompanied by nonlinear and/or nonstationary structural 

response, for which adequate analysis methods are required. Todoroki et al., (1999) 

developed a health monitoring system schematic in which the probability of damage was 

estimated using statistical methods applied to strain gauge data continuously collected 

from the sensors. Hickinbotham and Austin (2000) studied a novelty detection for flight 

data from aircraft strain gauge measurements using the frequency of occurrence method. 

Using a Gaussian mixture model, they were able to identify abnormal sensor data. 

However, a significant percentage of normal flights were misclassified as abnormal. Sohn 

and Farar (2000) studied statistical process control and projection techniques for damage 

detection. Principal component analysis, with linear and quadratic projections were used 

to compress the features vectors using the Bayesian classification method. Auto 

regression models were used to fit the measured time series. 

Ho and Ewins (1999) performed a numerical evaluation of a damage index. Using a finite 

element model, a damage indicator plot was developed from the modeshapes curvature. 
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The model was verified against perturbations related to the measurement noise, the 

modeshape spatial resolution, and the location of damage. It was found that the methods 

can detect damage; however situations in which damage presence was not detected were 

also identified. Lecce et al., (2001) used piezoelectric wafer active sensors for damage 

detection in aircraft structures. The FRF of a 9 × 9 sensor array was used to identify 

damage. Global damage index expressions based on the absolute value of the difference 

between the pristine and damaged spectra in the zero to 5000 Hz range were considered. 

Ying et al., (2001) used stochastic optimal coupling control to study the seismic response 

mitigation of adjacent high-rise structures. The response evaluation criteria was 

calculated as the relative difference between the RMSD (root mean square deviation) of 

the response and the RMSD of the target. Ni et al., (2001) studied the viability of active 

control of cable-stayed bridges. The authors used the stochastic seismic response analysis 

and a control algorithm aimed at minimizing RMSD displacement response. 

Extensive modal-analysis studies have focused on using automatic pattern recognition 

based on Neural Networks (NN) algorithms for structural damage identification. Worden 

et al., (2000) reviewed the use of multi-layer perceptron (MLP) and radial basis function 

(RBF) NN and genetic algorithms for modeling the time response of a nonlinear Duffing 

oscillator with hysteretic response. Zang and Imregun (2000) used damage detection with 

a neural network that recognizes specific patterns in a compressed FRF. The compression 

of the FRF data was achieved with a principal component analysis algorithm. Chan et al., 

(1999) used neural network novelty filtering to detect anomalies in bridge cables using 

the measured frequency of the cables. An auto associative neural network, which is a 

multi layer feed forward perceptron NN was used. This network was trained to 



146 

reproduce, at the output layer, the patterns presented at the input layer. However, since 

the patterns are passed through hidden layers, which have fewer nodes than the input 

layer (bottleneck layers), the network is forced to learn just the significant prevailing 

features of the patterns. The novelty index was developed based on Euclidian norm and 

used as a threshold to identify the anomalous data. Ni et al., (2001) studied the 

application of adaptive PNN (probabilistic neural network) to suspension bridge damage 

detection. The PNN was designed to implement the Bayesian decision analysis with a 

Parzan windows estimator into the artificial neural network. Sohn et al., (2001) studied 

the novelty detection under changing environmental conditions to identify structural 

damage in tested structures. An auto-associative neural network with 3 hidden layers was 

used. The novelty index was defined as the Euclidian distance between the target outputs 

and the neural network outputs. The method was demonstrated on a simplified analytical 

model representing a computer hard disk storage device. Sundareshan et al., (2001) 

studied a neural system for structural health monitoring using embedded piezoceramic 

elements. The authors attempted to hardwire the artificial neurons into the monitored 

structure using piezoceramic fibers and transducer-bus interface modules. Liu et al., 

(1999) used a multilayer feedforward neural network to perform structural damage 

identification. The time domain parameter estimation was used, and the natural 

frequencies were identified as the “most reliable indicators of damage”.  

Development of suitable damage metrics and damage identification algorithms remain an 

open question in the practical application of the E/M impedance technique. The damage 

index is a scalar quantity that serves as a metric of the damage present in the structure. 

Ideally, the damage index should be able to evaluate the E/M impedance spectrum and 
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indicate damage presence, location, and severity. Sun et al., (1995) used a damage index 

based on the root mean square deviation (RMSD) of the E/M impedance real part 

spectrum. The damage index compares the amplitudes of the two spectra (damaged vs. 

pristine) and assigns a scalar value based on the formula:  
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where N is the number of sample points in the spectrum, and the superscript 0 signifies 

the pristine (base-line) state of the structure. Though simple and extensively used, the 

RMSD metric has an inherent problem: perturbing effects unrelated to damage (e.g., 

temperature variation) shift the spectrum, and directly affect the damage index value. 

Compensation of such effects is not straightforward, and may not even be possible. The 

use of other damage metrics, base on alternative statistical formulae (mean absolute 

percentage deviation (MAPD), the covariance, the correlation coefficient (CC), etc.), did 

not alleviate the problem (Tseng et al., 2001; Monaco et al., 2001; Lecce et al., 2001).  

Improved E/M-impedance damage index algorithms, which are less sensitive to noise and 

environmental effects, are being currently sought. Quinn et al., (1999) developed an E/M 

impedance damage index algorithm based on the differences of the piecewise integration 

of the frequency response curve between the damaged and undamaged cases. In addition, 

improved characterization of the structure was sought by the separation of transverse and 

longitudinal outputs through directionally attached piezoelectric sensors. Lopes and 

Inman (1999) and Lopes et al., (1999) studied neural network techniques for damage 

identification, localization, and quantification based on the high-frequency E/M 
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impedance spectra. During analytical simulation, a three level normalization scheme was 

applied to the E/M impedance spectrum based on the resonance frequencies. First, the 

sensitivity of certain resonance frequencies to the location of the damage was identified. 

Second, the the frequency change with damage amplitude at each location was calculated. 

Thirdly, the normalized percentage frequency change for each damage severity was 

computed. One-layer and two-layer neural networks were constructed and successfully 

trained on analytical models with simulated damage. However, when applied to actual 

experiments (a 4-bay bolted structure and a 3-bay screw-connected space frame), the 

neural network approach had to revert to overall statistics such as: (i) the area between 

damaged and undamaged impedance curves; (ii) the root mean square deviation (RMSD) 

of each curve; and (iii) the correlation coefficient between damaged and undamaged 

curves. Though not entirely successful, these studies indicated that a better damage 

metric might be achieved via a features-based pattern recognition approach. 

This short literature review reveals that the three major concepts are currently being 

pursued in the classification of data into categories during the health monitoring process: 

a) Direct statistical approach (group classification, regression analysis, and outlier 

detection) 

b) Overall statistical approach (RMSD, MAPD, and CC) 

c) Neural networks (RBF, PNN, bottleneck) using spectral features (frequency, 

amplitude, and damping factor, etc.). 

These approaches are available for implementation in the E/M impedance structural 

health monitoring. In this research, all the above mentioned approaches were studied. 
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6.2 Features of the E/M Impedance Spectrum for Pristine and 

Damaged Structures 

6.2.1 Typical Features of E/M Impedance Spectra 

Typical E/M impedance data takes the form of frequency domain plots of the E/M 

impedance real part, which accurately represents the local structural impedance at the 

sensor location (Giurgiutiu and Zagrai, 2002). In this study, the HP 4194A Impedance 

Analyzer was utilized. The analyzer performs impedance measurements with 401 data 

points along the frequency axis. Thus, the complete data set contains three columns with 

401 data points each, corresponding to (a) frequency, (b) real part of the impedance Re 

(Z), and (c) imaginary part of the impedance Im (Z). The real part of E/M impedance, 

Re(Z), is the best illustrator of information on local structural dynamics since the 

resonance frequencies and amplitudes are easily distinguished and the frequency shifts 

are immediately noticed. An example of a typical Re(Z) vs. frequency plot for 401 data 

points is presented in Figure 6.1. 

High-Frequency Structural Impedance Data 

The advantage of the E/M impedance method is its high frequency capability. Thus, it 

can measure with ease the high order harmonics, which are more sensitive to local 

damage than the low order harmonics. Figure 6.1 compares the spectra taken in three 

high-frequency bands: 10-40 kHz, 10-150 kHz, and 300-450 kHz on a thin circular 

metallic plate. The high frequency modes are very well excited. The modal density 

increases with the frequency band, which enriches the information content of the data. 

However, during data collection over the high frequency band, a researcher should 

carefully consider the size of frequency interval to ensure the good resolution of the  
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Figure 6.1 Modal density increase of with frequency band (E/M impedance 
measurements on Group 0, Plate1): (a) 10-40 kHz, 4 major peaks and 4 
minor peaks; (b) 10-150 kHz, 18 major peaks, 8 minor peaks; (c) 300-450 
kHz, 8 major peaks with multiple crests, numerous minor peaks. 
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measurements. Poor resolution of the spectrum may hide important harmonics. 

Effect of Temperature on the E/M Impedance Spectrum 

Bias error in the E/M impedance data is usually due to the change in an active-sensor’s 

piezoelectric properties with temperature. Ayres et al., (1996) and Pardo de Vera and 

Guemes (1997), among others, have shown that changes in the environmental 

temperature induce shifts in the E/M impedance spectrum without essentially changing 

its appearance. In addition, Park et al., (1999), Bergman and Quattrone, (1999) observed 

that the effect of temperature revealed itself in shifting resonance frequencies of the 

impedance spectra. In this chapter, the temperature-effect was neglected since the 

measurements were always conducted in the laboratory at the room temperature. 

However, this issue will be addressed in the next chapter when the in-field experiments 

will be discussed.  

Inherent Statistical Variation in the E/M Impedance Data 

Knowledge of the statistical variation in nominally identical situations is of great 

importance for the assessment and calibration of any health monitoring method. During 

the experiments, particular attention was given to producing nominally “identical” 

specimens. However, slight variations were unavoidable, giving rise to random error in 

the E/M impedance data. Consider the experiment described in section 5.2. The Figure 

5.7 is used for illustration of experimental specimens and E/M impedance spectra. The 

points of resonances in the 11-40 kHz frequency band were chosen for statistical data 

processing. As it could be noted from Table 6.1, the resonant frequencies fall in a very 

tight interval (1% STD), indicating good experimental reproducibility. However, the  
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Table 6. 1 Statistical summary for resonance peaks of four axi-symmetric modes of a 
circular plate as measured with the piezoelectric active sensor using the E/M 
impedance method 

Statistical Summary for Circular Plates in Group 0 - Pristine 

Average 
frequency, kHz 

Frequency 
STD, kHz (%)

Log10 - Average 
amplitude, Log10 - Ohms

Log10 - Amplitude STD, 
Log10 -  Ohms (%) 

12.856 0.121 (1%) 3.680 0.069 (1.8%) 
20.106 0.209 (1%) 3.650 0.046 (1.2%) 
28.908 0.303 (1%) 3.615 0.064 (1.7%) 
39.246 0.415 (1%) 3.651 0.132 (3.6%) 

 

resonance amplitudes show a wider spread (10 - 30% STD). Similar results were obtained 

for the other damage scenarios. 

Feature-Vector Data Reduction 

 In many cases, it is desirable to reduce the complete data set to a small number of 

spectral features, which uniquely represent the current structural condition. This leads to 

an important stage of feature extraction, i.e., reduction of problem dimensionality and 

separation of the essential information from the non-essential information. In spectral 

analysis, the features-vector approach recognizes that the number and characteristics of 

resonance peaks play a major role in describing the dynamic behavior of the structure. By 

considering the essential features of the spectrum, i.e. the peaks at resonance frequencies, 

meaningful information corresponding to the particular state of structural health can be 

extracted. This information can be organized in a features vector where each feature 

corresponds to a certain number of resonance frequencies. As an illustration, consider the 

E/M impedance spectra reproduced in Figure 6.2. Each spectrum contains 401 data points 

positioned at 0.075 kHz intervals in the 10 to 40 kHz range. Five spectra are presented: 
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one pristine and four with various damage location. Although the difference between 

spectra is obvious, quantification of this difference is neither obvious nor immediate. In a 

featureless approach, one would attempt to directly compare the two 401-long strings of 

numbers (raw input vectors) associated with each spectrum. Such a flat consideration 

would lead to a large-dimensional problem, and the associate computational difficulty. 

Based on the features vector approach, it is possible to distinguish between a “pristine” 

and a “damaged” structure by considering the number and the position of the resonance 

peaks. For example, in the 10-40 kHz band, the pristine-plate spectrum of Figure 6.2 

displays four dominant resonance peaks (12.8, 20.1, 28.9, and 39.2 kHz), and four minor 

peaks (15.9, 24.5, 34.1, 36.35 kHz). By considering these features, the dimensionality of 

the problem can be reduced by almost 2 orders of magnitude, from 400-points to less than 

10 features. The details for these features vectors are given in Table 6.2. For the damaged 

plate, also shown in Figure 6.2, the six dominant peaks (11.6, 12.7, 15.2, 17.4, 22.0, 38.6 

kHz) can be distinguished. Though the number of features has increased, the problem 

size is still at one order of magnitude less than in a featureless approach. Similar results 

are observable in the 10-150 kHz and 300-450 kHz bands. The use of high frequencies 

ensures that the damage metric detects incipient damage at an early stage. Besides the 

resonance frequency, fr, and amplitude at resonance, Ar, other candidates for spectral 

features may be the damping factor and the position of the spectral baseline. However, it 

was found that fr and Ar serve as the most reliable indicators of structural damage. 

Features Extraction Algorithm 

The features extraction algorithm used in this study utilizes a rectangular search window 

that transverses the spectrum from left to right. A peak is found inside the search window 
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Figure 6.2 Spectral changes with damage 
in the 10-40 kHz band. Plate 0-1 
indicates Group 0, plate #1, etc. 
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Figure 6.3 Statistical groups of plates 
with a simulating crack approaching the 
active sensor 
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when the difference in height between the local data maximum inside the window and the 

data values at both ends of the window is less than the height of the window. The height 

of the window is specified as a percentage of the total amplitude of the data in the range 

(the amplitude is defined as the difference between the maximum and the minimum of 

the data). The width of the window is specified as a percentage of the total number of 

points in the data range. Generally, the smaller the height and the width values, the more 

peaks are likely to be identified. However, too many peaks of low amplitude may result 

in an unnecessary long and noisy features vector. A threshold identifier, based on the 

energy content of each peak is used to prune the features vector. As the result of the data 

extraction, the features vector contains the resonance frequencies identified in the 

spectrum. 

Adaptive resizing of the features vector 

It is apparent from Figure 6.2 that the number of features in the "pristine" spectrum is 

different than the number of features in the "damaged" spectra. As damage takes place, 

two phenomena may occur: (a) the values of the existing features may change; (b) the 

new features, associated with the new vibration modes and local resonances, may appear. 

For example, for the dominant peaks in Figure 6.2, it is observed that the features vector 

for the "pristine" spectrum (plate 0_1) has dimension Npristine= 8, while the features vector 

for the "damaged" spectrum (plate 4_1) has dimension Ndamaged = 11. Induction heuristics 

approach was used to add and subtract features to the feature space, i.e., to enlarge or 

reduce its dimensionality. The zero-fill method was used to upgrade the lower dimension 

features vector to a higher dimension features vector. Thus, the "pristine" features vector 

was updated to N*pristine = 11, with the new cells being filled with zero values. After the 



 

 

 

Table 6. 2 Input data matrix for PNN classification of circular plates: the 4-resonance frequencies study (all values in Hz) 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 
Group 0 (pristine) Group 1 (weak damage) Group 2 Group 3 Group 4 (strong damage) 

12885 12740 13030 12885 12740 12958 12813 12813 12813 12813 12450 12450 12523 12450 12523 12305 12160 12233 12233 12160 11580 11653 11435 11580 11435
20135 19918 20425 20135 19918 20353 20135 20063 20063 20063 19483 19410 19483 19410 19555 18395 18395 18540 18540 18395 15278 15350 15060 15278 15133
28980 28618 29343 28980 28618 29270 28980 28835 28908 28835 27965 27893 28038 27893 27965 29198 28908 29053 28980 28835 38623 38550 38188 38550 37970

39058 38913 39855 39493 38913 39638 39203 39203 39203 39130 38695 38333 38550 38405 38550 37753 37463 37680 37535 37463 40000 39928 39203 40000 39493
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Table 6. 3 Input data matrix for PNN classification of the circular plates: the 11-resonance frequencies case (all values in Hz) 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 
Group 0 Group 1 Group 2 Group 3 Group 4 

12885 12740 13030 12885 12740 12958 12813 12813 12813 12813 12450 12450 12523 12450 12523 12305 12160 12233 12233 12160 11580 11653 11435 11580 11435
16220 16075 16510 16148 16148 19700 19555 19555 19483 19483 12885 12885 13030 12958 12958 12885 12813 12885 12958 12740 12740 12740 12668 12740 12595
20135 19918 20425 20135 19918 20353 20135 20063 20063 20063 19483 19410 19483 19410 19555 15350 15205 15423 15423 15205 15278 15350 15060 15278 15133
24195 23978 24630 24413 24050 28400 28183 28183 28183 28183 20280 20135 20353 20208 20353 18540 18395 18540 18540 18395 17380 17380 17090 17235 17163
28980 28618 29343 28980 28618 29270 28980 28835 28908 28835 27965 27893 28038 27893 27965 20208 19990 20135 20135 19990 22093 22093 21658 22165 21803
33620 33330 34273 33983 33403 39638 39203 39203 39203 39130 29270 28980 29343 29198 29198 23325 23108 23325 23253 23108 30285 30140 29560 30285 29778
36375 36158 36593 36520 36158 0 0 0 0 0 30720 30575 30793 30648 30938 29198 28908 29053 28980 28835 38623 38550 38188 38550 37970
39058 38913 39493 39493 38913 0 0 0 0 0 35215 35143 35288 35143 35288 31228 30938 31010 31083 31010 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 38695 38333 38550 38405 38550 33403 34925 33258 33258 33113 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 39565 39348 39783 39348 39710 37753 37463 37680 37535 37463 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 39638 39348 39565 39493 39203 0 0 0 0 0 
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features vector is updated with new frequencies, the cells are reordered to form an 

increasing-frequency sequence. The example of this procedure is given in Table 6.3. 

6.2.2 The Effect of Damage Location on E/M Impedance Spectra 

 

An important issue to be addressed for the practical application of the E/M impedance 

method is the sensitivity of the technique to the presence of damage. It is known that the 

impedance spectrum is sensitive to the state of structural integrity (Park and Inman, 

2001), but it is still not clear how far the method can detect damage and what size of the 

damage will noticeably alter the impedance signature. Thus, the task was to quantify the 

effect of structural damage on the local impedance. This can be done by considering 

similar-shaped specimens with the damage placed gradually at various distances from the 

sensor. In the damage detection experiment five statistical groups of specimens with 

increasing amounts of damage were tested. Each group contained five identical 0.8-mm 

thick and 100-mm diameter aluminum circular plates. A 7-mm diameter, 0.2-mm thick 

PZT-wafer active sensor was placed in the center of each plate. A 10-mm simulated crack 

was produced in each specimen in the form of a narrow through-the-thickness slit cut 
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Figure 6.4 E/M impedance results in the 10—40 kHz band: (a) remote damage 

(Group 1 vs. Group 0); (b) near (intense) damage (Group 4 vs. Group 0) 
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with a water jet (Figure 6.3). The slit was incrementally brought closer to the plate center 

(Figure 6.3). Each group of five plates represented a different state of damage. Group 0 

represented the pristine condition. The distance between a sensor and a slit decreases as 

the group number increases. Within each group, the damage was “identically” replicated 

to all five group members. Thus, the method’s repeatability and reproducibility was 

tested. During the experiments, the specimens were supported on commercial foam to 

simulate free boundary condition around plate’s circumference. High-frequency 

structural impedance readings were taken in the three frequency bands: 10-40 kHz; 10-

150 kHz; and 300-450 kHz. The complete data set obtained for three high frequency 

bands and various damage scenarios is presented in the Figure B.1 through Figure B.15 

of Appendix B. Clear separation between modes was noticed in the 10-40 kHz frequency 

band. Figure 6.4 compares the "pristine" and the "damaged" spectra, for two damage 

locations. When the damage is remote, the frequency spectrum is only slightly modified: 

(i) Small shifts take place in the existing resonances 

(ii) New low-intensity resonances appear. 

When the damage is close to the sensor, these modifications are intense: 

(i) Large shifts take place in the existing resonances 

(ii) Strong new resonances appear 

(iii) Some peaks split. 

A similar situation was observed for higher frequency bands. We conclude that, in 

general, as damage progresses, two phenomena happen: (a) the resonance frequencies 

change; and (b) new resonance frequencies appear. 
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6.3 Statistical Analysis of E/M Impedance Spectra 

6.3.1 Overall Statistics Damage Metrics 

The damage index is a scalar quantity resulted in processing of two impedance spectra 

and reveals the difference between them. Theoretically, the best damage index would be 

the metric which captures features of the spectra directly modified by the damage 

presence, and neglects the variations due to normal conditions. (i.e. statistical difference 

within one population of specimens or normal deviation of temperature, pressure, level of 

vibrations etc). Unfortunately, this goal is not easy, if possible, to achieve. To date, 

several damage metrics are widely used to compare impedance spectra and assess the 

damage presence. Among them, the most popular are: the root mean square deviation 

(RMSD), the mean absolute percentage deviation (MAPD), the covariance (Cov), and the 

correlation coefficient deviation (CCD). The mathematical expression for RMSD was 

already given in Equation (6.1). MAPD, Cov, and CCD can be expressed as follows: 

 0 0Re( ) Re( ) / Re( )i i i
N

MAPD Z Z Z = − ∑ , (6.2) 

 0 0Re( ) Re( ) Re( ) Re( )i i
N

Cov Z Z Z Z  = − ⋅ −   ∑ , (6.3) 

 
0

0 011 Re( ) Re( ) Re( ) Re( )i i
NZ Z

CCD Z Z Z Z
σ σ

  = − − ⋅ −   ∑ , (6.4) 

where N is the number of sample points in the spectrum (here, N = 401), and the 

superscript 0 signifies the pristine (base-line) state of the structure. Z , 0Z  are the mean 

values and Zσ , 0Zσ  are the standard deviations for the current and the baseline spectra. 

Equations (6.1)-(6.4) result in scalar numbers, which represent the relationship between 
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the compared spectra. Thus it is expected that the variations in Re(Z) and appearance of 

new harmonics may alter the scalar value of a damage index identifying the damage. The 

advantage of using Equations (6.1) – (6.4) is that the input impedance spectra does not 

need any pre-processing, i.e., the data obtained from measurement equipment can be 

directly used to calculate the damage index.  

On the other hand, the frequency shift of resonance peaks may not have an obvious effect 

on the overall statistics damage index. In this case, the choice of the appropriate 

frequency band becomes a critical issue. Consider a scenario where one of the resonance 

peaks falls in the upper or lower limits of the fixed frequency band. Due to statistical 

variation between specimens in a population, the resonance peak corresponding to this 

modeshape may not be present in the spectrum for an other specimen because it falls out 

of the chosen frequency band. This effect may noticeably affect the value of damage 

index when the density of resonance peaks is low, i.e., only few peaks are present in the 

spectrum. For this reason, it has been suggested that the overall statistic metric be applied 

for frequency bands with a high density of resonance peaks (Tseng et al., 2001). Another 

phenomena, which is not captured adequately with overall statistics formulas, is the shift 

of the baseline in the impedance spectrum. This shift usually occurs due to variations in 

installation of the sensors or under normal operational conditions. Although unrelated to 

damage, the baseline shift alters the values of damage index, which then needs a proper 

adjustment. 

In the experimental study, several overall-statistics damage metrics were used to classify 

the different groups of specimens presented in Figure 6.3. The experimental specimens 

were described in depth in the previous section. The calculations were performed for the 
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following overall statistics damage metrics: root mean square deviation (RMSD); mean 

absolute percentage deviation (MAPD); covariance (Cov); correlation coefficient 

deviation (CCD). The covariance damage metric was disregarded in further analysis in 

favor of the correlation coefficient deviation. The results of the calculations are 

summarized in Table 6.4. The correlation coefficient deviation was found to be the best 

metric of damage presence. Table 6.4 presents correlation coefficient deviation for three 

frequency bands: 10-40kHz, 10-150kHz, 300-450 kHz. It was observed that for 10-

40kHz and 10-150kHz frequency ranges distribution of variation of correlation 

coefficient is not uniform, although it was expected to decrease as the crack moves away 

from the sensor. During investigation, it was found that the choice of frequency band for 

data analysis plays a significant role in this process. It is recommended that the researcher 

choose the frequency band where the highest density of amplitude peaks is observed. 

Following this approach, the frequency band 300-450 kHz was chosen for further data 

analysis. The variation of correlation coefficient, (CCD)7, was studied for 4 damage 

scenarios. The results are presented in Figure 6.5. The (CCD)7 damage metric tends to 

linearly decrease as the crack moves away from the sensor.  

To summarize the results of the overall-statistic procedure for classification of damage 

location in circular plates, the following conclusions can be drawn: 

a) The crack presence significantly modifies the real part of the E/M impedance 

spectrum. The amplitude variations are well captured by the overall statistic metrics 

b) The difference between “pristine” and “damaged” spectra decreases as the distance 

between the sensor and the crack increases. The relationship between spectral classes 

and distances is more prominent in the high frequency band, which has a high 
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Table 6. 4 Overall-statistics damage metrics for various frequency ranges 

Frequency 
range 11-40 kHz 11-150 kHz 300-450 kHz 

Groups 0_1 0_2 0_3 0_4 0_1 0_2 0_3 0_4 0_1 0_2 0_3 0_4 
RMSD% 122 116 94 108 144 161 109 118 93 96 102 107 

MAPD% 107 89 102 180 241 259 170 183 189 115 142 242 

CCD % 84 75 53 100 93 91 52 96 81 85 87 89 
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Figure 6.5 Damage metric variation with the distance between the crack and the 

sensor in the 300—450 kHz frequency band 
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      density of resonance peaks 

c) To obtain consistent results during the health monitoring process, the appropriate 

frequency band (usually in the hundreds of kHz) and the appropriate damage metric 

must be used. 

In general, overall-statistics approach may be a good choice for SHM systems where the 

precision of the damage metric is less important than the ability of the method to detect 

the damage at an early stage. This approach is quick and easy to apply, because no 

additional pre-processing of the measurement data is need. However, the results of SHM 

process using the overall-statistics approach are not always straightforward, and the 

researcher should pay particular attention to the frequency band of investigation, and to 

the changes in impedance spectra due to environmental and other factors encountered 

during the normal operation of the structure. 

6.3.2 Features - Based Statistics 

In previous sections, the features of the E/M impedance spectrum, which may be used for 

damage identification, were discussed. It was also mentioned that these features should 

be sensitive to the changes in the local structural dynamics produced by the damage. 

Each feature, say frequency, falls into a certain statistical distribution, which can be 

determined by considering a statistical sample of the data. In such a sample, the 

numerical values of the frequencies for the particular harmonic of the spectrum will have 

a statistical spread and information on the type of statistical distribution can be extracted. 

Knowing the probability distribution, which is illustrated with probability density 

functions, the classification problem can be attacked. In the elementary case of structural 

damage identification when the data is available for two scenarios (the “pristine” and the 
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“damaged”), there is a need to assign a criteria for classification and, accordingly, 

determine to which of the corresponding two classes the data belongs. In other words, 

this statistical problem is reduced to testing the “pristine” hypothesis against the 

“damaged” hypothesis. For the situations when the structural damage grows in time, or is 

discretely distributed, a similar approach can be employed to classify data in the several 

categories depending on damage size or location. 

The use of the E/M impedance method allows direct identification of local structural 

dynamics by analyzing the impedance spectrum. The spectrum gives information on 

structural resonances. Therefore, its parameters can be used to solve the classification 

problem. For simplicity, consider the case where the data is classified into the“pristine” 

and the “damaged” classes. To reduce the number of variables, consider only the 

resonance frequencies as the feature variables for damage identification. Without loss of 

generality, it is appropriate to assume that the probability distribution of a particular 

resonance frequency measured on several specimens is normal (Gaussian). In support of 

this assumption the statistical distribution of the 3rd resonance frequency of 16 “identical” 

circular plates was studied. Figure 6.6 presents the histogram derived from the 

experimental data (given in Table B.2 in Appendix B). The theoretical normal 

distribution curve was also superimposed on this graph. Since the sample histogram 

closely fits the normal distribution, we conclude that the population of resonance 

frequencies has a normal distribution. 

The Use of t-test for Damage Identification 

In testing statistical hypotheses, the null and alternative hypothesis situations need to be 

assigned. During the health monitoring process, the structure is assumed to be in the  
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Figure 6. 6 Statistical distribution for the 3rd harmonic of the 16 circular plates. 
 

“pristine” condition unless the strong evidence is found to contradict this assumption 

(Devore, 1999). Thus, it is convenient to denote the “pristine” condition as the null 

hypothesis (H0) and the “damaged” as the alternative hypothesis (Ha). A test on the 

hypotheses should be performed to decide whether the “pristine” hypothesis should be 

rejected. 

In this study, the set of specimens presented in Figure 6.3 was used. The set of specimens 

consists of 5 groups of plates with various damage location. For hypothesis testing, 

consider two damage cases: (a) when the crack is far away from the center of the plate 

(weak damage, group 1), and (b) when the crack is very close to the center of the plate 

(strong damage, group 4). The pristine group, which corresponds to the null hypothesis 

H0, is group 0. Consider a strong damage situation when the crack is close to the center of 

the plate, and denote the means as µ0 (null) and µ (alternative). There are three possible 

choices of the alternative hypothesis: µ > µ0; µ π µ0; µ < µ0; It is known that natural 

frequencies of structures tend to shift downward when the presence of damage results in 
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reduction of stiffness. However, the amount of this shift depends on the severity of 

damage and on the location of damage relative to the nodes of the mode shape. Hence, 

the relationship is nonlinear (Chrondos and Dimarogonas, 1980). Based on these facts, 

we assume that it is appropriate to test the null hypothesis against the alternative 

hypothesis when µ < µ0 , i.e., µ0 – µ > 0. 

The t-test was performed on the data obtained for the 3rd resonance frequency for group 0 

and group 4. The data, which represents two independent random samples selected from 

independent normal populations, is shown in Figure 6.7 (numerical values are given in 

Table B.3 of Appendix B).  

The t-statistic is calculated according to  
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, (6.5) 

where 1X , 2X  and 2
1s , 2

2s  are the mean and the variances of samples size n1 and n2. 

The t-statistics is used to determine the p-value for each hypothesis testing. P-value is the 

area of the upper tail of the standard normal curve controlled with the calculated value of 

t (Devore, 1999). Based on the p-value calculated during the two-samples t-test, the null 

hypothesis can be either accepted or rejected. Assume that the type-I error, α, does not 

exceed 0.05. The two-sample t-test gives: t = 18.96, and the mean difference = 1319 Hz. 

Hence, we obtain p = 0.00 (Table 6.5). Since p < α, the null hypothesis is rejected at the 

level α which means that µ < µ0 and hence the structure is damaged. Thus, using the 3rd 

resonance frequency as a structural health feature, clear separation between the “strong 

damage” and the “pristine” conditions is possible. 
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Another extreme scenario to be considered is that in which the damage is far away from 

the center of the plate, and, hence, its effect on the plate specimen is difficult to 

distinguish. This situation is found when comparing groups 0 and 1. The data for this 

case is given also in Table 6.5. Assume type-I error, α, at the same level of 0.05. The 

two-samples t-test for group 0 and group 1 gives: t = 0.23, the mean difference = 14 Hz 

and p = 0.414. In this case p > α and the null hypothesis cannot be rejected. Figure 6.8 

illustrates this situation (numerical data is given in Table B.4 of Appendix B). Thus, 

using the 3rd frequency as structural health feature it is impossible to distinguish between 

the “weak damage” and the “pristine” damage conditions. Although this result shows a 

limitation, it is consistent with the physical explanation that the weak damage contributes 

little to structural dynamics and sometimes may not be distinguishable from the pristine 

case within the practical statistical spread of certain frequencies. For example, Figure 6.8 

shows that a remote crack introduces very little variation in frequency values and is hard 

to identify. 

 

Table 6. 5 Two samples t-test 

f3 Hz f4 Hz f5 Hz f6 Hz 

Group Average p-value Average p-value Average p-value Average p-value

0 12856 N/A 20106 N/A 28907 N/A 39246 N/A 
1 12841 0.414 20135 0.601 28965 0.637 39275 0.553 
2 12479 0.001 19468 0.001 27950 0.001 38506 0.010 
3 12218 0.000 18482 0.000 28994 0.707 37578 0.001 
4 11536 0.000 15219 0.000 30009 1.000 38376 0.003 
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The procedure illustrated above for the f3 frequency as a structural health monitoring 

feature can be repeated with the other frequencies taken as structural health features. It 

was noticed that, depending on the damage location, some resonance frequencies shift 

significantly, but some do not show considerable shifts. This situation is difficult to 

account for in decision making for a multiple number of frequencies. Thus, to obtain 

reliable results from the SHM process, the cumulative effect of all the frequency shifts 

should be considered. Kernel based statistical analysis has been developed to accurately 

classify data into several classes according to its relevance. The implementation of 

Kernel analysis in automatic learning algorithms based on neural networks (NN) opens a 

broad horizon for the analysis of large data sets. In such applications, the machine solves 

the classification problem according to the Bayes decision rule.  

6.4 Implementation of Neural Network for SHM 

Scientists and engineers in the field of structural health monitoring are constantly 

exposed to spectra collection, processing, analysis and decision-making. This process 

involves analysis of spectrum features (e.g. resonance frequencies) with adequate 

algorithms for classifying the data into classes according to the state of the structure. An 

elementary classification problem would consist of distinguishing between “damaged” 

and “pristine” structures. More advanced techniques would allow to classify the structural 

health by assessing the progress of damage based on its severity and identify the damage 

location. In this section, the utilization of Neural Networks (NN) for categorization of 

structural state into several classes according to damage location is discussed. 
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Figure 6. 9 The biological neuron (a) and its mathematical representation (b) 

6.4.1 Introduction to Neural Networks 

Neural networks are biologically-inspired artificial intelligence representations that 

attempt to mimic the functionality of the nervous system. Figure 6.9 shows a schematic 

of a biological neuron, which consist of synapses, dendrites, axons, and the cell body. 

The biological neuron sends signals only when activated. Similarly, artificial neurons are 

set on by activation or transfer function, f(n) (Figure 6.9b). The activation function f(n) 

can be discontinuous (e.g., symmetrized Heaviside step function, a.k.a. hardlimit), or 

continuous (e.g., logsig). Linear transfer functions are also used. In an artificial neural 

net, each simulated neuron is viewed as a node connected to other nodes (neurons) 

through links associated to weights. By analogy to a biological neuron where the weights 

represent the strength of the synapse, the weights used in artificial neuron determine the 

nature and strength of one neuron's influence on another. The output of the neuron 

represents the signal on the axon. Neural networks are organized in layers (input layer, 
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output layer, and hidden layers). For practical applications, artificial neural networks are 

implemented as software algorithms and/or hardwired electronic devices. 

Some typical examples of neural networks are: 

a) Feedforward 

b) Competitive 

c) Probabilistic neural networks. 

Feedforward NN compute the output directly from the input, in one pass. No feedback is 

involved. Feedforward NN can recognize regularity in data and can serve as pattern 

identifiers. A typical feedforward NN is the perceptron. The mathematical representation 

of the perceptron is 

 ( )( )f n Heaviside Wx b= + , (6.6) 

where f(n) is the output transfer function. 

The perceptron scalar output equals 1 when a pattern has been identified, and 0 

otherwise. A generalized perceptron uses nonlinear transfer functions, f(n), i.e. basis 

functions. Interconnected perceptrons form perceptron layers. Several perceptron layers 

lead to a multi-layer perceptron (feedforward) NN. In pattern recognition, multi-layer 

feedforward NN can be trained to identify class separation boundaries in the form of 

hyper-planes in the multidimensional input space. 

Competitive neural networks are characterized by two properties:  

a) They compute some measure of the distance between stored prototype patterns and 

the input pattern 



173 

b) They perform a competition between the output neurons to determine which neuron 

represents the prototype pattern closest to the input. 

Probabilistic neural networks (PNN) are hybrid multi-layer networks that use basis 

functions and competitive selection concepts. Probabilistic NN utilize a Bayesian 

decision analysis with Gaussian kernel (Parzan window) and consist of an input layer, a 

radial-basis layer, and a competitive layer. The radial basis functions depend on the 

distance between the input vectors and some prototype vectors, representative of the 

various input classes. In the testing phase, the PNN classifies each input vector by 

determining the closest correspondent class previously assigned during the training 

process. These characteristics of PNN make it an appropriate choice for classification of 

the features vectors obtained from the reduction of E/M impedance spectra. A detailed 

discussion of PNN is given next.  

6.4.2 Probabilistic Neural Network 

Probabilistic neural networks (PNN) were first proposed by Specht (1990) as an efficient 

tool for solving classification problems. In contrast to other neural networks algorithms 

used for damage identification (e.g., Chan et al., 1999), PNN has statistically-derived 

activation function and utilizes Bayesian decision strategy for the classification problem. 

This unique feature allows the decision boundary to asymptotically approach the Bayes 

optimal decision surface under certain easily met conditions (Specht, 1990). The 

accuracy of the decision boundaries depends on the accuracy with which the underlying 

probability density functions are estimated. 

The Bayesian strategy implies that the classification procedure is performed in a way 

which minimizes the probability of misclassification. During the structural health 
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monitoring process, several categories usually should be considered. Each category in a 

multi-category classification problem corresponds to the particular state of the structure 

under examination and represents a degree of damage. The task is to classify the 

structural health based on the set of measurements (features) represented in a features 

vector. Denoting possible categories by θA, θB, … θN, and the p-dimensional features 

vector by x = [x1 x2 … xp]T it is possible to formulate the Bayes decision rule in the 

following way:  

 d(x) Œ θA  if hAlApA(x) > hKlKpk(x) for all K π  A (6.7) 

where d(x) is the decision on the test vector x. The variables hA and hk = 1 - hA are the a 

priori probabilities of the categories θA and θK. The variable lA is the loss associated with 

misclassifying d(x) œ θA when θ Œ θA  and lK is the loss associated with misclassifying 

d(x) œ θK when θ Œ θK . The functions pA(x) and pK(x) are the probability density 

functions (PDFs) for categories θA and θK respectively. 

The decision surface boundary is defined by the ratio of a priori probabilities and losses 

of one category and a priori probabilities and losses of another category. 

 pA(x) = CK pK(x) for all K π  A where CK = hKlK / hAlA  (6.8) 

The ratio of a priori probabilities can be estimated based on the previous damage 

identification results. For example, it may occur that from 100 data vectors acquired 

during the health monitoring process only 5 represented the damaged case (θA). In this 

scenario, the a priori probabilities are hA = 0.05, hK = 0.95, and the ratio of a priori 

probabilities would be 19. It can be shown (Specht, 1990) that, in PNN, the ratio of a 
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priori probabilities is accounted for by introducing the ratio of the number of training 

patterns from each category: 

 PNN K K A
K

A A K

h l nC
h l n

= ⋅  (6.9) 

where nK is a number of training patterns from category K, and nA is a number of training 

patterns from category A.  

In order to achieve the realistic scenario discussed above, one should use 19 training 

patterns for the pristine case and only one training pattern for the damaged case. To 

simplify multi-categorical situation, it can be assumed that a priori probabilities are equal 

for all categories involved in the study. The ratio of losses in (6.8) and (6.9) can be 

determined only from the decision significance. Thus, evaluation of the ratio of losses is 

subjective. Further in this work, the losses are considered to be unbiased and, thus, the 

constant CK will equal unity for all categories (CK ≡ 1). Thus, the Bayes decision rule 

(6.7) will be simplified to: 

 d(x) Œ θA if hA pA(x) > hK pK(x) for all K ≠ A  (6.10) 

PNN utilizes a kernel-based approach to probability density function (PDF) 

approximation. This was introduced by Parzen (1962) and allows one to construct a PDF 

of any sample of data without any a priori probabilistic hypothesis (Rasson and Lissoir, 

1998). The reconstruction of the probability density is achieved by approximating each 

sample point with kernel function(s) to obtain a smooth continuous approximation of the 

probability distribution (Dunlea et al., 2001). In other words, using kernel technique it is 

possible to map a pattern space (data sample) into the feature space (classes). However, 
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the result of such transformation should retain essential information presented in the data 

sample and be free of redundant information, which may contaminate the feature space.  

The multivariate Gaussian kernel is usually used for probabilistic neural networks 

implementation. In the original Specht’s formulation (Specht, 1990), this kernel was 

expressed as  

 ( )
( )

( ) ( )
2 2

1

1 exp
22

Tn
Ai Ai

A d d
i

x x x x
p x

n σπ σ =

 − −
 = −
 ⋅  

∑  (6.11) 

where i is a pattern number, xAi is ith training pattern from A category, n is a total number 

of training patterns, d is a dimensionality of measurement space, and σ is a spread 

parameter.  

Although the Gaussian kernel function was used in this work, its form is generally not 

limited to being Gaussian. Burrascano et al., (2001) considered damage identification 

using an eddy current nondestructive technique and utilized the PNN with different 

kernel types. 
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Figure 6. 10 Probabilistic neural network showing the input layer, the pattern layer, and 

the output (competitive) layer 
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The architecture of a PNN is shown in Figure 6.10. The neural network is organized for 

classification of input patterns x into several categories or classes. The input layer 

consists of distribution units, which transfer the same input values to all the pattern units 

in the second (pattern) layer. The pattern layer computes distances from the input features 

vector x to the training input vector xAi. The result of this operation indicates the degree of 

proximity between the input and the target vectors. Subsequently, it is multiplied, 

element-by-element, by the bias b and fed into the nonlinear activation function. The 

activation function used for neurons in the pattern layer is of the same form as the 

Gaussian kernel in Equation (6.11), namely 

 ( ) ( )2 2expA Aip x x x b= − − ⋅  (6.12) 

In Equation (6.12) the bias b is responsible for the sensitivity of neuron and is inversely 

proportional to the spread (smoothing) parameter. The spread parameter determines the 

width of area in the input space to which each neuron responds (Demuth and Beale, 

1998). In general, networks with relatively large spread parameters are more sensitive 

because the function (6.12) is wider and can cover a larger data set. However, too large 

spread may generate misclassification problems. The output of the pattern layer is a 

vector of probabilities estimated with Equation (6.12). Neurons with high probability 

represent a particular category (class) while neurons with near-zero probability won’t be 

admitted. The competitive layer is used to perform this task. The competitive layer 

outputs a one (1) for the class with maximum probability and zeroes (0) for the other 

classes. Thus, the network classifies a certain input vector into a particular class based on 

the maximum probability value. 
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The literature review has revealed that several issues need to be addressed when 

performing the implementation of a PNN to a particular classification problem: 

a) Choice of input data 

b) Normalization of input data 

c) Choice of training data 

d) Choice of spread constant. 

These issues are briefly addressed next. 

Choice of input data 

The NN should be able to distinguish the healthy and the damaged scenarios using the 

input data vectors. The most widely used technique is based on the frequency domain 

data. The frequency spectrum of a healthy structure has a certain distribution of 

resonance frequencies associated with the corresponding vibration modes. When damage 

appears, this initial distribution is changed, and (or) new resonance frequencies, which 

were absent in the original spectrum, may appear. The location of damage is assumed to 

be in direct relationship with the degree of change from the original spectral distribution 

and (or) magnitude and number of newly appeared harmonics. Although this technique is 

direct and in most cases efficient, it may also have some drawbacks. For very small 

damage, the shift of the natural frequencies in the spectrum, especially at low order 

modes, is small (Chrondos and Dimarogonas, 1980). If no new resonances appear, it is 

difficult to distinguish between the weak-damage case and the pristine case. Another 

problem may be the possible ambiguity arising when measuring the deviation of 

frequencies from the original values. Depending on its nature, a damage may cause the 
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downward or upward shift of the original (pristine) natural frequency. It can be shown 

that Euclidian-distance metrics are not capable of distinguishing between these two cases. 

Choosing of other parameters to be used as input data for the NN may solve this problem 

(Atalla, 1996) although this would require the preprocessing of the frequency spectra. 

However, in damage identification procedures, it is desirable that the input data is 

accessed directly with minimum preprocessing, and that the data stored in the features 

vectors allows monitoring of damage progress or location. Direct use of frequency 

domain data meets this criterion, despite the noted limitations. 

Normalization of input data 

The spread of magnitude values inside the input features vector may have a side effect on 

PNN performance, which computes the distance between the training and the validation 

vectors. During classification, PNN favors the elements of the training and validation 

vectors with large magnitude variation and disregards those with small variation. To 

ensure good network performance, it is desirable that the input data be normalized on the 

[0, 1] interval. Attala, (1996) suggested the following linear transformation to ensure that 

each entry of the input vector falls within a prescribed bound defined by the minimum 

and maximum values of the correspondent feature: 

 min( )
max( ) min( )

old old
new i i
i old old

i i

x xx
x x

−
=

−
 (6.13) 

where i is a pattern number. For example, for five input vectors, which contain frequency 

domain data, the pattern number i will represent the first frequency in all five vectors. In 

other words, it is possible to think of i as a row number in the input space. When high 

accuracy is desirable over certain frequency ranges, Equation (6.13) can be modified by 
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introducing a scaling factor, ri, in front of the fraction. In many cases, the normalization 

of input data helps to improve the classification procedure, although the decision on its 

implementation always rests with the user and is based on the nature of the classification 

problem and the structure of the input data. In this work, as it will be shown shortly, the 

PNN is able to successfully classify the damage scenarios in circular plate specimens 

without normalization of the frequency domain input data. 

Choice of training data 

The PNN used in this study utilizes Gaussian kernel centered on the training data. The 

training data should represent the most common scenario for the particular classification 

category. It is advised that, for each class, the input vectors with the widest spread of 

pattern values are used in the training set. This ensures coverage of problematic cases, 

which might be incorrectly classified otherwise. In the best situation, the training set 

resembles the probability distribution of the structural parameters corresponding to the 

particular classes. To guarantee the compliance with the Bayes decision rule (6.7), the 

size of the training set is usually chosen according to the values of a priori probabilities 

(6.9). The number of features in the features vector plays a significant role in the success 

of the classification process. It will be shown that the larger the size of the input features-

space (training and validation vectors) the better the classification results. In one 

particular case, when the training and validation vectors consisted of 4 frequency values, 

the PNN was able to successfully classify patterns into 3 categories according to the 

damage location, but failed to distinguish between the pristine structure and the structure 

with weak damage. This problem was overcome by taking 6 frequencies in the features 
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input space. Subsequently, the PNN successfully assigned the proper categories to each 

damage scenarios. 

Choice of spread constant 

It is possible to think of a spread parameter as being proportional to the standard 

deviation parameter of PDF. Attala (1996) suggested a method that adjusts the 

proportionality constant using the gradient descent algorithm in order to minimize the 

sum square error of the network over the validation set. However, the choice of the 

spread constant significantly depends on the input data and where the decision boundary 

is defined. For σ Æ ∝,  the decision boundary approaches a hyperplane, while for σ Æ 0 

it represents the nearest neighbor classifier. A very large value of spread parameter would 

cause the estimated density to be Gaussian regardless of the true underlying distribution 

(Specht, 1990). In this study, the spread constant was chosen heuristically. It was noticed 

that the difference of spread constant in several orders of magnitude did not noticeable 

modify the PNN performance. However, the limitations for the values of this parameter 

were observed. Further discussion on this subject can be found in Wasserman, (1993). 

6.4.3 Implementation of PNN for Damage Identification in Circular Plate Specimens 

The case of damage identification in circular plates discussed in previous sections is used 

to test the ability of PNN to classify the data into several categories relative to the 

damage location. According to Figure 6.3, 5 classes are assigned: 0-no damage (pristine); 

1-damage is located 40 mm from the sensor (weak damage); 2-damage is located 25 mm 

apart from the sensor; 3-damage is located 10 mm apart from the sensor; and 4-damage is 

located 3 mm from the sensor (strong damage). The examples of the E/M impedance 
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spectra obtained for each situation is shown in a Figure 6.2. The frequency domain data is 

chosen to solve the classification problem. At the beginning, a small number of 

frequencies was used, namely the 4 dominant frequencies of the pristine plate. This 

studies the variation in behavior of the 4 dominant frequencies of the pristine plate with 

the appearance of damage. Table 6.2 shows the input data matrix for this classification 

problem. The network used for this case consists of 4 inputs, 5 neurons in the pattern 

layer and 5 neurons in the output layer. The number of inputs corresponds to the number 

of frequencies in an input features vector, the pattern layer is formed according to the 

numbers of input/target pairs, and the numbers of output neurons represent the categories 

in which the input data supposed to be classified. The features vector used for the training 

and validation with the correspondent classification results are presented in Table 6.6. 

The results of four tests are given in Table 6.6 where T and V denote the testing and 

validation vectors correspondingly. It can be seen that the PNN is able to successfully 

classify the input data into classes which represent strong and intermediate damage. This 

means that variation of the natural frequencies for those cases is large enough to separate 

classes. However, when the damage is remote, the PNN produces inconsistent results. For 

example, in Test I the “weak damage” data (group 1) was misclassified as the “pristine” 

(group 0) four times, while the “pristine” data (group 0) was misclassified as the “weak 

damage” (group 1) two times. As the number of training vectors was increased, the 

incidence of misclassification diminished (e.g. Test II). However, even for a maximum 

number of the training data, misclassification error between group 0 and group 1 could 

not be avoided. At the next step, the number of training vectors in misclassified groups 

was increased. 



 

 

Table 6. 6 Synoptic classification table for circular plates: the 4-resonance frequencies case.  

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 
Test 

Group 0 (pristine) Group 1 Group 2 Group 3 Group 4 (strong damage)  
T V V V V T V V V V T V V V V T V V V V T V V V V IN I 
X 1 2 2 1 X 1 1 1 1 X 3 3 3 3 X 4 4 4 4 X 5 5 5 5 OUT 
T T V V V T T V V V T V V V V T V V V V T V V V V IN II 
X X 2 2 1 X X 2 2 2 X 3 3 3 3 X 4 4 4 4 X 5 5 5 5 OUT 
T T T V V T T V V V T V V V V T V V V V T V V V V IN III 
X X X 2 1 X X 2 2 2 X 3 3 3 3 X 4 4 4 4 X 5 5 5 5 OUT 
T T T V T T T V V V T V V V V T V V V V T V V V V IN IV 
X X X 2 X X X 2 2 2 X 3 3 3 3 X 4 4 4 4 X 5 5 5 5 OUT 

Legend: 1-25 – plate number 

 1-5 – correspondent class number 

 T – training vector 

 V – validation vector 

 X - vector absent for classification 

 IN – input vectors of PNN 

 OUT – output result of PNN 
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Though this was taken to the extreme in test 4, the correct results were not obtained. It is 

worth noting that the same situation was observed while solving the classification 

problem with the statistical analysis discussed in the previous section.  

Some of the natural frequencies do not noticeable deviate for the cases of the pristine 

structure and the structure with remote damage. The obvious way of improvement of 

such a situation is to increase the number of natural frequencies in the input features 

vectors and see if their distribution gives better variance from class to class. This is the 

scope of an example given next. 

The number of frequencies in the input vectors was increased to six. This lead to 6 inputs 

in the PNN. It is expected that due to additional information, the PNN will distinguish the 

most difficult classification cases, i.e. the weak damage class (group 1) from the pristine 

class (group 0). Two additional rows were added into the input data matrix as is shown in 

Table 6.7. The synoptic Table 6.8 of the results indicates that regardless of training 

vector, all input data was correctly classified into the 5 classes. In the discussed examples 

only the deviation of natural frequencies from the original value corresponding to the 

healthy structure was considered. The appearance of new harmonics was not introduced 

yet. Nevertheless, this feature plays an important role in the distinguishing healthy and 

damaged structures especially for the cases when the damage is incipient or located far 

away from the sensing module. It is possible to account for the appearance of new 

harmonics by using the opposite procedure: introduce zero values for frequencies in the 

features vector of a healthy structure where these harmonics are not present. Thus, the 

features vector can be expanded to the desirable length. As an example, eleven 



 

 

 

Table 6. 7 Input data matrix for PNN classification of circular plates: the 6-resonance frequencies study (all values in Hz) 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 
Group 0 (pristine) Group 1  Group 2 Group 3 Group 4 (strong damage) 

12885 12740 13030 12885 12740 12958 12813 12813 12813 12813 12450 12450 12523 12450 12523 12305 12160 12233 12233 12160 11580 11653 11435 11580 11435
16220 16075 16510 16148 16148 19700 19555 19555 19483 19483 12885 12885 13030 12958 12958 12885 12813 12885 12958 12740 12740 12740 12668 12740 12595
20135 19918 20425 20135 19918 20353 20135 20063 20063 20063 20280 20135 20353 20208 20353 20208 19990 20135 20135 19990 15278 15350 15060 15278 15133
24195 23978 24630 24413 24050 28400 28183 28183 28183 28183 27965 27893 28038 27893 27965 23325 23108 23325 23253 23108 17380 17380 17090 17235 17163
28980 28618 29343 28980 28618 29270 28980 28835 28908 28835 29270 28980 29343 29198 29198 29198 28908 29053 28980 28835 22093 22093 21658 22165 21803
39058 38913 39493 39493 38913 39638 39203 39203 39203 39130 39565 39348 39783 39348 39710 39638 39348 39565 39493 39203 38623 38550 38188 38550 37970
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Table 6. 8 Synoptic classification table for circular plates: 6-resonance frequencies case. 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 Test Group 0 (pristine) Group 1 Group 2 Group 3 Group 4 (strong damage)  
T V V V V T V V V V T V V V V T V V V V T V V V V IN I X 1 1 1 1 X 2 2 2 2 X 3 3 3 3 X 4 4 4 4 X 5 5 5 5 OUT
V T V V V V T V V V V T V V V V T V V V V T V V V IN II 1 X 1 1 1 2 X 2 2 2 3 X 3 3 3 4 X 4 4 4 5 X 5 5 5 OUT
V V T V V V V T V V V V T V V V V T V V V V T V V IN III 1 1 X 1 1 2 2 X 2 2 3 3 X 3 3 4 4 X 4 4 5 5 X 5 5 OUT
V V V T V V V V T V V V V T V V V V T V V V V T V IN IV 1 1 1 X 1 2 2 2 X 2 3 3 3 X 3 4 4 4 X 4 5 5 5 X 5 OUT
V V V V T V V V V T V V V V T V V V V T V V V V T IN V 1 1 1 1 X 2 2 2 2 x 3 3 3 3 X 4 4 4 4 X 5 5 5 5 X OUT

Legend:  1-25 – plate number 

 1-5 – correspondent class number 

 T – training vector 

 V – validation vector 

 X - vector absent for classification 

 IN – input vectors of PNN 

 OUT – output result of PNN 
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Table 6. 9 Synoptic table for classification of circular plates: 11-resonance frequencies case. 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 Test Group 0 (pristine) Group 1 Group 2 Group 3 Group 4 (strong damage)  
T V V V V T V V V V T V V V V T V V V V T V V V V IN I X 1 1 1 1 X 2 2 2 2 X 3 3 3 3 X 4 4 4 4 X 5 5 5 5 OUT
V T V V V V T V V V V T V V V V T V V V V T V V V IN II 1 X 1 1 1 2 X 2 2 2 3 X 3 3 3 4 X 4 4 4 5 X 5 5 5 OUT
V V T V V V V T V V V V T V V V V T V V V V T V V IN III 1 1 X 1 1 2 2 X 2 2 3 3 X 3 3 4 4 X 4 4 5 5 X 5 5 OUT
V V V T V V V V T V V V V T V V V V T V V V V T V IN IV 1 1 1 X 1 2 2 2 X 2 3 3 3 X 3 4 4 4 X 4 5 5 5 X 5 OUT
V V V V T V V V V T V V V V T V V V V T V V V V T IN V 1 1 1 1 X 2 2 2 2 x 3 3 3 3 X 4 4 4 4 X 5 5 5 5 X OUT

Legend:  1-25 – plate number 

 1-5 – correspondent class number 

 T – training vector 

 V – validation vector 

 X - vector absent for classification 

 IN – input vectors of PNN 

 OUT – output result of PNN 
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frequencies were used in the input features vectors to create a network. The input features 

vectors and classification results are presented in Table 6.3 and Table 6.9 in Appendix B. 

Similar to the previous situation, the PNN was able to correctly classify data regardless of 

the choice of training vector. Summarizing, promising results were obtained for the 

damage classification using PNN and the E/M impedance method. As a general remark, it 

is recommended to have an adequately large number of frequencies in the features vector 

to ensure good performance of PNN. 

6.5 Conclusions 

This chapter describes three types of damage identification algorithms applied to 

structural health monitoring with the E/M Impedance method: 

a) Overall statistics damage metrics (RMSD, MAPD, and CCD) 

b) Feature based statistics on the example of t-test 

c) Probabilistic neural networks (PNN). 

Recent advances in the damage algorithm development for SHM were presented. Typical 

features of the impedance spectrum were presented and selected for further features 

vector data reduction. It was observed that the resonance frequencies, the spectrum 

amplitudes at resonance, and the damping factors can serve as indicators of structural 

damage. In this study, the resonance frequencies were used as features to construct 

features vectors for the classification problem. 

A calibration experiment was designed to estimate the sensitivity of the method to the 

presence of damage. Five groups of aluminum alloy circular plates specimens with 5 

members in each group were manufactured. The damage was placed incrementally at 
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various distances from the center of the plate. A piezoelectric wafer active sensor was 

installed at the center of the plate. The E/M impedance spectra were recorded. The effect 

of damage on the impedance spectra was observed for the “damaged” plates. The 

“damage“ revealed itself as the frequency shift in the dominant resonances present in the 

“pristine” spectrum, and as the appearance of new harmonics no present in the “pristine” 

spectrum.  

To quantify the damage for each scenario, using approach (a), the overall-statistics 

damage metrics, Equations (6.1) – (6.4) were used directly on the raw spectrum. It was 

found that the 7th power of the correlation coefficient deviation (CCD)7 to be the best 

metric for identifying the damage presence and location based on the spectrum taken in 

the high frequency band 300-450 kHz, which has a high density of resonance peaks. 

However, the behavior of other overall-statistics metrics was not always uniform. In 

addition, the use of low frequency bands with few peaks was not appropriate for this 

approach. 

A feature extraction algorithm was used to construct the features vectors containing the 

numerical values of the resonance frequencies. These features vectors were used when 

pursuing the (b) and (c) approaches. 

In the approach (b), the t-test was used. The t-test successfully distinguished between the 

data contained in the “strong-damage” set and the data in the “pristine” set. However, 

negative results were obtained when the “weak-damage” set and the “pristine” set were 

compared. To overcome this problem, the statistical processing of multiple resonance 

frequencies was suggested.  
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In order to analyze larger data sets, the probabilistic neural network algorithm was 

chosen. For a small number of features (four) in the input vector, the PNN successfully 

classified the data in 80% of cases. However, could not correctly classify the data for the 

case of “weak” damage. The reason for this situation is similar to that encountered in the 

t-test example: the shift of the resonance frequency is not significant enough to be 

captured. However, when the number of features was increased from four to six, this 

problem was eliminated. With a 6-long features vector, the damage scenarios were 

correctly classified.  

To account for the appearance of additional harmonics (caused by the presence of 

damage), adaptive resizing of the input vector was implemented. The harmonics absent in 

the original (pristine) spectrum were filled with zero values. Thus, all input vectors have 

the same size. The PNN was able to correctly classify data into the corresponding 

damage classes. This procedure was successful for a very small number of training 

vectors. 

We conclude that the PNN algorithm adequately classifies data according to damage 

location and is applicable for a practical implementation as an integrated part of the E/M 

Impedance method. Using the discussed damage detection algorithms it is possible to 

move from simple experimental specimens into actual applications. The applications of 

the E/M impedance method for SHM of aging aircraft panels and civil engineering 

structure are presented in Part III of this Dissertation. 
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Chapter 7 

7 E/M Impedance Structural Health 

Monitoring of Actual Structures and 

Structural Specimens 

In previous chapters, the developments in the E/M impedance method needed for 

practical implementation in SHM of actual structures and structural components were 

discussed. This chapter presents practical applications of this method and provides health 

monitoring examples performed on aging structural specimens and a large civil 

engineering structure. Although both applications are similar in such aspects as 

measurement equipment, spectra processing and analysis they are different in types of 

damage monitored, sensors sizes and installation procedures, experimental set up, 

frequency bands used and conclusions drawn upon data analysis. This difference is 

expected because any real-world application is unique. The task is to find these unique 

features and based on their contribution to E/M impedance spectrum characterize the 

current structural condition. 

7.1 Structural Health Monitoring of Aging Aircraft Panels 

Aging aerospace structures, which have been operating well beyond their initial design 

life, experience intense need for structural health monitoring technologies to ensure 
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safety, reliability and reduction of maintenance costs. Multi-site fatigue damage, hidden 

cracks in hard-to-reach locations and corrosion are among the major flaws encountered in 

today’s extensive fleet of aging aircraft and space vehicles. The effect of aging on aircraft 

airworthiness and the vicious combination of fatigue and corrosion has to be reassessed. 

Prevention of such undesirable occurrences could be improved if on-board health 

monitoring systems exist that could assess the structural integrity and would be able to 

detect incipient damage before catastrophic failures occur. To gain wide spread 

acceptance, such a system has to be cost effective, reliable, and compact/light weight. 

One of the approaches in the construction of this system utilizes piezoelectric sensor 

arrays in which the local structural health can be monitored with the electro-mechanical 

(E/M) impedance method. This section presents an example of application of non-

intrusive piezoelectric wafer active sensors to aging aerospace structures for monitoring 

of structural damage such as fatigue cracks. 

7.1.1 Qualification of Damage Presence and Damage Identification Strategies      

In the previous chapter we discussed the sensitivity of the E/M impedance method to the 

presence of damage and have shown the calibration experiment with circular plates 

specimens where a narrow slit was placed at the increased distance from the sensor. It 

was experimentally observed that the presence of the slit, i.e. damage, noticeably 

modified the impedance spectrum of the sensor. The rate of changes in the spectrum 

increases when the distance between damage and sensor decreases. Based on these results 

it is anticipated that the sensor bonded to the structure possesses a certain radius of 

sensitivity, which was called the “near field”. When the structural integrity in the near 

field of the sensor is infringed, its spectrum is expected to reveal the distinguishable 
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features suitable for damage classification. This formulates the damage detection strategy 

to be used with the E/M impedance method applied to aging aerospace structures. 

Damage Identification Strategy 

The real part of the E/M impedance (Re Z) reflects the pointwise mechanical impedance 

of the structure, and the E/M impedance spectrum is equivalent to the pointwise 

frequency response of the structure. As damage (cracks, corrosion, disbonds) develop in 

the structure, the pointwise impedance in the damage vicinity changes. Piezoelectric 

active sensors placed at the critical structural locations will be able to detect these near-

field changes. In addition, due to the sensing localization property of this method, far-

field influences will not be registered in the E/M impedance spectrum. The integrity of 

the sensor itself, which may also modify the E/M impedance spectrum, is independently 

confirmed using the imaginary part of E/M impedance (Im Z). It has been shown 

(Giurgiutiu and Zagrai, 2000) that the imaginary part of E/M impedance is highly 

sensitive to sensor disbond. 

To illustrate the near-field damage detection strategy, consider an array of 4 active 

sensors as presented in Figure 7.1. Each active sensor has its own sensing area resulting 

from the application of the localization concept. This sensing area is characterized by a 

sensing radius and the corresponding sensing circle. Inside the sensing area, the sensor 

detection capability decreases with the distance from the sensor. A damage feature that is 

placed in the near field of the sensor is expected to create a disturbance in the sensor 

response that is larger than a damage feature placed in the far field. Effective area 

coverage is ensured when the sensing circles overlap. The size of the sensing circle 

depends on the impedance of the sensor and the host structure, the material thickness, 
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Figure 7. 1 Damage detection strategy for structural cracks using an array of 4 

piezoelectric active sensors and the E/M impedance method 
 

sensor size, excitation level, and material attenuation. The calibration experiments were 

performed on 100 mm diameter circular plate specimens. The results of experiment have 

shown that the structural crack present in the sensor sensing area can be effectively 

detected. The limitations of the E/M impedance method reside in its sensing localization, 

which diminishes its ability to detect far-field damage. For this latter case, the ultrasonic 

guided wave methods may be more appropriate. 

E/M Impedance Detection of Structural Cracks 

Figure 7.1 features a structural crack placed in the sensing circle of active sensor #1. The 

crack presence modifies the structure and effective drive-point structural impedance as 

seen by sensor #1. At the same time, the crack also belongs to the sensing circle of sensor 

#2, but it is at the periphery of this circle. Thus, it is expected that the effective drive-

point structural impedance as seen by sensor #2 will also be affected, but to a much lesser 

extent than for sensor #1. Regarding sensors #3 and #4, the structural crack is outside 

their sensing circles, hence their drive-point structural impedances will be almost 

unchanged. Due to coupling between sensor and structure, changes in the drive-point 
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structural impedance will be directly reflected in the E/M impedance of the sensor. In 

conclusion, the crack illustrated in Figure 7.1 is expected to strongly modify the E/M 

impedance of sensor #1, to slightly modify that of 2, and leave unchanged those of #3 and 

#4. 

7.1.2 Specimen Design 

Realistic specimens representative of real-life aerospace structures with aging-induced 

damage (cracks and corrosion) were developed at Sandia National Laboratories. Figure 

7.2 presents a blue print of the experimental panel typical of conventional aircraft 

structures. It features a lap splice joint, tear straps, and hat-shaped stringer/stiffeners. The 

whole specimen construction is made of 1-mm (0.040”) thick 2024-T3 Al-clad sheet 

assembled with 4.2-mm (0.166”) diameter countersunk rivets. Cracks were simulated 

with Electric Discharge Machine (EDM) and corrosion damage was simulated with 

chemically milled areas. Four specimens were manufactured: (1) pristine; (2) with cracks 

only; (3) with corrosion only; (4) with a mix of cracks and corrosion. 

In this study, the damage in the form of EDM slit was investigated. Two specimens were 

considered, pristine and with cracks, and designated as “panel 0” and “panel 1” 

respectively. The schematics of the specimens and the crack distribution are presented in 

Figures 7.6 and 7.7. The large portion of the panel 1 with a crack is depicted in Figure 7.9 

and a close up of the crack region is shown in Figure 7.3.  

7.1.3 Experiment with PWAS Placed along the Line 

The specimens were instrumented with several piezoelectric wafer active sensors, 7-mm 

square and 0.20 mm thick placed along a line. The active sensors were fabricated from 

piezoceramic APC 850 wafers supplied by APC International, Ltd. The installation
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Figure 7. 2 Blue print of the experimental panel developed at Sandia National Laboratories as a specimen for testing the active-

sensor structural health monitoring, damage detection, and failure prevention methodologies. The specimen has a built-
up construction typical of conventional aircraft structures. It contains simulated cracks (EDM hairline cuts) and 
simulated corrosion damage (chem.-milled areas). 
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procedure for sensors outlined in Chapter 3 was applied after the active sensors were 

instrumented with the thin gage positive-connection leads. The negative connection was 

attached to the metallic panel specimen that acted as a common ground. Figure 7.3 

presents an experimental set up for SHM in aging aircraft panel and gives the details on 

sensor configuration: the sensors are placed along a line, perpendicular to a 10-mm crack 

originating at a rivet hole. The sensors are 7-mm square and are spaced at 7-mm pitch. 

The leads of the sensors were connected to the HP 4194A Impedance Analyzer used in 

the experiments to interrogate the sensors and display an information on point-wise 

structural impedance in the chosen frequency range. 

Preliminary Experiment Results and Analysis 

The piezoelectric wafer active sensors in the line sensor array shown in Figure 7.3 were 

consecutively interrogated in the 200 – 2600 kHz frequency range. Figure 7.4 shows the 

frequency spectrum of the E/M impedance real part. The spectrum reflects clearly 

defined resonances that are indicative of the coupled dynamics between the PZT sensors 

and the frequency-dependent point-wise structural stiffness as seen at each sensor 

location. The spectrum presented in Figure 7.4 shows high consistency. The dominant 

resonance peaks are consistently in the same frequency range, and the variations from 

sensor to sensor are consistent. These observations indicate consistency in the sensor 

fabrication and installation methodology. Examination of Figure 7.15 signifies that, out 

of the four E/M impedance spectra, that of sensor 1 (closest to the crack) has lower 

frequency peaks, which could be correlated to the damage presence. However, this 

argument is not entirely self-evident since the spectra in Figure 7.4 also show other 

sensor-to-sensor differences that are not necessarily related to the crack presence. In
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Figure 7. 3 The detection of simulated crack damage in aging aircraft panels using the 
E/M impedance method: in the front four rivet heads, four PZT active 
sensors, and a 10-mm EDM-ed notch (simulated crack) are featured; in the 
background the experimental set up for the aging aircraft panel specimens 
containing simulated crack is shown 

 

order to better understand these aspects, further investigations were performed at lower 

frequencies, in the 50 – 1000 kHz range and the results are depicted in Figure 7.5. In this 

range, changes due to the crack presence, as featured in the sensor 1 spectrum, that do not 

appear in the other sensors can be identified. For example, sensor 1 presents an additional 

frequency peak at 114 kHz that is not present in the other spectra. It also shows a 

downward shift of the 400 kHz main peak. These features are indicative of a correlation 

between the particularities of sensor 1 spectrum and the fact that sensor 1 is the closest to 

the crack. However, at this stage of the investigation, these correlations are not self-

evident. In the configuration presented above, sensors were placed along the line with a 

7mm gage. This gage is equal to the size of PWAS. Since all the sensors were placed in 

the region rather close to crack, the impedance taken from each sensor may contain a 

certain contribution of damage. In order to eliminate this effect, it was suggested that for 

further investigation PWAS were distributed on the aircraft skin rather than configured in 

a line array close to the damage. 
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 Figure 7. 4 Real part of impedance for sensors bonded on the aging aircraft panel 

(200-2600 kHz range). 
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Figure 7. 5 Real part of impedance for sensors bonded on the aging aircraft panel 

(zoom into the 50-1000 kHz range). 
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7.1.4 Experiment with Distributed PWAS 

Near Field Experiment 

The calibration experiment with 25 circular plates discussed in Chapter 6 showed that 

PWAS with the E/M impedance method successfully detected a 10 mm crack placed up 

to 40mm away from the sensor. In this study, this area was designated as a near field of 

PWAS. It is expected that when placed on an aircraft panel PWAS will be able to detect 

damage in the area of similar size. To ensure the assumption PWAS (S8) was installed 

about 12 mm from the crack growing from the rivet hole. From the other hand, it is 

anticipated that sensors placed next to the similar configuration of rivets will give close 

impedance spectra. For validation of this hypothesis, three sensors were installed next to 

the similar configuration of rivets as it is shown on Figures (7.6) and (7.7). In Figures 

(7.6) and (7.7), panel 0 designates the pristine panel and panel 1 designates the aircraft 

panel with cracks. Therefore, four sensors participate in damage detection experiment in 

the PWAS near field: (a) S5, S6, S7 (“pristine”); (b) S8 (next to the crack). Based on the 

results of the preliminary experiment depicted in Figure 7.5, the 200-550 kHz frequency 

range was chosen for analysis due to high density of resonance peaks. During the 

experiment, both aircraft panels were supported by foam to simulate free boundary 

conditions as it is shown in Figure 7.8. The data was collected with an HP 4194A 

impedance analyzer and through GPIB interface loaded into PC for further processing 

and analysis. The superposition of spectra obtained from the sensors is presented in 

Figure 7.10. For convenience in Figure 7.11, a constant value of amplitude was added for 

sensors S6, S7, S8 to separate dense spectra. As it can be seen from Figure 7.11, the 

sensor placed next to the crack (S8) revealed a high-density cluster of peaks with elevated 
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Figure 7. 6 Schematics of the Panel 0 specimen and PWAS configuration 
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Figure 7. 7 Schematics of the Panel 1 specimen and PWAS configuration 
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Figure 7. 8 Experimental set up for SHM of aging aircraft panels 
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Figure 7. 9 Photograph of aging aircraft panel 1 with PWAS installed on its surface 
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 baseline in the 400-450 kHz range. The spectra for the sensors S5, S6, S7 placed on the 

pristine plate at similar locations do not show a significant difference. However, the 

alteration of spectra due to presence of damage and within the “pristine” group of sensors 

needs to be quantified. Since the elevation of spectral baseline was noticed for the 

“damaged” scenario, based on the discussion presented in Chapter 6, the overall statistics 

damage metrics were suggested to classify data into the “pristine” and the “damaged” 

classes. RMSD, MAPD, and CCD damage metrics were applied for the raw data. The 

difference within the “pristine” group of sensors (S5_S6, S5_S7, and S6_S7) as well as 

the difference between spectra of the “pristine” and the “damaged” sensor (S5_S8, 

S6_S8, and S7_S8) was estimated. 

The results are summarized in Table 7.1. Although a larger difference between spectra 

was noticed for the “damaged” scenario than within the “pristine” group, the variations 

for both cases are within one order of magnitude and the probability of misclassification 

is very high. For this reason we conclude that the utilization of overall statistics damage 

metrics on the raw data is not appropriate for the damage classification in aircraft panels. 

The other approach was considered. Each spectrum was fitted with the polynomial of 9th 

order to obtain the spectral baseline. The results of this fitting procedure are presented in 

Figure 7.12. It is clear that three baselines for the sensors located at the places where no 

damage was introduced follow the similar pattern. In contrast sensor S8, which is close to 

the damage, has a baseline with peaks and valleys (Figure 7.12.). It was anticipated that 

this phenomena can be captured with the overall statistics damage metrics. The results of 

overall statistics damage metrics analysis of fitted spectra are presented in Table 7.2 and 

in Figure 7.14. The Figure 7.12 reveals that the baseline for sensors in the “pristine” 
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Figure 7. 10 Superposition of E/M impedance spectra for damage detection experiment 

in the PWAS near field 
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Figure 7. 11 E/M impedance spectra for damage detection experiment in the PWAS 

near field 



 

 

 

Table 7. 1 Overall Statistics damage metrics for processing of raw E/M impedance data 

Class Pristine Medium Field Damaged Medium Field Pristine Near Field Damaged Near Field 
Sensors S1_S2 S1_S3 S2_S3 S1_S4 S2_S4 S3_S4 S5_S6 S5_S7 S6_S7 S5_S8 S6_S8 S7_S8
RMSD 16.21% 13.26% 15.96% 20.16% 12.52% 17.39% 16.24% 14.02% 16.93% 23.95% 19.63% 19.02%
MAPD 13.25% 10.44% 12.11% 14.97% 8.85% 12.82% 12.73% 11.28% 13.35% 19.01% 15.41% 14.76%
CCD 18.21% 10.38% 19.08% 21.31% 9.21% 19.11% 19.78% 8.97% 18.56% 25.35% 17.83% 23.20%
RMSD Average 15.14% 16.69% 15.73% 20.87% 
MAPD Average 11.93% 12.21% 12.45% 16.39% 
CCD Average 15.89% 16.54% 15.77% 22.13% 
RMSD STD 1.63% 3.87% 1.52% 2.69% 
MAPD STD 1.41% 3.10% 1.07% 2.29% 
CCD STD 4.79% 6.44% 5.92% 3.87% 
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Figure 7. 12 Comparison of fitted baselines for E/M impedance spectra of the damage 

detection experiment in the PWAS near field 
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Figure 7. 13 Average baseline for the “pristine and the “damaged” classes obtained 

from E/M impedance spectra for the damage detection experiment in the 
PWAS near field 
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 group follows the same trend even for the PWAS placed on different panels. This shows 

that the baseline readings are consistent for the “pristine” scenario. For convenience, an 

average of 3 baselines for the “pristine” PWAS spectra was considered and presented in 

Figure 7.13 as a “baseline” for the “pristine” scenario. Table 7.2 shows that the difference 

between the “damaged” and the “pristine” cases is a order of magnitude higher than 

variation within the “pristine” class. It should be noted that the standard deviation 

denoted as STD in Table 7.2 shows small variations within each class permitting the clear 

separation of the “pristine” and the “damaged” classes. As it could be noted from Figure 

7.14, the RMSD and MAPD damage metrics are less sensitive to the presence of damage. 

According to Table 7.2, the correlation coefficient deviation gives the best values as a 

damage metric in comparison with RMSD and MAPD. This phenomenon is also depicted 

in Figure 7.14. 

Medium Field Experiment 

The medium field experiment was designed to estimate the ability of PWAS to detect 

damage in a wider area. In this study the medium field is called the area with a radius of 

about 100mm where the detection of damage is still possible, but the effect of damage is 

not manifested drastically in the E/M impedance spectra. The use of adequate signal 

processing methods is proposed to reveal the presence of damage. It is anticipated that in 

the far field, PWAS will not be able to capture local defects with the E/M impedance 

method. Other techniques such as wave propagation are needed to assess damage in the 

far field. In the medium field experiment, the PWAS were configured as it is shown in 

Figures (7.6) and (7.7). It should be noted that the location of sensors in general 

resembles the near field experiment, but the PWAS were place further away from the 
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Figure 7. 14 Overall statistics damage metrics for comparison of spectral baselines in 

the PWAS near field 
 
 
 
 
 

Table 7. 2 Results of the overall statistics damage metrics comparison for PWAS near 
field 

Class Pristine Near Field Damaged Near Field 
Sensors S5_S6 S5_S7 S6_S7 S5_S8 S6_S8 S7_S8 
RMSD 4.09% 8.74% 5.71% 15.64% 14.10% 10.10%
MAPD 3.75% 8.43% 5.88% 13.26% 11.89% 8.05% 
CCD 0.94% 0.63% 0.07% 5.70% 7.45% 6.77% 

RMSD Average 6.18% 13.28% 
MAPD Average 6.02% 11.07% 
CCD Average 0.55% 6.64% 
RMSD STD 2.36% 2.86% 
MAPD STD 2.35% 2.70% 
CCD STD 0.44% 0.89% 
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 crack and rivets. The sensors S1, S2, and S3 were located 94 mm away from the rivets 

on panel 0 and 1 representing the “pristine” (no damage) scenario. Sensor S4 was placed 

96 mm away from the 12mm crack denoting the “damaged” scenario. Therefore, the 

distance between the PWAS and the crack for the medium field experiment was 8 times 

greater than for the near field experiment. The tentative size of the near field and the 

medium field of the PWAS is depicted in Figure 7.7. The data acquisition procedure 

described in preceding sections was used to obtain the E/M impedance spectra for S1, S2, 

S3, and S 4. The results are presented superimposed in Figure 7.15. In order to 

distinguish the effect of damage presence on the spectrum, the constant value was added 

to the amplitude of sensors S2, S3, and S 4 as it is shown in Figure 7.16. It can be noted 

that the spectrum of sensor S4 placed 96 mm away from the damage reveals higher 

amplitudes of some spectral harmonics in comparison with the spectra for other PWAS. 

No significant difference was observed for the spectra of the sensors, which represent the 

“pristine” group. In contrast to the near field experiment, the sensor that is supposed to 

capture the crack did not manifest any alterations of the baseline signature. As it could be 

seen in Figure 7.16, sensors in both classes, the “pristine” S1, S2, S3 and “damaged” S4, 

follows the similar patters. For this reason the fitting and analysis of baseline was 

abandoned for the medium field experiment. Since the amplitude of 3 resonance peaks in 

the “damaged” scenario was higher in comparison with the “pristine” case, the overall 

statistics damage metric were tried on raw data presuming that this procedure will reveal 

noticeable difference. The results are presented in Table 7.1. Although higher values of 

RMSD, MAPD and CCD were noticed for the “damaged” scenario, they are not 

significantly different from the values obtained for the “pristine” group. Moreover, the 
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Figure 7. 15 Superposition of E/M impedance spectra for the damage detection 

experiment in the PWAS medium field 
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Figure 7. 16 E/M impedance spectra for the damage detection experiment in the PWAS 

medium field 
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 values for standard deviation presented in Table 7.1 do not permit clear separation of the 

“pristine” and the “damaged” classes. Therefore, we conclude that the use of overall 

statistics damage metrics is not suitable for damage identification in medium field of the 

PWAS and other signal processing algorithms should be investigated for this purpose. 

PNN for Damage Classification in Aging Aircraft Panels 

In the preceding chapter, it was shown that probabilistic neural networks (PNN) could be 

successfully used for damage identification in circular plates. In the discussed 

experiment, the damage in the form of a crack introduced the shift of resonance 

frequencies and appearance of new harmonics in the impedance spectra. The PNN 

successfully classified the spectra into the “pristine” and the “damaged” classes 

according to the distribution of resonance frequencies. Thus, the numerical values of 

resonance frequencies were used in the input features vector of the PNN. A similar 

approach is suggested for the damage classification in aging aircraft panels. In order to 

extract features from the impedance spectra the features extraction algorithm discussed in 

Chapter 6 was used. The height and width of the search window was fixed to 5% and 1% 

respectively for all cases. The results of the features extraction procedure are depicted on 

Figure 7.17. Figure 7.17a shows a spectrum for the “pristine” scenario processed with the 

features extraction algorithm. The resonance peaks, chosen with the algorithm, are 

marked with a cross in the data point. Figure 7.17b presents the results of a similar 

procedure for the “damaged” scenario. It could be seen that the distribution of resonance 

frequencies chosen with the feature extraction algorithm is different for the “pristine” and 

the “damaged” cases. For example, the “pristine” case features some peaks 

above500kHz, while the “damage” case shows no peaks in this region. The results of the 
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Figure 7. 17 E/M impedance spectra for the damage detection experiment in the PWAS 
medium field: (a) sensor S1 – “pristine” case; (b) sensor S4 – “damaged” 
case 
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 features extraction procedure are given in Table 7.3, which presents 4 input features 

vectors for the medium field spectral data. To achieve the equal vector size needed for 

further processing with PNN, the deficient frequencies were filled with zeros. No 

additional post processing or frequency selection procedures were used to create the input 

features vectors for PNN.  

PNN was designed to classify data into two classes: the “pristine” and the “damaged”. 

There were three input vectors correspondent to the “pristine” class and one input vector 

correspondent to the “damaged” class. Only one of the three “pristine” input vectors was 

used for the PNN training. No training was done for the “damaged” scenario. Thus, the 

network is expected to recognize the data, which belongs only to the “pristine” class, and 

reject data that is unlike the “pristine” class, i.e. “damaged”. 

The network was validated as follows: S1 vector was used to train the network, then 

vectors S2 and S3 were tested and the network separately recognized both vectors 

belonging to the “pristine” class. The vector S4 corresponding to the “damaged” scenario 

was fed into the PNN and was not attributed to the “pristine” class. Thus, the proper 

classification into two classes, “pristine” and “damaged”, was achieved. Similarly, 

vectors S2 and S3 were used as training vectors and pairs S1, S3 and S1, S2 as validating 

vectors. Regardless of the choice of training vector, the PNN was able to correctly 

classify data into the “pristine” and the “damaged” classes. The details of this procedure 

are given in Table 7.4. We conclude that the classification problem for the medium field 

of PWAS was successfully solved with PNN. 

The success of the PNN damage detection algorithm immediately suggested its use for 

damage classification in the PWAS near field. The raw spectra obtained for the near field 
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Table 7. 3 Input features vectors for the medium field classification with PNN 

S1 S2 S3 S4 
204375 204375 204375 204375 
220125 212250 209625 209625 
228875 221875 220125 221000 
233250 232375 227125 232375 
242000 237625 237625 242000 
247250 247250 247250 247250 
254250 257750 252500 252500 
262125 269125 262125 257750 
270000 274375 269125 269125 
274375 282250 280500 274375 
282250 291000 284875 280500 
284875 295375 290125 285750 
290125 300625 295375 291000 
295375 307625 301500 295375 
301500 310250 305875 300625 
305875 319000 312000 311125 
312000 326000 317250 317250 
317250 331250 322500 338250 
333000 336500 328625 343500 
338250 346125 333000 348750 
346125 348750 338250 358375 
348750 365375 343500 367125 
354000 372375 348750 381125 
364500 382875 354000 389000 
370625 389000 366250 396875 
375000 395125 371500 402125 
382000 402125 377625 407375 
391625 407375 383750 414375 
396875 414375 391625 423125 
403875 424000 396875 433625 
412625 433625 402125 436250 
417875 438875 406500 441500 
423125 443250 415250 454625 
449375 448500 419625 459875 
454625 453750 427500 468625 
460750 460750 432750 471250 
466000 471250 438000 476500 
476500 476500 447625 487000 
481750 487000 460750 498375 
490500 492250 466000 0 
497500 508000 472125 0 
501875 519375 480875 0 
511500 528125 490500 0 
518500 533375 497500 0 
523750 545625 508000 0 
531625 0 523750 0 
536875 0 529875 0 
545625 0 0 0 
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Table 7. 4 Synoptic classification table for the classification in the medium field: 48-
resonance frequencies case 

Test S1 S2 S3 S4  

T V V V IN 
I 

X 1 1 0 OUT 

V T V V IN 
II 

1 X 1 0 OUT 

V V T V IN 
III 

1 1 X 0 OUT 

 

were processed with the features extraction algorithm with the window size similar to the 

one used for the medium field. The resultant input vectors are denoted as S5, S6, S7 

(“pristine”); S8 (“damaged”) and given in Table 7.5. The PNN design, training, and 

validation was similar to the medium field example. The validation procedure is 

presented in Table 7.6. The PNN was able to successfully classify data into the “pristine” 

and the “damaged” classes regardless of the choice of training vector. 

7.1.5 Experimental Results 

The damage detection experiment for assessing the structural damage in typical aging 

aircraft panels was discussed. Three issues were investigated: (a) variation of spectra for 

the sensors located next to the rivets without cracks; (b) identification of damage in the 

near field of PWAS; (c) identification of damage in the medium field of PWAS.  

It was observed that within the group of sensors placed on different panels and located 

next to the rivets without cracks, the variation of the E/M impedance spectra is not 

significant. This assumption is supported by the Figure 7.11 for the spectra in the medium 
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Table 7. 5 Input features vectors for the near field classification with PNN 

S5 S6 S7 S8 
210500 211375 207875 205250 
216625 215750 216625 209625 
221000 221875 228875 220125 
226250 226250 233250 226250 
233250 232375 241125 238500 
243750 245500 249000 243750 
248125 249000 258625 249000 
258625 257750 265625 260375 
272625 264750 270000 262125 
281375 274375 279625 266500 
292750 280500 291000 274375 
299750 295375 305000 280500 
305875 301500 312000 287500 
312000 308500 317250 296250 
317250 313750 328625 298875 
330375 320750 337375 307625 
333875 328625 348750 312875 
347000 334750 354875 319000 
354875 343500 364500 328625 
363625 352250 370625 334750 
373250 362750 375875 343500 
375875 368000 381125 348750 
381125 369750 386375 353125 
394250 382875 394250 359250 
397750 388125 397750 365375 
406500 395125 408250 369750 
415250 403875 414375 375875 
421375 412625 422250 383750 
434500 418750 431000 386375 
439750 423125 433625 395125 
445000 431875 439750 403000 
449375 439750 455500 418750 
456375 448500 460750 423125 
467750 452875 466000 433625 
476500 461625 476500 439750 
484375 467750 490500 450250 
493125 471250 498375 455500 
498375 478250 504500 460750 
510625 487875 510625 471250 
519375 497500 519375 478250 
531625 508875 536000 487000 

0 521125 544750 493125 
0 540375 0 497500 
0 0 0 502750 
0 0 0 514125 
0 0 0 524625 
0 0 0 531625 
0 0 0 539500 
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Table 7. 6 Synoptic classification table for the classification in the near field: 48-
resonance frequencies case 

Test S5 S6 S7 S8  

T V V V IN 
I 

X 1 1 0 OUT 

V T V V IN 
II 

1 X 1 0 OUT 

V V T V IN 
III 

1 1 X 0 OUT 
 

field and Figure 7.13 where the baselines for the near field of PWAS are presented. 

According to Table 7.2, standard deviation for the baselines was 0.44%. 

The overall statistics damage metrics (RMSD, MAPD, and CCD) applied to the 

classification of the raw spectral data did not give convincing results. As it is shown in 

Table 7.1, variation within the “pristine” group is comparable with the values obtained 

for the “damaged” scenario. For this reason the analysis of the raw data with the overall 

statistics damage metrics was abandoned and the fitting of baseline for the spectral data 

was adopted. Upon applying the overall statistics damage metrics for the comparison of 

baselines, it was found that: (a) “pristine” and “damaged” classes are well separated for 

all metrics; (b) the correlation coefficient deviation (CCD) is the best overall statistics 

damage metric. These conclusions are supported by Figure 7.14 and Table 7.2, which 

summarizes the results of the application of the overall statistics damage metrics in the 

PWAS near field. 

The implementation of the overall statistics damage metrics for damage identification in 
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the PWAS medium field was impractical since no significant variation in the baseline 

was observed. Instead, some harmonics in the “damaged” spectra revealed higher 

amplitudes when compared to the “pristine” group of sensors. The utilization of PNN was 

proposed in order to capture this effect. The feature extraction algorithm was used to 

select harmonics in the spectra with relatively high amplitudes. An example of the 

procedure is depicted in Figure 7.17 and presented in Tables 7.3. The features vector size 

was adjusted according to the maximum number of resonance frequencies available and 

the deficient harmonics were filled with zeros for vectors of initially smaller length. Four 

features vectors were used as input vectors in the PNN. Three vectors corresponded to the 

“pristine” group and one corresponded to the “damage” group. The network was trained 

with one vector for the “pristine” class only. Regardless of training vector choice, the 

PNN was able to correctly classify data into the “pristine” and the “damaged” classes. 

This result was successfully validated for the medium field and the near field. It should 

be noted that the PNN spread constant plays a significant role in the success of the 

classification process. The PNN has been demonstrated to have a superior potential in 

attacking and solving complex classification problems. It is recommended for further use 

in SHM with PWAS and the E/M impedance method. 

The example of SHM of aging aircraft panels has shown that unobtrusive, permanently 

attached PZT wafer active sensors in conjunction with the E/M impedance method can be 

successfully used to identify the intrinsic dynamics of aerospace structures through the 

examination of recorded impedance spectra. The presented example encompassed the 

sensor deployment on representative aircraft structural specimens, structural interrogation 

strategies, spectra analysis and damage interpretation. 
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7.2 Structural Health Monitoring of Fiber-Polymer Composite 

Retrofit Installed on a Large Civil Infrastructure 

This section describes the application of PZT wafer active sensors and the E/M 

impedance method for SHM of a fiber-polymer composite retrofit installed on a football 

stadium tribune. The goal of this study is to investigate the applicability of the method to 

long-term structural health monitoring of civil structures.  

7.2.1 In-Field Implementation of Piezoelectric Wafer Active Sensors 

The experiment was conducted on a bleacher section of a relatively old stadium located 

in NY state. The stairs of this stadium were upgraded (reinforced) with fiber-polymer 

composite retrofit applied on the underside of the stairs. The upgraded site was situated 

on the northwest side of the stadium, Figure 7.18a, under the tribune stairs. The entrance 

to the site is shown in Figure 7.18b. The measurement equipment was placed in the space 

between the tribune and the vertical wall of the stadium. The outer surface of the back of 

the tribune stair is also shown in Figure 7.18b. Fiber-polymer composite angles were 

installed on the underside of the stairs at the tread toe-to-riser interface. The schematics 

of installation are given in Figures 7.19 – 7.21. The composite material used was VC 240 

Bi-Directional E-glass having a +/- 45 deg. fiber orientation. The installation of the 

composite was done in December 1999 by an ERDC-CERL team, 3 weeks prior to 

installation of sensors. The procedure and materials used for the composite installation 

are described in (Giurgiutiu et al., 2001). The ten composite angles were split into two 

groups: A and B. Group A consisted of 6 specimens and was placed at the upper part of 

the stair. Group B included 4 specimens and was installed at the lower part of the stair. 

Group A is pictured in the Figure 7.19 and group B is situated just below group A. Details 
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of problems associated with the curing of these angles are reported in Giurgiutiu et al., 

(2001) and consist of resin pockets, resin drops, and tackiness. The details on angle 

location and numbering are given in Figure 7.20 and Figure 7.21. 

The PZT wafer active sensors (20 by 20 mm) were installed in January 2000 by ERDC-

CERL and USC LAMSS teams. A detailed description of the installation process and 

problems encountered is given in Giurgiutiu et al., (2001). 

7.2.2 Site Characterization and Experimental Set Up 

In-field experiments need particular attention in comparison with regular laboratory set-

ups. Proper equipment operation and calibration play critical roles in the success of the 

experiment. The placement of equipment should consider humidity, dust, temperature 

and wiring requirements. The typical in-field experimental set up is pictured on Figure 

7.22. 

 

(a) 

 Site location

 (b) 
Back of tribune stairs

Outer surface

 

Figure 7. 18 Site location details: (a) stadium in NY state; (b) the back of tribune stairs.
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Figure 7. 19 Stadium stairs: the location of fiber-polymer composite angles, sensors 

placement and wiring (group A).  
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Figure 7. 20 Sensor placement and composite installation details 
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Figure 7. 21 Schematics of composite angles numeration (reverse plain view) 
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Figure 7. 22 In-field experimental set up for application of the E/M impedance method 
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Before the data collection, the important issue on the calibration of the equipment needed 

to be addressed. After the equipment was set up and warmed up, the calibration test was 

performed for a PZT wafer active sensor with the known characteristics. Only when 

satisfactory results were obtained, was data recorded from the structure. The data was 

collected by two teams involved in this project: the January 2000 and July 2000 

measurements were performed by ERDC-CERL team; the rest of data was obtained by 

USC-LAMSS team. Table 7.7 summarizes the information about the date and average 

ambient temperature at which the measurements took place. 

The E/M impedance spectra were recorded in the 10-270 kHz frequency range which was 

split for convenience into 4 sub-ranges to reduce the frequency step size and increase the 

resolution of measurements. During the data acquisition process, several errors due to 

loose connections and wire shaking were noticed and corrected. The spectral 

characteristics acquired during in-field experiments are presented in Appendix C. The 

discussion of the results is given next. 

 

 

Table 7. 7 Periodicity of the E/M impedance measurements over the 2 years 

Cold Season Cold temperature Warm Season Warm temperature 
January 2000 50C May 2000 210C 

November 2000 100C July 2000 300C 
December 2001 70C June 2001 250C 
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7.2.3 Results and Analysis 

This section discusses the data trends and the variations observed in the sensor E/M 

impedance spectrum over the period of two years. Before analyzing the data, it is useful 

to reiterate the features of the E/M impedance spectrum which are sensitive to the 

variations in the dynamic state of the host structure. These variations can come from 

different sources: disturbance of the structural integrity, inherent properties of the 

composite upgrade, contribution of the environmental conditions such as temperature and 

humidity or complex effects associated with the aging of structure and sensors. All of the 

above mentioned factors could alter the E/M impedance spectrum. The features, which 

serve as indicators of such alteration, are as follows: a dominant resonant frequency shift, 

an amplitude change, missing or appearance of harmonics in the spectrum and a base line 

shift. These features are depicted in Figure 7.24. 
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Figure 7. 23 The features of the E/M impedance spectrum which are used in the 

structural health diagnostics 
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Recent studies show that the environmental effects, such as temperature and humidity, 

may significantly effect the E/M signature (Park et al., 1999; Bergman and Quattrone, 

1999). The effect of seasonal change on the performance of sensors installed on the 

overlaid composite was considered in this investigation. The data obtained from the 

sensors was separated into two groups: one for the “warm” seasons (May, June) and 

another for the “cold” seasons (January and November). The analysis of data revealed 

that the spectra taken during the “warm” season had a clear shift towards lower 

frequencies. However, spectra generally returned to their original position during the 

“cold” season. For example, the spectra of the sensor B-07 (Figure C. 19) taken during 

the “warm” season in two consecutive years (May 2000 and June 2001) are almost 

identical. The same is observed for the spectra taken during the “cold” season (January 

2000 and November 2000). A shift to the left of the resonance frequency of 

approximately 10 kHz is observed when comparing the “warm” to the “cold” session 

data. The data taken from the A group of sensors features the similar trend. However, in 

this group the “seasonal” variations in E/M impedance spectra were less stable. 

For the data obtained so far, it is assumed that no structural or composite damage has yet 

occurred and the spectra changes were attributed to the environmental factors alone. 

Thus, A and B groups of sensor detect only the seasonal influence on the overlaid 

composite structure. Berman and Quattrone (1999) observed that the humidity effects on 

the impedance spectrum response are much less significant than the mechanical and 

thermal effects. Following this observation, the resonance frequency shift may be 

referred to the cumulative mechanical and thermal effects on the sensor-structure system. 

As was mentioned earlier, the signatures taken during the same season (warm or cold) 
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generally follow the same pattern. The left shift of resonance frequency in the PWAS 

E/M impedance spectrum was not uniform. As can be seen from the data, the shift 

between 5-15 kHz was observed. There is no particular explanation as to why this 

difference is present. One possible reason may be the intrinsic properties of the sensor-

composite structure. Consider the spectra of group B for analysis. Two outliers are 

present in group B. These outliers are sensor B-05 and sensor B-01. The E/M impedance 

signature of sensor B-05 taken at November 2000 is quite different from those taken 

during other measurements. The signature follows the general pattern only after 110 kHz. 

Since no single or multiple peak patterns are presented below this frequency, there are 

three possible explanations for such an unusual spectrum: sensor failure, a measurement 

error or presence of damage. In contrast, the next measurement taken in June 2001 

resembles the regular shape. Thus, the November measurement may be neglected and 

attributed to the measurement error. The sensor B-01 represents an unexpected two peak 

E/M impedance signature. Since no other sensor in either group has this type of spectrum, 

the B-01 overlay composite should be further investigated in detail. 

The sensors of group A could be divided in two categories according to the shape of their 

spectral characteristics obtained during the “warm” season measurements: the dominant 

frequency is shifted left in comparison with the “cold” season signature and the dominant 

frequency is shifted left only for the last set of measurements acquired in June 2001. 

Sensors fall in these categories in half. First, consider the “warm” season category where 

both signatures are shifted to the left, towards low frequencies, in comparison with the 

“cold” season data. In this case, the situation similar to the group B is observed. 

According to the previous analysis, this shift is related to the environmental difference 
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between the “warm” and the “cold” seasons readings. The second category consists of 

sensors with dominant frequencies almost identical for the cases of the “warm” and the 

“cold” seasons. Additionally, some of the data presented in this category shows a 

difference in amplitudes between readings. Thus, an inconsistency in resonance 

magnitude is observed from sensor to sensor. This may be caused by three reasons: error, 

environmental effects or inherent properties of the composite upgrade. Further study is 

needed to separate the effect of each factor. In addition, it should be noted that the 

dominant resonance peak for either group in many cases has a wide base and blunt 

summit attributed to the energy loss. Possible explanation for this energy loss may 

include environmental factors, nonlinearity of PZT material, and inherent properties of 

the sensor-composite-structure interface. In this case, the resonance frequency cannot be 

determined immediately and lies in a certain range within the blunt summit. Therefore, 

any frequency within the width of a peak (typically 5-10kHz) could be qualified as a 

resonance. Since this range is comparable to the range in which the resonance frequency 

can shift due to the temperature change, the assessment of the experimental data based on 

the shift of resonance frequency is obscured. 

The data collection and analysis process for this project is still underway. Some 

additional trips are expected during the “warm” and the “cold” seasons. For this long-

term experiment, the conclusions on the influence of environmental effects and potential 

presence of damage on the PWAS E/M impedance spectrum could be drawn only after 

analyzing the complete data set. At this stage, for the data taken during the “warm” 

seasons, the trend of dominant frequency in the spectrum to shift towards low frequencies 

was observed. Although the value of these shifts is not always the same, they all shared a 
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common trend, i.e. they consistently came back to the original position as the 

corresponding season returned. Hence, the shift in resonance frequency may be attributed 

to the environmental effects on a complex system, which consists of piezoelectric wafer 

active sensor, composite reinforcement, and host concrete structure. To validate this 

assumption, further study and analysis of the complete data set is needed. The current 

results suggest that the E/M impedance method has not yet been developed sufficiently to 

be effectively used for structural health monitoring of large civil infrastructures such as 

stadiums and bridges. 
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Chapter 8 

8 Research Conclusions and 

Recommended Future Work 

A reliable, non-intrusive, and low cost technology is needed for SHM of vital structural 

components. The application of PWAS and the E/M impedance method allows the user to 

obtain the information on local structural health by interrogating the corresponding 

sensor installed in the particular critical location. This dissertation addresses the three 

major aspects associated with the application of the E/M impedance method for SHM: (a) 

the theoretical and experimental development of the method; (b) data assessment and 

processing; and (c) practical applications of the method. These three major themes are 

reflected in the 3 parts into which the dissertation is organized. A review of the main 

results of this research is given next. 

8.1 Research Conclusions 

The extensive study of PWAS was presented. PWAS are small unobtrusive piezoelectric 

sensors, which serve as active elements of the E/M impedance method and can be 

inexpensively configured as sensor arrays. PWAS can be confidently used at high 

frequencies where other sensors (e.g., accelerometers and strain gauges) usually 

encounter bandwidth difficulties. The theoretical development of the model for PWAS 
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was presented for 1-D and 2-D scenarios. In the 1-D scenario, the rectangular wafers 

were considered while in the 2-D scenario the disk sensor was discussed. For 

generalization, the solution was developed for an elastic boundary condition at the sensor 

edge. It was shown that the solutions presented in the literature for free and clamped 

boundary conditions can be easily obtained from the derived unified formulation. The 

model also asymptotically recovers the quasi-static case favored by previous 

investigators. The model was validated with experimental testing. For the rectangular 

sensors it was shown that the accuracy of the model increases when the sensor 

width/length ratio decreases, i.e. the shape of the specimen approaches the 1-D case. 

Good agreement between theoretical and experimental spectra was observed for the 2-D 

PZT disk specimen. This phenomenon was attributed to the circular symmetry accounted 

for in the modeling and the absence of edge effects. 

For the development of the PWAS concept, particular attention was paid to sensor 

fabrication, characterization and installation. These aspects are important for achieving 

consistent and reliable results of experimental testing. The fabrication and 

characterization of PWAS were described in detail and statistical analysis of typical 

sensors characteristics, i.e. geometrical dimensions, electric capacitance, resonance 

frequencies and amplitudes at resonances was presented. It is known that the quality of 

the bond between sensor and host structure determines the success of structural health 

monitoring process. The installation diagram based on the installation procedure for 

strain gauges was adopted and successfully tested. Through experimental testing, it was 

noticed that the imaginary part of sensor’s impedance spectra served as a good indicator 

of active sensor integrity. It was suggested that this observation could be used for sensor 
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self-diagnostics. This feature is important for the implementation of the PWAS and E/M 

impedance method into automated health monitoring systems. 

A theoretical model for the dynamic identification of 1-D structures using the E/M 

impedance method was developed. The theoretical development was carried out in 

accordance to beam/rod theory and considers both flexural and axial vibrations. The 

model for an elastically constrained piezoelectric active sensor, introduced previously, 

was used to account for the dynamic response of the sensor and the structure. The 

theoretical results were verified with a set of experiments on metallic beams. It was 

shown that the E/M impedance spectrum recorded by the PWAS accurately represents the 

mechanical response of a structure. Good agreement between calculated and 

experimental spectra was obtained for the frequency band controlled by 1-D theory. 

The model developed for 1-D structures was extended onto 2-D structures. The axial and 

flexural vibrations of circular plates were considered. The derivation was carried out for a 

free boundary condition around the plate’s circumference. The aim of the solution was to 

describe the experimental setup where the PWAS was placed in the center of the plate. 

For this scenario the modeshapes for axial and flexural vibrations were expressed in 

terms of first and zero order Bessel functions, respectively. The latter leads to the 

assumption that no nodal diameters are presented in the solution. The development 

resulted in the expression for dynamic structural stiffness, which contains the axial and 

flexural components. The effect of structural dynamics on the E/M impedance spectrum 

was accounted for via a dynamic stiffness ratio. The developed formula predicts the E/M 

impedance spectrum as it is measured at the PWAS terminals, permitting the direct 

comparison of theoretical and experimental spectra. The validation of theoretical 
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development is performed through experimental testing and good agreement was 

achieved. Seven flexural harmonics and one axial harmonic of axi-symmetric vibrations 

were successfully identified by both theoretical predictions and experimental results. The 

experimental data also revealed other resonance peaks of residual amplitudes that can be 

attributed to non axi-symmetric modes that were inadvertently excited through small off-

center deviations in sensor placement. The investigation has demonstrated the ability of 

permanently attached PWAS to perform structural identification in thin circular plates 

through the E/M impedance method. 

It was noticed that the response of the structure is not modified by the presence of the 

sensor, thus validating the latter’s non-invasive characteristics. It was shown that for the 

structures where the mass of attached accelerometers or sensors is important and 

monitoring in the high frequency band is desired, the E/M impedance method has an 

advantage over conventional methods. A limitation of the E/M impedance method is that, 

by being tuned to high frequency explorations, it does not behave well below 5 kHz. This 

difficulty can be alleviated in the 1 – 5 kHz range by narrow band tuning. However, 

below 1 kHz, the method is simply not recommended. 

The calibration experiment for E/M impedance SHM was designed and carried out. This 

experiment was needed to estimate the sensitivity of the method to the presence of 

damage. Five groups of specimens with five circular plates in each group were 

manufactured from the aluminum alloy. The damage was placed incrementally at various 

distances from the piezoelectric wafer active sensor installed at the center of the plate. 

The effect of damage on the impedance spectrum increased when the distance between 

the damage and the PWAS decreased. The damage revealed itself as a frequency shift in 



235 

the dominant resonances present in the “pristine” spectrum, as peaks splitting, and as the 

appearance of new harmonics not present in the “pristine” spectrum. It was observed that 

the resonance frequencies and the amplitudes at resonance serve as the most reliable 

indicators of structural damage. 

In order to classify the specimens according to the damage location, three types of 

damage identification algorithms were applied for structural health monitoring with the 

E/M Impedance method: (a) overall statistics damage metrics (RMSD, MAPD, and 

Correlation Coefficient Deviation); (b) feature based statistics on the example of t-test; 

(c) probabilistic neural networks. The use of overall statistics damage metrics allows the 

direct comparison of raw impedance spectra. It was found that the correlation coefficient 

deviation is the best metric of damage presence at the high frequency band with a high 

density of resonance peaks. However, the behavior of other overall-statistics metrics was 

not always uniform. In addition, the use of low frequency bands with few peaks was not 

congenial to this approach. A feature extraction algorithm was used to construct the 

features vectors containing the numerical values of the resonance frequencies. These 

features vectors were used when pursuing the (b) and (c) approaches. In approach (b), the 

t-test was used. The t-test successfully distinguished between the data contained in the 

strong-damage set and the data in the pristine set. However, negative results were 

obtained when the weak-damage set and pristine set were compared. To overcome this 

problem, statistical processing of multiple resonance frequencies was suggested. The 

probabilistic neural network algorithm was used to analyze larger data sets. For a small 

number of features in the input vector, PNN successfully classified the data in 80% of 

cases. However, it could not correctly classify the data for the case of weak damage. The 
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reason for this situation is similar to that encountered in the t-test example: the shift of the 

resonance frequency is not significant enough to be captured. However, when enlarging 

the number of the features this problem was eliminated. To account for the appearance of 

additional harmonics (caused by the presence of damage) adaptive resizing of the input 

vector was implemented. The harmonics absent in the original (pristine) spectrum were 

filled with zero values. The PNN was able to correctly classify data into corresponding 

damage classes. This procedure was successful for a very small number of training 

vectors. Therefore, PNN algorithm adequately classifies data according to damage 

location. The implementation of PNN as an integrated part of the E/M impedance method 

is suggested. 

Two examples of practical application of the E/M impedance method for SHM were 

considered: damage identification in aging aircraft skin panels and in-field monitoring of 

stadium stairs. In the aging aircraft panels, a crack growing from the root of a rivet was 

monitored. The PWAS were placed in the various locations on the aircraft panel. The 

sensor closest to the damage revealed the alteration of E/M impedance spectrum. In 

contrast, the damage was not captured by other PWAS located further away from the 

crack. Thus the localization concept was confirmed. Several damage metrics were 

discussed for damage classification in aging aircraft panels. It was observed that in order 

to achieve the best results the application of suitable damage metric could be band 

specific. The example of SHM of aging aircraft panel has shown that unobtrusive 

permanently attached PZT wafer active sensors in conjunction with the E/M impedance 

method can be successfully used to identify the intrinsic dynamics of aerospace structures 

through the examination of the recorded impedance spectra. 
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The E/M impedance method is being used for the SHM of stadium stairs. PWAS were 

installed on the composite retrofit used for stairs reinforcement. Data readings were taken 

every half year for two consecutive years, and were separated into the “warm” and the 

“cold” seasons. This was done to account for the effect of possible environmental 

variations on the E/M impedance spectra. The resonance frequency shifts in the spectra 

were noticed and attributed to the effect of environmental variations during the “warm” 

and the “cold” seasons, since the reversibility of this effect with the return of the season 

was observed. The current results suggest that the E/M impedance method has not yet 

been developed sufficiently to be effectively used for structural health monitoring of 

large civil infrastructures such as stadiums and bridges. Further study is needed for the 

development of this promising technology for practical application in civil engineering. 

We conclude that the objectives of this research were fulfilled. The theoretical 

background explaining dynamic interaction between PWAS and a host structure was 

developed and validated with experimental testing. The issues important for practical 

implementation of the method were addressed. These issues are: PWAS development, 

installation and characterization; calibration of the method; choice of spectrum features 

sensitive to the presence of damage, inherent statistical variation in E/M impedance data, 

feature-vector data reduction and adaptive resizing of the features vector; the use of 

statistical analysis, overall statistics damage metrics, and probabilistic neural networks 

for damage classification. The examples of the application of the method to structural 

specimens and actual structures were provided to promote the extensive use of the 

electro-mechanical impedance method for structural health monitoring, damage detection 

and failure prevention. 
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8.2 Recommended Future Work 

The research described in this dissertation can be expanded to enhance the knowledge in 

the field of PWAS application for SHM. The following tasks are recommended to be 

undertaken for further development of PWAS and the E/M impedance method. 

A permanent database for storage of PWAS characteristics can be created, maintained 

and updated. The format for a bulletin, which contains characteristics for each particular 

sensor, is already available (Giurgiutiu and Zagrai, 2000). 

The sensor installation procedure can be enhanced by using a vacuum pump. This is 

especially important for in-field experiments. The employment of a pump will give more 

stable and repeatable characteristics of the PWAS installed on the host structure. 

As presented in this work, the proposed method, using just one active sensor, can only 

detect structural resonances. The detection of structural mode shapes is also possible, but 

requires the simultaneous use of several sensors, their number being in direct relationship 

to the desirable modal resolution. 

To achieve both detecting of resonances and detecting modeshapes, the PWAS can be 

configured to a non-intrusive sensor array adequate for on-line automatic structural 

identification and health monitoring.  

The analytical model presented in this dissertation can be improved by accounting for the 

presence of the bonding layer. In addition, the axi-symmetrical case considered for 

vibrations of circular plates can be extended to other geometries. However, then the 

complexity of the development significantly increases. Finite element modeling is 

recommended for the more complex geometries. 
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It has been shown that statistical analysis, overall statistics damage metrics and PNN 

were successful in classifying data obtained with the E/M impedance method. It is 

proposed that PNN is the best damage identification algorithm for the processing of a 

large amount of data. At this point PNN considers only resonance frequencies as features 

in the input vector. It is highly desirable for the amplitude as function of frequency to be 

accounted for in further development of PNN. This could lead to the ability of PNN to 

classify the raw impedance spectra. 

The application of the E/M impedance method to aging aircraft panels has demonstrated 

that the presence of a crack modified the PWAS impedance spectra. Although the 

difference between spectra was obvious to the researcher, the choice of an appropriate 

automatic damage identification algorithm was critical for the results of the classification 

procedure. It is presumed that the success in PNN development will help to overcome 

this problem. For the complete understanding of the phenomena, further efforts can be 

pursued in the adequate modeling and simulation (e.g., via the dynamic finite element 

method) of aging aircraft panels. 

The ongoing data collection and analysis process for the E/M impedance SHM of 

stadium stairs will be continued over a long time period. The final conclusions on the 

environmental effect and the possible presence and location of damage should be drawn 

after analyzing the complete data set. It is proposed that the future development of this 

method should be directed towards addressing the following issues: (a) influence of 

temperature, humidity and mechanical load on the PWAS readings; (b) nature of energy 

loss that leads to the wide blunt resonance peak; (c) effect of composite delamination on 

E/M impedance spectra, i.e. sharp amplitude raise; (d) size of the PWAS sensitivity area; 
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(e) influence of a bonding layer on method performance. It is suggested that, at the first 

stage, simple tests to determine and calibrate for environmental conditions should be 

performed. The second stage may involve a parametric study to identify parameters that 

effect the response of the system including substrate type, composite type, glueline, 

existing damage in the form of microcracks, etc. The results of this investigation could 

open promising opportunities for the application of the E/M impedance method for SHM 

of large civil infrastructures. 
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Appendix A 
9 Mathematical Details for Chapter 5  

Space-wise Solution of the Homogeneous Equation for Axial Vibrations 

of a Circular Plate 

In order to use the method of separating variables the radial displacement of a plate is 

denoted as 

 ( , ) ( ) ( )ru r t R r T t= ⋅  (A.1) 

Differentiation with respect to r, t, and substitution into Equation (5.22) gives, 

 2 // /
2

1 1( ) ( ) ( ) ( ) ( ) ( )T t R r c R r R r R r T t
r r

 ⋅ = ⋅ + − ⋅ 
 

 (A.2) 

or, in other terms,  // /
2 2

( ) 1 1 1( ) ( ) ( )
( )( )

T t R r R r R r
R r rc T t r

 = + − ⋅  
 (A.3) 

The expression on both sides must be equal to a constant, (Kreyszig, 1968, pp.521), and 

this constant must be negative (Haberman, 1998, pp.138). Therefore, 

 // / 2
2 2

( ) 1 1 1( ) ( ) ( )
( )( )

T t R r R r R r
R r rc T t r

λ = + − = − ⋅  
 (A.4) 

Thus, two ordinary differential equations are obtained. 

 2( ) ( ) 0T t T tη+ ⋅ =  where cη λ=  (A.5) 
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 // / 2
2

1 1( ) ( ) ( ) ( ) 0R r R r R r R r
r r

λ+ − + =  (A.6) 

Consider Equation (A.6). Multiplying by r2 and after some rearrangements we obtain. 

 ( )2 // / 2 2( ) ( ) ( ) 1 0r R r rR r R r rλ+ + − =  (A.7) 

Introducing new independent variable 2 2 2z rλ=  and, hence zr
λ

= , the derivatives with 

respect to r are as follows. 

 2 2
2

2 2

z
r z r z

z zr z

λ

λ λ λ

∂ ∂ ∂ ∂
= =

∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ = = ∂ ∂∂ ∂ 

 (A.8) 

Substitution in Equation (A.7) yields. 

 ( )
2

2 // / 2
2 ( ) ( ) ( ) 1 0z R z z R z R z zλ λ

λλ
+ + ⋅ − =  (A.9) 

Which after canceling the similar members gives 

 ( )2 // / 2( ) ( ) ( ) 1 0z R z zR z R z z+ + ⋅ − =  (A.10) 

Equation (A.10) is the Bessel differential equation. (Abramowitz, 1964, pp.358). General 

solution of Equation (A.10) is a linear combination of Bessel functions of first and 

second kinds. The multiplier of R shows that the first order Bessel functions are involved 

in the general solution. Thus, general solution yields. 

 ( ) ( )1 1( )R r A J r B Y rλ λ= ⋅ + ⋅  (A.11) 
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Since the displacement of a plate is always finite while Y1 becomes minus infinity as r 

approaches zero, we cannot use Y1 and must choose B = 0 (Kreyszig, 1968, pp.522). 

Thus, 

 ( )1( )R r A J rλ= ⋅  (A.12) 

Details on the development of this mode-shape can be also obtained in Potter and 

Leedham, (1971), pp.1522. The constant A can be determined from normalization 

process, which involves the integration of general solution (A.12). 

Frequency Equation for a Case of Free Boundary Condition around the 

Plates Circumference 

When the plate has a free boundary condition around the circumference and only the 

radial component of displacement is considered, the radial stress at the boundary should 

be zero. Hence, the following condition should be satisfied. 

 2 0
1

r r
r

E u u
r r

σ ν
ν

∂ = + ⋅ = ∂−  
 at r = a (A.13) 

Eliminating the time dependence in the stress equation above, we obtain. 

 ( ) ( ) 0R r R r
r r

ν∂
+ ⋅ =

∂
 (A.14) 

The boundary condition (A.13) can be further developed accounting that 

( )1( )R r A J rλ= ⋅ . 

 ( ) ( )1 1 0
J r J r

r r
λ λ

ν
∂

+ ⋅ =
∂

 (A.15) 
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This frequency equation was developed by Love, 1944. Performing differentiation 

according to the following formula  

 1
( ) ( ) ( )n

n n
dJ x n J x J x

dx x −= − +  (A.16) 

at r = a Equation (A.15) yields. 

 1 0 1
1 ( ) ( ) ( ) 0J a J a J a
a a

νλ λ λ λ
λ

 − + + =  
 (A.17) 

We can rearrange this into a form presented by Aggarwal, (1952), pp. 465. 

 1
0

( ) (1 ) ( )J a J a
a
λ ν λ

λ
− =  (A.18) 

In the mentioned paper, Aggarwal (1952) gave values for the first five roots of Equation 

(A.18). 

 lk a  =  2.05, 5.39, 8.57, 11.73, 14.88 (A.19) 

The expression for natural frequencies of axial vibrations can be derived in a following 

way. First, consider general Equation (5.22). Assume solution in a form, 

 ( , ) ( ) i tu r t R r e ω=  (A.20) 

where w is the natural frequency of plate’s vibrations. Recalling that the derivative with 

respect to time is 2( , ) ( ) i tu r t R r e ωω= −  we can write, 

 

// /
22

2
2

1 1( ) ( ) ( )

( )

R r R r R r
r r

R r c
ω λ

 + − 
  = − = −  (A.21) 

This expression is consistent with (A.4). 
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Using numerical roots of Equation (A.18), we are ready to determine the natural 

frequencies of axial vibrations of a circular plate with the free circumference edge as 

 k kcω λ= ⋅        where   1k
k

a
a meter

λλ = =  (A.22) 

where 2(1 )c E ρ ν= ⋅ −  is the wave speed in the circular plate and a is a plate’s radius. 

Ortho-Normality Condition 

Let us consider ortho-normality condition for the generic mode-shape  

 ( ),i p pψ ∈Ω  (A.23) 

The orthogonality condition is set up by the following expression. 

 
0,
0,i j

i j
d

i j
ψ ψ

Ω

≠ =
Ω = = ≠

∫  (A.24) 

The normality condition can be expressed in terms of mass m. 

 i j ijd mρ ψ ψ δ
Ω

Ω =∫  (A.25) 

The conditions set above can be applied to the problem of extensional vibration of the 

circular plate. The mode-shapes can be written according to the Equation (A.12). 

 1( ) ( )k k kR r A J rλ=  (A.26) 

Applying (A.24) and (A.25) simultaneously, we obtain 

 
2

,0 0 0
( ) ( ) 2 ( ) ( )

a a
k l k l k lh R r R r rdrd h R r R r rdr m

π
ρ θ π ρ δ= ⋅ =∫ ∫ ∫  (A.27) 

When k ≠ l Equation (A.27) is 
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0

2 ( ) ( ) 0
a

k k k l l lh A J r A J r rdrπ ρ λ λ⋅ =∫  (A.28) 

When k = l Equation (A.27) become 

 2 2 2
0

2 ( )
a

k k kh A J r rdr m a hπ ρ λ π ρ⋅ ⋅ = = ⋅∫  (A.29) 

To simplify (A.29) further, the ortho-normality properties of Bessel functions with 

respect to the weight function p(r) = r can be used. 

0
( ) ( ) 0

a
n mn n knJ r J r rdrλ λ⋅ =∫  when andk m z rλ≠ =  (A.30) 

22 2
1 120 0

( ) ( ) ( ) ( ) ( ) ( )
a a a

n mn n kn n mn n mn n mn n mnJ r J r rdr J r rdr J r J r J rλ λ λ λ λ λ− + ⋅ = ⋅ = − ∫ ∫  (A.31) 

2

0
( ) ( ) ( )

a
n mn n kn n mnJ r J r rdr J rλ λ λ⋅ =∫ when k = m.  

More properties of the Bessel functions can be found in Kreyszig, (1968), pp.483; 

Watson (1944), pp.135; Churchill (1974). 

Using condition (A.31) we obtain 

 22 2 2
1 0 222 ( ) ( ) ( )a

k k k kh A J a J a J a a hπ ρ λ λ λ π ρ ⋅ ⋅ − = ⋅   (A.32) 

Elimination of the similar members gives 

 2 2
1 0 2( ) ( ) ( ) 1k k k kA J a J a J aλ λ λ − =   (A.33) 

Thus, the normalization constant yields 

 
1

2 2
1 0 2( ) ( ) ( )k k k kA J a J a J aλ λ λ

−
 = −   (A.34) 
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Properties of Dirac Delta Function 

Properties of the Dirac delta function were used in the developments in Chapters 4 and 5. 

According to Harris and Stocker, (1998) the delta function has the following properties: 

 
1 if

( ) for any
0 if or

b a
aa

a a

a x b
x x dx a b

x a b x
δ

< <
− = < < <

∫  (A.35) 

 ( )
0

a
a

x x
x x

otherwise
δ

∞ =
− = 


 (A.36) 

 ( ) ( )x xδ δ− =  (A.37) 

 ( ) ( ) ( )a af x x x dx f xδ
∞

−∞
⋅ − =∫  (A.38) 

 / / /( ) ( ) ( ) ( ) (0)x f x dx x f x dx fδ δ
∞ ∞

−∞ −∞
⋅ = − ⋅ = −∫ ∫  (A.39) 
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Appendix B 
10 Basic Data for Damage Metric 

Development  
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Figure B. 1 E/M impedance spectra in the 11—40 kHz band for group 0 test specimens (pristine plates) 
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Figure B. 2 E/M impedance spectra in the 11—40 kHz band for group 1 test specimens (distance from the edge of PZT sensor to 

the slit equal to 40mm) 
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Figure B. 3 E/M impedance spectra in the 11—40 kHz band for group 2 test specimens (distance from the edge of PZT sensor to 

the slit equal to 25mm) 
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Figure B. 4 E/M impedance spectra in the 11—40 kHz band for group 3 test specimens (distance from the edge of PZT sensor to 

the slit equal to 10mm) 
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Figure B. 5 E/M impedance spectra in the 11—40 kHz band for group 4 test specimens (distance from the edge of PZT sensor to 

the slit equal to 3mm) 
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Figure B. 6 E/M impedance spectra in the 10—150 kHz band for group 0 test specimens (pristine plates). 
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Figure B. 7 E/M impedance spectra in the 10—150 kHz band for group 1 test specimens (distance from the edge of PZT sensor to 

the slit equal to 40mm) 
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Figure B. 8 E/M impedance spectra in the 10—150 kHz band for group 2 test specimens (distance from the edge of PZT sensor to 

the slit equal to 25mm) 
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Figure B. 9 E/M impedance spectra in the 10—150 kHz band for group 3 test specimens (distance from the edge of PZT sensor to 

the slit equal to 10mm) 
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Figure B. 10 E/M impedance spectra in the 10—150 kHz band for group 4 test specimens (distance from the edge of PZT sensor to 

the slit equal to 3mm) 
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Figure B. 11 E/M impedance spectra in the 300—450 kHz band for group 0 test specimens (pristine plates). 
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Figure B. 12 E/M impedance spectra in the 10—150 kHz band for group 1 test specimens (distance from the edge of PZT sensor to 

the slit equal to 40mm) 
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Figure B. 13 E/M impedance spectra in the 10—150 kHz band for group 2 test specimens (distance from the edge of PZT sensor to 

the slit equal to 25mm) 
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Figure B. 14 E/M impedance spectra in the 10—150 kHz band for group 3 test specimens (distance from the edge of PZT sensor to 

the slit equal to 10mm) 
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Figure B. 15 E/M impedance spectra in the 10—150 kHz band for group 4 test specimens (distance from the edge of PZT sensor to 

the slit equal to 3mm) 
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Table B. 1 Overall-statistics damage metrics for various frequency ranges 

Frequency 
range 

11-40 kHz 11-150 kHz 300-450 kHz 

Groups 0_1 0_2 0_3 0_4 0_1 0_2 0_3 0_4 0_1 0_2 0_3 0_4 

RMSD 122% 116% 94% 108% 144% 161% 109% 118% 93% 96% 102% 107%

MAPD 107% 89% 102% 180% 241% 259% 170% 183% 189% 115% 142% 242%

CCD  84% 75% 53% 100% 93% 91% 52% 96% 81% 85% 87% 89% 
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Table B. 2 Statistical distribution of one resonance frequency measured on 16 “identical” circular plates 

Frequency 
kHz 12.39 12.37 12.43 12.44 12.3 12.41 12.54 12.29 12.26 12.41 12.29 12.47 12.32 12.40 12.46 12.43 

Mean, kHz 12.39 

Standard 
deviation, Hz 76.83  

Standard 
deviation, % 0.62 
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Table B. 3 Statistical distribution of the 3rd resonance frequency (Group 0 vs. Group 4) 

f, Hz 
Pristine Damaged Plate number
Group 0 Group 4 

1 12885 11580 
2 12740 11653 
3 13030 11435 
4 12885 11580 
5 12740 11435 

Mean, Hz 12856 11537 
Standard 

deviation, Hz 121 97 

 

Table B. 4 Statistical distribution of the 3rd resonance frequency (Group 0 vs. Group 1) 

f, Hz 
Pristine Damaged Plate number
Group 0 Group 1 

1 12885 12958 
2 12740 12813 
3 13030 12813 
4 12885 12813 
5 12740 12813 

Mean, Hz 12856 12842 
Standard 

deviation, Hz 121 65 

 



 

 

 

Table B. 5 Input data matrix for PNN classification of circular plates: the 4-resonance frequencies study (all values in Hz) 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 
Group 0 (pristine) Group 1 (weak damage) Group 2 Group 3 Group 4 (strong damage) 

12885 12740 13030 12885 12740 12958 12813 12813 12813 12813 12450 12450 12523 12450 12523 12305 12160 12233 12233 12160 11580 11653 11435 11580 11435
20135 19918 20425 20135 19918 20353 20135 20063 20063 20063 19483 19410 19483 19410 19555 18395 18395 18540 18540 18395 15278 15350 15060 15278 15133

28980 28618 29343 28980 28618 29270 28980 28835 28908 28835 27965 27893 28038 27893 27965 29198 28908 29053 28980 28835 38623 38550 38188 38550 37970
39058 38913 39855 39493 38913 39638 39203 39203 39203 39130 38695 38333 38550 38405 38550 37753 37463 37680 37535 37463 40000 39928 39203 40000 39493
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Table B. 6 Synoptic classification table for circular plates: the 4-resonance frequencies case.  

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 
Test 

Group 0 (pristine) Group 1 Group 2 Group 3 Group 4 (strong damage)  
T V V V V T V V V V T V V V V T V V V V T V V V V INI 
X 1 2 2 1 X 1 1 1 1 X 3 3 3 3 X 4 4 4 4 X 5 5 5 5 OUT
T T V V V T T V V V T V V V V T V V V V T V V V V INII 
X X 2 2 1 X X 2 2 2 X 3 3 3 3 X 4 4 4 4 X 5 5 5 5 OUT
T T T V V T T V V V T V V V V T V V V V T V V V V INIII 
X X X 2 1 X X 2 2 2 X 3 3 3 3 X 4 4 4 4 X 5 5 5 5 OUT
T T T V T T T V V V T V V V V T V V V V T V V V V INIV 
X X X 2 X X X 2 2 2 X 3 3 3 3 X 4 4 4 4 X 5 5 5 5 OUT

Legend:  1-25 – plate number 

 1-5 – correspondent class number 

 T – training vector 

 V – validation vector 

 X - vector absent for classification 

 IN – input vectors of PNN 

 OUT – output result of PNN 
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Table B. 7 Input data matrix for PNN classification of circular plates: the 6-resonance frequencies study (all values in Hz) 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 
Group 0 (pristine) Group 1 (weak damage) Group 2 Group 3 Group 4 (strong damage) 

12885 12740 13030 12885 12740 12958 12813 12813 12813 12813 12450 12450 12523 12450 12523 12305 12160 12233 12233 12160 11580 11653 11435 11580 11435
16220 16075 16510 16148 16148 19700 19555 19555 19483 19483 12885 12885 13030 12958 12958 12885 12813 12885 12958 12740 12740 12740 12668 12740 12595
20135 19918 20425 20135 19918 20353 20135 20063 20063 20063 20280 20135 20353 20208 20353 20208 19990 20135 20135 19990 15278 15350 15060 15278 15133
24195 23978 24630 24413 24050 28400 28183 28183 28183 28183 27965 27893 28038 27893 27965 23325 23108 23325 23253 23108 17380 17380 17090 17235 17163
28980 28618 29343 28980 28618 29270 28980 28835 28908 28835 29270 28980 29343 29198 29198 29198 28908 29053 28980 28835 22093 22093 21658 22165 21803
39058 38913 39493 39493 38913 39638 39203 39203 39203 39130 39565 39348 39783 39348 39710 39638 39348 39565 39493 39203 38623 38550 38188 38550 37970
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Table B. 8 Synoptic classification table for circular plates: 6-resonance frequencies case. 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 Test Group 0 (pristine) Group 1 Group 2 Group 3 Group 4 (strong damage)  
T V V V V T V V V V T V V V V T V V V V T V V V V INI X 1 1 1 1 X 2 2 2 2 X 3 3 3 3 X 4 4 4 4 X 5 5 5 5 OUT
V T V V V V T V V V V T V V V V T V V V V T V V V INII 1 X 1 1 1 2 X 2 2 2 3 X 3 3 3 4 X 4 4 4 5 X 5 5 5 OUT
V V T V V V V T V V V V T V V V V T V V V V T V V INIII 1 1 X 1 1 2 2 X 2 2 3 3 X 3 3 4 4 X 4 4 5 5 X 5 5 OUT
V V V T V V V V T V V V V T V V V V T V V V V T V INIV 1 1 1 X 1 2 2 2 X 2 3 3 3 X 3 4 4 4 X 4 5 5 5 X 5 OUT
V V V V T V V V V T V V V V T V V V V T V V V V T INV 1 1 1 1 X 2 2 2 2 x 3 3 3 3 X 4 4 4 4 X 5 5 5 5 X OUT

Legend:  1-25 – plate number 

 1-5 – correspondent class number 

 T – training vector 

 V – validation vector 

 X - vector absent for classification 

 IN – input vectors of PNN 

 OUT – output result of PNN 
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Table B. 9 Input data matrix for PNN classification of the circular plates: the 11-resonance frequencies case (all values in Hz) 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 
Group 0 Group 1 Group 2 Group 3 Group 4 

12885 12740 13030 12885 12740 12958 12813 12813 12813 12813 12450 12450 12523 12450 12523 12305 12160 12233 12233 12160 11580 11653 11435 11580 11435
16220 16075 16510 16148 16148 19700 19555 19555 19483 19483 12885 12885 13030 12958 12958 12885 12813 12885 12958 12740 12740 12740 12668 12740 12595
20135 19918 20425 20135 19918 20353 20135 20063 20063 20063 19483 19410 19483 19410 19555 15350 15205 15423 15423 15205 15278 15350 15060 15278 15133
24195 23978 24630 24413 24050 28400 28183 28183 28183 28183 20280 20135 20353 20208 20353 18540 18395 18540 18540 18395 17380 17380 17090 17235 17163
28980 28618 29343 28980 28618 29270 28980 28835 28908 28835 27965 27893 28038 27893 27965 20208 19990 20135 20135 19990 22093 22093 21658 22165 21803
33620 33330 34273 33983 33403 39638 39203 39203 39203 39130 29270 28980 29343 29198 29198 23325 23108 23325 23253 23108 30285 30140 29560 30285 29778
36375 36158 36593 36520 36158 0 0 0 0 0 30720 30575 30793 30648 30938 29198 28908 29053 28980 28835 38623 38550 38188 38550 37970
39058 38913 39493 39493 38913 0 0 0 0 0 35215 35143 35288 35143 35288 31228 30938 31010 31083 31010 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 38695 38333 38550 38405 38550 33403 34925 33258 33258 33113 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 39565 39348 39783 39348 39710 37753 37463 37680 37535 37463 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 39638 39348 39565 39493 39203 0 0 0 0 0 
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Table B. 10 Synoptic table for classification of circular plates: 11-resonance frequencies case. 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 Test Group 0 (pristine) Group 1 Group 2 Group 3 Group 4 (strong damage)  
T V V V V T V V V V T V V V V T V V V V T V V V V INI X 1 1 1 1 X 2 2 2 2 X 3 3 3 3 X 4 4 4 4 X 5 5 5 5 OUT
V T V V V V T V V V V T V V V V T V V V V T V V V INII 1 X 1 1 1 2 X 2 2 2 3 X 3 3 3 4 X 4 4 4 5 X 5 5 5 OUT
V V T V V V V T V V V V T V V V V T V V V V T V V INIII 1 1 X 1 1 2 2 X 2 2 3 3 X 3 3 4 4 X 4 4 5 5 X 5 5 OUT
V V V T V V V V T V V V V T V V V V T V V V V T V INIV 1 1 1 X 1 2 2 2 X 2 3 3 3 X 3 4 4 4 X 4 5 5 5 X 5 OUT
V V V V T V V V V T V V V V T V V V V T V V V V T INV 1 1 1 1 X 2 2 2 2 x 3 3 3 3 X 4 4 4 4 X 5 5 5 5 X OUT

Legend:  1-25 – plate number 

 1-5 – correspondent class number 

 T – training vector 

 V – validation vector 

 X - vector absent for classification 

 IN – input vectors of PNN 

 OUT – output result of PNN 
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Appendix C 
SHM of Fiber-Polymer Composite Retrofit 

Installed on a Large Civil Infrastructure: 

E/M Impedance Spectra  
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Figure C. 1 The real part of impedance spectra for sensor A-01 
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Figure C. 2 The real part of impedance spectra for sensor A-02 
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Figure C. 3 The real part of impedance spectra for sensor A-03 
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Figure C. 4 The real part of impedance spectra for sensor A-04 
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Figure C. 5 The real part of impedance spectra for sensor A-05 
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Figure C. 6 The real part of impedance spectra for sensor A-06 

 



290 

Real Impedance of A-07 

0

5

10

15

20

25

30

10 60 110 160 210 260

Frequency, kHz

R
e 

Z,
 O

hm
s

Jan-00
May-00
Nov-00
June-01

 
Figure C. 7 The real part of impedance spectra for sensor A-07 
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Figure C. 8 The real part of impedance spectra for sensor A-08 

 



291 

Real Impedance of A-09 

0

2

4

6

8

10

12

14

16

18

20

10 60 110 160 210 260

Frequency, kHz

R
e 

Z,
 O

hm
s

Jan-00
May-00
Nov-00

 
Figure C. 9 The real part of impedance spectra for sensor A-09 
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Figure C. 10 The real part of impedance spectra for sensor A-10 
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Figure C. 11 The real part of impedance spectra for sensor A-11 
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Figure C. 12 The real part of impedance spectra for sensor A-12 
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Figure C. 13 The real part of impedance spectra for sensor B-01 
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Figure C. 14 The real part of impedance spectra for sensor B-02 
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Figure C. 15 The real part of impedance spectra for sensor B-03 
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Figure C. 16 The real part of impedance spectra for sensor B-04 
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Figure C. 17 The real part of impedance spectra for sensor B-05 
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Figure C. 18 The real part of impedance spectra for sensor B-06 
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Figure C. 19 The real part of impedance spectra for sensor B-07 
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Figure C. 20 The real part of impedance spectra for sensor B-08 



 


