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ABSTRACT An analytical and experimental investigation of the Lamb wave mode tuning with 
piezoelectric wafer active sensors (PWAS) is presented. The analytical investigation assumes shear 
lag transfer of tractions and strains. Analytical solution using the space-wise Fourier transform is 
reviewed and closed form solutions are presented for the case of ideal bonding (i.e., load transfer 
mechanism localized at the PWAS boundary). Experimental tests are run to verify the predicted 
tuning curves. The concept of “effective PWAS dimension” is introduced to account for the 
discrepancies between the ideal bonding hypothesis and the actual shear-lag load transfer mechanism. 
Two applications of PWAS transducers are presented to illustrate that the capability to excite only one 
desired Lamb wave mode is critical for practical structural health monitoring applications, including 
PWAS phased array technique (e.g., the embedded ultrasonics structural radar, EUSR) and the 
baseline-free time reversal process (TRP).  
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PWAS LAMB-WAVE TUNING ON PLATES 
The tuning of a particular mode is quite important in structural health monitoring. Of particular 
interest is the interaction of PWAS and structure together. The coupling between PWAS and 
structures has been studied by Crawley et al. [3],[4], and Giurgiutiu [1]. Figure 1a shows the 
PWAS bonded to the plate. Assume the PWAS has elastic modulus Ea and thickness ta, while 
the structure has elastic modulus E and thickness t, and the bond layer has shear modulus Gb 
and thickness tb. The bond layer acts as a shear layer in which the mechanical effects are 
transmitted through the shear effects. With this model, the interfacial shear stress in bonding 
layer is expressed through the following equation 
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where α is a coefficient that depends on the frequency, phase velocity and plate thickness, 
hence on the strain distribution across the plate thickness. For low-frequencies dynamic 
conditions α can be taken equal to 4 (symmetric and antisymmetric 0 modes can be 
approximated respectively with axial and flexural waves). Coefficient / a aEt E tψ =  represents 
the maximum fraction of the piezoelectric strain that can be induced in the structure; εisa is the 
induced strain in the PWAS by an electric voltage; Γ2 is the shear lag parameter and it indicates 
the effectiveness of the shear transfer. Γ is influenced by the stiffness and thickness of the 
bonding layer tb. A characteristic plot of the interfacial shear stress along the length of the 
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PWAS for different thickness of the bonded layers is represented in Figure 1b. For thin layer of 
the bonded material (1μm), the shear stress is transmitted to the structure only at the ends of the 
PWAS. This is the ideal bonding solution, which can be considered true as a first approach to 
the problem. In this case, the shear stress in the bonding layer can be expressed as 
 [ ]0( ) ( ) ( )x a x a x aτ τ δ δ= − − +  (2) 
When the PWAS is coupled with the structure, the actuator and the structure may extend, bend, 
and shear. The relatively importance of one of the three modes depend on the geometry and the 
stiffness of the structure, the PWAS, and the bonding layer. We assume that the bonding 
between the PWAS and the structure is ideal; hence only the interaction between the PWAS 
and the plate is of interest and the load is transferred at the ends of the PWAS. 
 To investigate the tuning of the two elements two different kinds of method can be used: 
the classical integral transform method as developed by Giurgiutiu [1] for 1-D PWAS and by 
Raghavan et al [5] for circular PWAS and 3-D PWAS; and the modal normal expansion 
technique (MNE), as developed by Auld [6], where the fields generated in the structure due to 
the application of the surface loading are expanded in the form of an infinite series of the 
normal modes of the structure itself. In both techniques, the velocity field of the modes must be 
know and it is important to well define the physical properties of the sources used to generate 
the waves. In the following chapter it will be presented an overview of the integral transform 
technique and some interesting experimental results that validate the theoretical results. 
 The integral transform technique for the case of infinite PWAS strip bonded with a finite 
adhesive layer to a plate was first developed by Giurgiutiu [1]. He assumed the harmonic load 
distribution (2) for the case of an ideal bonding solution. This assumption led to a harmonic 
solution of the wave equation itself. The wave equation in terms of potential function was 
solved by transforming it with the Fourier transform and the displacement solution was found. 
The problem was divided into symmetric and antisymmetric solution (the plate under 
investigation was isotropic). Once the integration constants were derived, the strain equations 
were transformed to the space domain with an inverse Fourier transformation. The inversion 
required the use of the theorem of the residues. 
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where 
 ( )2 2 cos( )cos( )SN d dξβ ξ β α β= + ; ( )2 2 sin( ) sin( )AN d dξβ ξ β α β= + ; (4) 
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 ( )22 2 2sin( )cos( ) 4 cos( )sin( )AD d d d dξ β α β ξ αβ α β= − + ; (6) 
ξS and ξA are the zeros of the Rayleigh-Lamb equations for symmetric and antisymmetric mode 
respectively 
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where: d is the half thickness of the plate; 
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velocity; cs is the shear velocity; c is the unknown phase velocity and ξ is the wavenumber in 
the x and r direction respectively. The plus in Eq. (7) is for the symmetric case and the minus 
for the antisymmetric case. 
 From the derived strain equation it was calculated the displacement equation. 
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Figure 1 PWAS Lamb wave tuning. (a) Layer interaction between the PWAS and the structure modeling. 

Giurgiutiu [1]; (b) Variation of shear-lag transfer mechanism with bond thickness tb for a APC-850 
PWAS (Ea = 63 GPa, ta = 0.2 mm, la = 7 mm, d31 = - 175 mm/kV) attached to a thin-wall aluminum 
structure (E = 70 GPa and t = 1 mm) through a bond layer of Gb = 2GPa. (normalized position covers 
a half-PWAS length from center outwards). 

 
Figure 2 Predicted Lamb wave response of a 1.6 mm aluminum plate under a 7 mm PWAS excitation: strain 

response. 

 Figure 2 represent a simulation of Eq. (3). It is noted that the normalize strain curves 
follow the general pattern of a sine function, which hits zeros when the half length of the 
PWAS match an odd multiple of one of the wavenumbers of the Lamb waves plate. As 
indicated in Figure 2, such zeros occurred at different frequencies for the A0 mode than for the 
S0 mode.  

EXPERIMENTAL VALIDATION OF PWAS LAMB WAVE TUNING 
Experiments have been performed using square PWAS to validate the theoretical formulae 
presented in the previous section. The signal used was a Hanning windowed tone burst with 3 
counts. Plates include (a) an aluminum alloy 2024-T3 1.07 mm thickness 1222x1063 mm and 
(b) an aluminum alloy 2024-T3 3.15 mm thickness 1209x1209 mm. In each experiment we 
used two PWAS at a distance 250 mm from one another. One PWAS was used as transmitter 
and the other as receiver. The PWAS were located at the center of the plate in order to avoid 
interference with the reflection from the boundaries. The frequency of the signal was swept 
from 10 kHz to 700 kHz in steps of 20 kHz. For each frequency the wave amplitude and the 
time of flight were collected. From these readings, we computed the group velocity for each 
mode. 
 Figure 3 (a) shows the experimental data of the wave amplitude for the S0 and A0 modes 
on plate (a). Figure 3 (b) shows the predicted values of the wave amplitude for S0 and A0 
modes for a PWAS with effective length of 6.4 mm. For this effective PWAS length value, we 
obtained the best agreement between experiments and predictions. In the development of the 
theory, it was assumed that there was ideal bonding between the PWAS and the plate. This 
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assumption means that the stresses between the transducers and the plate are fully transferred at 
the PWAS ends. In reality, the stresses are transferred over a region adjacent to the PWAS ends 
(Figure 1). The experimental and theoretical values of the tuning were brought in good 
agreement by using the equivalent PWAS length value (Figure 3 (a) and (b)). The first 
maximum of the A0 mode happened at around 60 Hz, at which frequency the S0 mode is very 
small. This behavior was correspondingly observed experimentally. The first minimum of the 
A0 mode, both in the experimental graph and in the predicted graph, was found around 210 
kHz. At this frequency, the S0 mode amplitude is nonzero and placed on an increasing curve. 
Thus, at this frequency, the S0 signal was dominant. In addition, the theory also predicts that 
the S0 maximum would happen at 425 kHz, which is the same frequency as that of the second 
A0 maximum; this prediction was also verified by the experiments. 
 Experiments have been performed on plate (b) presenting S0, A0, and A1 modes. Their 
velocities were close to one another and the S0 mode and the A1 mode were both dispersive at 
the frequency-thickness product values. Figure 4 (a) and (b) show respectively the experimental 
data and the predicted values of the amplitude of the A0, S0, and A1 wave for an aluminum 
plate 2024-T3 3.15 mm thickness 1209x1209 mm. The experimental and predicted values are 
in accordance up to 550 kHz. The S0 maximum is close to the A0 minimum in both 
representations. The A1 mode can be detected. 
 During the experiments, it was noticed that the best concordance between the experimental 
data and the predicted curves was achieved for a theoretical PWAS length smaller than that of 
the real transducer.  

 
Figure 3 Tuning: Aluminum 2024-T3, 1.07 mm thickness, 7 mm square PWAS. (a) experimental data; (b) 

prediction with Eq. (3) 

 
Figure 4 Aluminum 2024-T3, 3.15 mm thickness, 7 mm square PWAS. (a) experimental data; (b) prediction 

(Eq. (3)) 
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 The adjustment of the PWAS length was necessary because the theoretical formulae 
supposed that the stress induced by the PWAS was transferred to the structure only at the end 
of the PWAS. The experiments have shown that this assumption is not entirely true, and that 
the theory must include the actual shear stress transmission mechanism. However, in lieu of a 
more complete theory, we have developed here the concept of effective PWAS length. 

APPLICATIONS 
The use of tuned Lamb wave modes in structural health monitoring is very important because it 
permits the researchers to address the detection of specific defects with specific Lamb wave 
modes. First we explored the use of a PWAS phased array with tuned S0 mode Lamb waves to 
create sweeping beams that can interrogate a large area from a single location. Next, we 
verified that the ability of tuning certain Lamb wave modes is very important for using time 
reversal method to perfectly reconstruct the input excitation. 

PHASE ARRAY 
The phased array application of the PWAS transducers allows large structural areas to be 
monitored from a single location. The concept was initially developed for radar applications 
where it operates with single-mode electromagnetic waves and recently was transitioned to 
PWAS-coupled Lamb waves by Giurgiutiu and Bao [2] under the name “embedded ultrasonics 
structural radar” (EUSR). The main challenge in Lamb wave application (as different from the 
electromagnetic radar) is the fact that Lamb waves are basically multimode and generally 
dispersive. However, these multimodal and dispersive challenges can be successfully alleviated 
through the use of Lamb-wave tuning, as described next. 
 Consider for example the structural health monitoring of a thin-wall structure using Lamb 
waves. For a 1-mm wall thickness and an operation frequency range of 0-1000 kHz, two Lamb 
wave modes (A0 and S0) exist simultaneously. However, as shown in Figure 5a, for a 7-mm 
square PWAS, A0 mode vibration is very small and the S0 mode dominates at about 210 kHz. 
We can also see that within the 0~1000 kHz range, the S0 mode velocity is almost constant, 
i.e., the S0 mode is much less dispersive compared to the A0 mode (Figure 5b). In addition, to 
obtain a high quality EUSR scanning image, we also need the response of the S0 Lamb wave 
mode to be sufficiently strong, thus carrying well the information about damage location and 
size. Therefore, for crack detection using PWAS phased array, the S0 mode excitation is 
expected to give much better results. During the Lamb-wave tuning procedure, both pitch-catch 
and pulse-echo methods were employed to find out the best tuning frequencies. We found that 
at frequency 210 kHz, it yields the maximum S0/A0 ratio while at frequency 300 kHz the S0 
mode achieves maximum response (Figure 6a). Therefore, both 210 kHz and 300 kHz could be 
used as potential excitation frequencies.  
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Figure 5 Frequency tuning for crack detection in a 1 mm thick aluminum plate specimen. (a) strain-frequency 

plot; (b) group velocity-frequency plot 
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Figure 6  Frequency tuning for EUSR phased array application. (a) pitch-catch voltage measurement; (b) pulse 

echo signal at 210 kHz tuning frequency; (c) pulse echo signal at 300 kHz tuning frequency 

 
Figure 7 EUSR inspection using frequency tuning. (a) EUSR mapped image at 300 kHz tuning frequency; (b) 

EUSR image at 210 kHz; (c) EUSR image at 450 kHz 

 Pulse-echo tests were conducted then at these two frequencies as shown in Figure 6b and c. 
We see that peak-to-peak value of crack echoes is larger for the 300 kHz frequency than that of 
the 210 kHz. Since the crack echo is the indication of crack presence, the clearer (larger) one is 
desired. Hence, we choose the 300 kHz over the 210 kHz. EUSR scanning image results are 
shown in Figure 7. At the tuning frequency 300 kHz, we see that the broadside crack was very 
clearly detected (Figure 7a). The image not only indicates the existence of the crack, but also 
correctly indicates its position on the plate (note: polar coordinate is used in the imaging 
process). However, using exactly the same experimental setup, the EUSR-generated image at 
210 kHz shown in Figure 7b cannot clearly identify the existence of the crack as well as the 
image obtained at 300 kHz. At this frequency, we have lower d/λ value, which resulted in 
larger crack shade compared to the higher frequency at 300 kHz.  

TIME REVERSAL 
In the time reversal procedure, an input signal can be reconstructed at an excitation point if an 
output signal recorded at another point is reversed in time domain and emitted back to the 
original source point. However, due to dispersive behavior and multi-modes characteristic of 
the Lamb waves, it is difficult to exactly reconstruct the input signal at the excitation point. We 
will show multiple mode influence can be alleviated through the PWAS tuning. Principle of 
PWAS time reversal can be found in [7]. With an input signal Vin and structure transfer 
function G(ω), using timer reversal method, the input signal can be reconstructed as Vout by the 
following equation: 
 2( ) { ( ) ( ) }Vout t IFFT Vin Gω ω= − ⋅  (9) 
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where IFFT{} denotes inverse Fourier transform. Note that 2( )G ω  is the frequency-dependent 
transfer function that affects the wave propagation through the medium. For Lamb waves with 
only two modes (A0 and S0) excited, the G(ω) function can be written using Eq. (3) as  
 2 2 2 * ( ) * ( )( ) ( ) ( ) ( ) ( ) ( ) ( )

S A S Ai x i xG S A S A e S A eξ ξ ξ ξω ω ω ω ω ω ω− − −= + + +  (10) 
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denotes complex conjugate, 2 2( ) ,  ( )S Aω ω are a series of real numbers, cξ ω= , c represents 
the phase velocity. Substitute Eq. (10) into Eq. (9), the first and the second terms on the 
R.H.S. of Eq. (10) will introduce together one wave packet at the excitation point, while the 
third and fourth terms will introduce two extra wave packets in the reconstructed wave Vout in 
time domain respectively. 
 The positions of these extra wave packets can be predicted using Fourier transform 
property of right/left shift in time. Hence, for Lamb wave with two modes (S0 mode and A0 
mode), the reconstructed wave Vout will contain three wave packets. The input signal is not 
fully reconstructed in this case. However, this situation could be alleviated if single mode-
Lamb wave could be excited. For single-mode Lamb wave (e.g., assume S0 mode is dominant 
after frequency tuning), G(ω) function can be written as 
 ( ) ( )

Si xG S e ξω ω −=  (11) 
Thus, Vout in Eq. (9) has the same phase spectrum as the time-reversed Vin (if Vin is symmetric, 
time-reversed Vin is identical to Vin), and the magnitude spectrum of Vout equals the magnitude 
spectrum of Vin modulated with 2( )G ω . For narrow-band excitation, 2( )G ω can be assumed to 
be constant. In this case, Vout contains one wave packet representing a perfect reconstruction of 
the input signal Vin. If 2( )G ω  varies considerably in the excitation frequency band, the 
reconstructed signal Vout still contains one wave packet but may or may not have a similar 
shape of the input signal Vin.  In our simulation, two 6.4-mm round PWAS, 400 mm apart on a 
1 mm aluminum plate, are considered. Figure 8 shows the reconstructed waves and residual 
waves obtained after applying the time reversal method. The input signals were 16-count tone 
bursts with 500 kHz, 290 kHz and 30 kHz carrier frequency, corresponding to untuned, S0 
mode, A0 mode, respectively.  
 The time-reversed reconstructed wave of untuned signal (Figure 8a) displays two big 
residual wave packets to the left and right of the reconstructed wave. This is exactly the case 
observed experimentally by [7]. In contrast, the 290 kHz frequency of the S0 mode, the 
reconstructed waveform is getting much better with much smaller residual packets (Figure 8b). 
If we excite with a low frequency, such as 30 kHz, we find from Figure 8c that the test signal 
resulted in a very good reconstruction with the time-reversal method. The A0 mode input signal 
was perfectly reconstructed with practically no residual wave packets being observed. 

SUMMARY AND CONCLUSIONS 
This paper has presented a theoretical and experimental study of the Lamb-wave frequency 
tuning with piezoelectric wafer active sensors (PWAS) for use in structural health monitoring 
(SHM) applications. Since Lamb waves are multimodal, the PWAS transducer can, in 
principle, excite all Lamb wave modes possible at a given frequency-thickness product. This 
multimodal aspect can hinder the damage detection process, since many structural health 
monitor techniques are based on the principle that only one wave mode is present. Practical 
applications have shown that PWAS Lamb-wave tuning can be a powerful tool in the 
implementation of active SHM technology. 
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Figure 8 Reconstructed signal using Lamb wave time reversal. (a) untuned time reversal with 500k Hz carrier 

frequency; (b) S0 mode tuning with 290 kHz carrier frequency; (c) A0 mode tuning with 30 kHz 
carrier frequency 
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