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A B S T R A C T Fracture of ductile materials has frequently been observed to result from the nucleation,
growth and coalescence of microscopic voids. Experimental and analytical studies have
shown that both the stress constraint factor and the effective plastic strain play a significant
role in the ductile failure process. Experimental results also suggest that these two param-
eters are not independent of each other at failure initiation. In this study, a methodology
for characterizing the effect of stress constraint Am (which is defined to be the ratio of
the mean stress and the effective stress Am = σ m/σ e) on ductile failure is proposed. This
methodology is based on experimental evidence that shows the effective plastic strain at
failure initiation has a one-to-one relationship with stress constraint. Numerical analyses
based on plane strain and three-dimensional unit-cell models have been carried out to
investigate failure initiation of the unit cell under different constraint conditions. Results
from the numerical studies indicate (a) for each void volume fraction, there exists a local
failure locus in terms of mesoscopic quantities, σ m and σ e, that adequately predict incipi-
ent local micro-void link-up, (b) the results are fully consistent with a failure criterion that
maximizes mesoscopic effective stress for a constant level of stress constraint Am, (c) for
high to moderate constraint Am, the link-up envelope values for σ m and σ e are consistent
with limit load conditions where the critical principal stress σ 1c corresponds to the maxi-
mum principal stress in the loading history and (d) for low constraint, the link-up envelope
values for σ m and σ e correspond to link-up conditions having high levels of plastic strain
and a principal stress σ 1 that is lower than the maximum value for this loading history.
Thus, the results suggest that a two-parameter ductile fracture criterion is plausible, such
as critical crack opening displacement (COD) and stress constraint Am, for predicting the
process of stable tearing in materials undergoing ductile void growth during the fracture
process.
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I N T R O D U C T I O N

Ductile fracture of metals and metallic alloys has been
observed to be the result of nucleation, growth and co-
alescence of microscopic voids. So far, two major ap-
proaches used to study ductile fracture of materials
have been addressed in the literature. One approach
utilizes the macroscopic crack tip parameters (e.g., the
J-Integral,1 the HRR singular fields,2,3 mixed-mode
COD,4 J-A2

5) to predict crack growth. Another approach
is based on the constitutive model initially proposed by
Gurson,6 and improved and extended by Needleman and
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Tvergaard7 to account for the rapid loss of carrying ca-
pacity during void coalescence by incorporating the ef-
fects of void nucleation, growth and coalescence. This
modified Gurson’s model was also implemented into con-
stitutive equations for porous compressible material and
used to predict the softening and maximum load be-
haviour with a semiimplicit integration algorithm.8,9 To
simulate the process of crack growth in ductile materi-
als using the modified Gurson’s model, a computational
cell methodology was developed,10–13 in which special
cell elements were arranged along a prospective crack
path.

In the modified Gurson’s model, it was postulated that
failure occurs when the void volume fraction reaches its
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ultimate value f u. In other words, the ultimate void volume
fraction f u defined by Tvergaard and Needleman14–16

refers to the case in which the macroscopic stress car-
rying capacity vanishes. In order to match experimental
results, three parameters q1, q2 and q3 were introduced in
the model. The model was shown to be able to give an
adequate representation of experimental results16 when
q1 = q3 = 1.5 and q2 = 1, which include predicting the
effect of softening due to void coalescence. From this
modified Gurson’s model, one can obtain that f u = 1/q1.
However, physical measurements noted by Thomason17

clearly show that the high porosity levels inherent to this
model for termination of ductile plastic flow at realistic
fracture strains are nearly impossible. For this reason, it is
unclear whether the proper void-coalescence behaviour is
captured in this model.

Most of the literature based on the Gurson’s model fo-
cuses on the study of material behaviour under the consid-
eration of spherical void growth and coalescence. In order
to capture the effect of void shape (void aspect ratio) on the
onset of void coalescence, an extended model for axisym-
metric void growth and coalescence was proposed through
the numerical study of a representative volume element
(RVE).18 For the same purpose, an extended Gurson’s
model for void coalescence in periodically voided ductile
solids was proposed.19–21 In this model a cylindrical RVE
containing an initially spherical void and subjected to ax-
isymmetric loading was employed and void coalescence
was assumed to correspond to a sudden concentration
of the deformation in the RVE. The extended Gurson’s
model has shown the potential for improved accuracy in
the prediction of void growth and coalescence.

Previous studies of ductile fracture22–24 show that the
main macroscopic parameters influencing microscopic
void nucleation, growth and coalescence, and hence duc-
tile fracture, are the stress constraint factor, Am, and the
effective plastic strain, where the stress constraint factor
Am is defined as the ratio of the hydrostatic mean stress
σ m to the von Mises effective stress σ e (i.e., Am = σ m/σ e).
Hancock and Mackenzie23 experimentally studied the
mechanisms of ductile failure in high-strength steels sub-
jected to multiaxial stress states and evaluated the effect
of the stress constraint factor on the average plastic strain
at failure initiation from the Bridgman’s equation. Their
results indicate that notched specimens in three low-alloy
steels have a critical effective plastic strain, εpc, at failure
initiation that is a monotonically decreasing function of
the level of Am. Subsequently, Walsh et al.24 investigated
the ductile fracture of 2134 type Al alloys and observed
that the material’s rupture ductility decreases as Am in-
creases. Figure 1 shows a typical experimental relationship
between the critical effective plastic strain and the stress
constraint, which indicates that the rupture ductility (rep-
resented by the critical effective plastic strain) decreases

εpc

σm/σe 

Fig. 1 Typical relationship between critical plastic strain and
constraint.

monotonically as the level of stress constraint Am in-
creases. For a given stress state, εpc, is uniquely determined
by the εpc–σ m/σ e relationship. In this regard, numerical
results indicate that the stress constraint plays a key role
in the ductile–brittle transition in small scale yielding.25

Furthermore, recent numerical studies for voided mate-
rials have shown that the relationship of macroscopic ef-
fective stress σ e to macroscopic effective plastic strain EP

will be a function of the stress constraint Am.26

A recent comprehensive review paper on ductile frac-
ture modelling by Thomason,17 which utilizes extensive
experimental, theoretical and computational results ob-
tained both by the author and recognized researchers
throughout the world, provides a clear framework for duc-
tile fracture modelling. In his work, Thomason provides
convincing evidence that (a) crack extension during the
void-coalescence process is by inter-void matrix failure at
limit load, (b) the dilatational plastic void-growth model
of ductile fracture,14–16 which predicts the presence of
large voids, is inconsistent with SEM and microstructural
observations of ductile fracture that show numerous small
voids throughout the fracture surface and (c) uniqueness
issues in numerical simulations of the void coalescence
process (which may arise due to the plastic velocity field)
may limit the applicability of finite element methods.

Utilizing the experimental and analytical work noted
above, and by making use of a unit cell finite element
model, the present work will show that two parameters—
the stress constraint factor, Am = σ m/σ e, and the critical ef-
fective plastic strain, εpc—provide the basis for developing
a framework to characterize the effect of stress constraint
Am on local ductile failure of materials. In the remainder of
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this paper, the following section describes detailed numer-
ical analyses based on two-dimensional plane strain and
three-dimensional unit-cell finite element models, with
an emphasis on identifying cell-level stress quantities ca-
pable of predicting the link-up of neighbouring voids. In
section ‘Numerical Simulation Results’, results from the
unit-cell analyses are presented. In section ‘A Criterion for
Predicting Void Link-Up’ and the Appendix, the results in
following two sections are shown to be consistent with (a)
the σ m/σ e and εpc relationship in Fig. 1 and (b) a local void
link-up model, F(σ m, σ e, f 0), where f 0 is the initial void
volume fraction. The results from the numerical simula-
tions indicate that, at the instant of local void link-up, (a)
the effective stress reaches its maximum under constant
constraint loading conditions and (b) the majority of the
σ m–σ e loci at the instant of local failure are consistent with
a local limit load failure criterion. ‘A Criterion for Predict-
ing Void Link-Up’ section also presents a detailed discus-
sion of the results, along with comparisons to appropriate

Fig. 2 Three-dimensional periodic array of
voids and unit cell material model.

Fig. 3 One-quarter model for 2D plane
strain unit cell.

existing literature. The ‘Discussion of Results’ and ‘Ad-
ditional Remarks’ sections present concluding remarks.

F I N I T E E L E M E N T B A S E D, U N I T- C E L L M O D E L
F O R V O I D L I N K - U P S T U D I E S

Two- and three-dimensional unit-cell models used in this
study are shown in Figs 2–4. The void in each of the mod-
els has an initial void volume fraction f 0. The average
strain rate on a voided region, as in Bishop and Hill,27 is
defined in terms of the velocity field on the outer surface
of a unit-cell model, as given below

•
εij = 1

V

∫
A

1
2
( •
ui nj + •

uj ni
)

dA, (1)

where V is the total volume of a unit-cell model (matrix
+ void), A is the total outer surface of the model,

•
ui is

the rate of displacement (velocity) applied on the outer
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Fig. 4 One-eighth model for 3D unit cell.

surface of the model and ni is the unit outward normal on
A. In all calculations, V and A are referred to the deformed
configuration. The average stress components in a voided
region are defined and computed by integration over the
appropriate faces of the unit-cell model as follows

σij = 1
A

∫
A

Tij dA. (2)

The matrix of the unit-cell model of a porous ductile
solid to be studied here, as shown in Fig. 2 for a three-
dimensional periodic array of spherical microvoids, is de-
fined as a strain-hardening elastic–plastic material, de-
scribed by Eq. (3).

ε =




σ

E
for σ ≤ σy

σy

E

(
σ

σy

)n

for σ > σy

(3)

where σ y is the initial uniaxial yield stress, E is the Young’s
modulus and n is the strain hardening exponent. Prop-
erties for the matrix material used in this work are that
σ y = 360 MPa, E = 71.2 GPa and n = 7.4.

Figures 3 and 4 show, respectively, a one-quarter, two-
dimensional plane strain model and a one-eighth, three-
dimensional model for a unit cell (L0 = 1). In this work,
initial void volume fractions in the range 0.00125 < f 0 <

0.0800 were modelled by varying the radius of the void,
R0, in a unit cell.

All 2D and 3D analyses were performed using (a) the
commercial code, ANSYS, Version 5.6, and (b) the large
deformation formulation in ANSYS for both rotations and
strains. The implicit finite element model and incremental
plasticity theory were employed in all numerical calcula-
tions.

Convergence of the finite element results was investi-
gated for the element size and distribution in the com-
putational cell. Tolerances used in ANSYS to determine
convergence of the solution during the loading process
were set at 0.0001 for the ratio of the residual in total
force (moment) to the total force (moment). The maxi-
mum size of strain steps during the incremental loading is
controlled to less than 0.0125. The convergence studies
indicate that a total of 600, eight-node plane strain ele-
ments having 1901 nodes are required for the 2D model
and a total of 3740, 10-node tetrahedral elements with
6426 nodes are sufficient for the 3D analyses.

Boundary conditions for the analysis include (a) symme-
try displacement conditions along the symmetry surfaces
(e.g., for 3D the conditions are ux1 = 0 in plane of x1 =
0, ux2 = 0 in plane of x2 = 0, ux3 = 0 in plane of x3 =
0) and (b) uniform displacement loading along remaining
surfaces (e.g., for 3D the conditions are ux1 = Cx1 in plane
of x1 = Lo, ux2 = Cx2 in plane of x2 = Lo, ux3 = Cx3 in
plane of x3 = Lo, where Lo is the size of the unit cell).
By varying the values for Cx1, Cx2 and Cx3, the values of
σ m, σ e and Am applied to the unit cell are computed by
(a) integrating the tractions on the surfaces xi = Lo (i =
1, 2 and 3) to obtain the force vectors, (b) computing the
average surface stresses using the surface areas and Eq. (2)
and (c) using the resulting stresses to determine the av-
erage applied values for σ m, σ e and Am. The values for
the applied stresses varied over a wide range given by the
following inequalities:

� 0 < σ m < 1200 Mpa
� 50 Mpa < σ e < 590 Mpa
� 0 < Am = σ m/σ e < 10.
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Each finite element analysis is performed under displace-
ment control. The boundaries are displaced uniformly and
monotonically throughout the loading process. In addi-
tion, all displacements are increased in the same propor-
tion throughout the loading process.

In this study, void link up is investigated by consider-
ing all situations in which the plastic zone in a unit cell
extends from the void boundary to the boundary of the ex-
terior unit cell walls. Thus, link-up is said to have occurred
when the contour, at a specified level, of the effective plas-
tic strain in the matrix, εp = ( 2

3ε
p
ij ε

p
ij )

1/2 (where ε
p
ij is the

plastic strain tensor and the summation convention is as-
sumed), intersects both the void boundary and a symme-
try boundary of the unit cell. For each pre-specified level
of the effective plastic strain, our analyses indicated that
different results are predicted to occur at void link-up as
the level of stress constraint Am changes; variations in Am

can be achieved by manipulating the applied displacement
boundary conditions. Experimental studies23,24 show that
the critical effective plastic strain is a monotonic function
of the stress constraint Am. In other words, for each pre-
specified level of effective plastic strain, only one level of
stress constraint Am in these calculations corresponds to
conditions that result in actual void link-up (further dis-
cussion related to this issue is given in appendix).

To determine when a contour having the pre-specified εp

continuously extends between the void boundary and the
neighbouring region, the solution at incremental displace-
ment steps is stored and evaluated during post-processing.
By symmetry, the contour also will extend to each neigh-
bouring void. Once the appropriate loading step is deter-
mined, the average applied values for all stress components
at incipient void link-up are computed, including σ m, σ e

and Am.
For cases approaching the pure shear situation (in which

Am → 0), it is noted that large void distortions will occur,
resulting in the collapse of the void during the loading
process. In these cases, localization of the effective plas-
tic strain was observed along a well-defined direction and
link-up was defined in the manner noted above. Because
void boundary contact was not considered in our analy-
sis, it is important to note that (a) void boundary contact
only occurs at low constraint and (b) link-up occurs prior
to void boundary contact for almost all of the low con-
straint cases (Am ≥ 0.01) considered. For those few cases
where void contact occurred prior to link-up conditions,
our studies indicate that using contact to define link-up
would have negligible effect on the results.

N U M E R I C A L S I M U L AT I O N R E S U LT S

For specific values of the link-up effective plastic strain, εp,
and a range of applied displacement boundary conditions,
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Fig. 5 Two-dimensional simulation results at void link-up for (a)
f 0 = 0.00125; (b) f 0 = 0.005 (c) f 0 = 0.020.

Figs 5 and 6 show the values of (σ m, σ e) that were applied
to the region at link-up for (a) 2D plane strain and f 0 =
0.00125, 0.005 and 0.020 and (b) 3D conditions and f 0 =
0.005, 0.020 and 0.080.

As is apparent in the numerical results shown in Figs 5
and 6, for each εp there are several values of (σ m, σ e) ob-
tained by the simulations that result in ‘link-up’ to the

c© 2004 Blackwell Publishing Ltd. Fatigue Fract Engng Mater Struct 27, 231–243



236 J. ZUO et al.

0 100 200 300 400 500 600
0

200

400

600

800

1000

1200

1400

Al.2024-T3
 3D f0=0.005

 εp=1%
 εp=8%
 εp=16%
 ε

p
=30%

 εp=50%
 Envelope

σ m
 (

M
P

a)

σ
e
 (MPa)

(a) 

100 200 300 400 500 600
0

200

400

600

800

1000

1200

1400
Al.2024-T3
 3D f0=0.02

 ε
p
=1%

 εp=4%
 ε

p
=8%

 εp=16%
 εp=30%
 εp=50%
 Envelope

σ m
 (

M
P

a)

σ
e
 (MPa)

(b) 

(c) 

100 200 300 400 500 600
0

200

400

600

800

1000

1200

1400

Al.2024-T3
 3D f

0
=0.08
 εp

=4%
 εp

=8%
 εp

=16%
 εp

=30%
 εp

=50%
 Envelope

σ m
 (

M
P

a)

σ
e
 (MPa)

Fig. 6 Three-dimensional simulation results at void link-up for (a)
f 0 = 0.005; (b) f 0 = 0.020 (c) f 0 = 0.080.

neighbouring void. Because previous experimental evi-
dence (Fig. 1) suggests that a unique, monotonic rela-
tionship exists between Am and εpc (the critical value of
εp at ductile failure initiation), an approach is needed to
determine whether the simulations contain the requisite
information for predicting void link-up while simultane-
ously resulting in a monotonic Am–εpc relationship.
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Fig. 7 Am versus average effective plastic strain εpc.

Inspection of the data in Figs 5 and 6 suggests that the
simulation results for each value of f 0 are bounded by an
envelope, which is tangent to each of the εp curves. Note
that each point on the envelope, say (σ m, σ e)i, lies on one
εp-curve and uniquely determines a stress constraint value,
say Ai

m. One definition of the critical effective plastic strain
(say εi

pc) corresponding to the stress constraint Ai
m would

be the effective plastic strain for that εp-curve, which will
be referred to as the contour εpc value. Alternatively, it is
more consistent to use the averaged (homogenized) value
of the effective plastic strain for the unit cell to define εi

pc,
which is computed based on the displacement conditions
applied at the unit cell boundaries and will be called the
average εpc value.

The resulting relationship between the stress constraint
Am and the average critical effective plastic strain εpc for
both the 2D and 3D unit cell models is shown in Fig. 7
based on the (Ai

m, εi
pc) pair values defined earlier. For com-

parison, Figs 8a (for 2D unit cell) and b (for 3D unit cell)
show the Am–εpc relationship if εpc is defined as the aver-
age effective plastic strain or as the effective plastic strain
along the contour that connects the outer surface of the
cell to the void surface. The results in Figs 7 and 8 demon-
strate that each envelope in Figs 5 and 6 corresponds to
a monotonic relationship between Am and εpc, which is
fully consistent with experimental evidence such as shown
in Fig. 1, in that εpc decreases as Am increases.

A C R I T E R I O N F O R P R E D I C T I N G
V O I D L I N K - U P

A brief summary of known properties of typical σ e–εp re-
lationships is presented in this section to provide a frame-
work for understanding the envelope functions developed
in the previous section.
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(a) 2D Plane Strain Simulations 
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(b) 3D Simulations
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Fig. 8 Comparison of simulation results for ε
avg
pc versus Am and

εcontour
pc versus Am (a) 2D simulations; (b) 3D simulations.

When f 0 = 0, the relationship between σ e and εp is nearly
independent of stress constraint Am in many materials. If
the effect of impurities and inclusion separation (espe-
cially under finite deformation) are considered, it is well
know that the deformation response of porous material
is a strong function of the level of stress constraint Am.
In such cases, volumetric deformation is dominant un-
der high levels of stress constraint Am and distortional
deformation is dominant under low levels of stress con-
straint Am. Thus, regions with microstructural material
variations are expected to result in material response that
changes with stress constraint Am.

For a typical void volume fraction f 0 this is shown in
Fig. 9 based on unit-cell results described in the preced-
ing section. The effective stress–plastic strain relationship
is a function of Am and the response is assumed to be de-
termined while maintaining a constant stress constraint,
Am, throughout the loading history. Note that, for each

Fig. 9 σ e versus εp as a function of Am for a typical void volume
fraction, f 0.

level of constraint, say Ai
m, the σ e–εp relationship for a

voided material is assumed to be monotonic up to σ max
e ,

with the relationship being a function of Am. This assump-
tion, which is consistent with experimental evidence, is
used in the attached appendix.

Furthermore, the maximum in σ e–εp for each Am is consis-
tent with the numerical simulation results shown in ‘Nu-
merical Simulation Results’ section. Specifically, for σ e =
σ max

e , the values (σ m, σ e, f 0) obtained for all Am represent
a function that corresponds to a monotonic relationship
between εpc and Am so that Am

1 < Am
2 < Am

3 ⇒ εpc
1 >

εpc
2 > εpc

3. These (Ai
m, εi

pc) pairs (Fig. 9) are the same as
those discussed in the preceding section.

The developments in the Appendix suggest that there
are two interpretations of the proposed local void link-
up criterion. First, for a given void volume fraction f 0,
there exists a locus of values for (σ m, σ e) that correspond
to local stress conditions resulting in void link-up, where
the effective plastic strain at void link-up varies with the
corresponding constraint, Am.

Second, consistent with the discussion given above, it is
shown that the locus of values for (σ m, σ e) is in accor-
dance with the achievement of a maximum in the effec-
tive stress under a constant level of constraint, Am. Con-
sidering the effective plastic strain corresponding to the
maximum effective stress as the plastic strain at the ini-
tiation of void link-up for each level of constraint, then
the effective plastic strain at void link-up under different
stress constraint will decrease monotonically with increas-
ing constraint. These concepts can be formulated into a
void link-up criterion: ‘Under a constant level of constraint,
Am, failure initiation occurs in a ductile material when the
effective stress reaches its maximum in the loading history’.

It is noted that this criterion is consistent with both ex-
perimental results23,24 and numerical predictions.26
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Furthermore, as is discussed in the appendix, it is possible
to demonstrate that, if one assumes a one-to-one relation-
ship F(εpc, Am, f 0) between the critical plastic strain in the
remaining material and macroscopic stress constraint Am

such as shown in Figs 1, 7 and 8, then there exists a unique
functional relationship H(Am, σ e, f 0) at failure initiation.
Conversely, it can be shown that if one assumes there exists
a unique functional relationship H(Am, σ e, f 0) at failure
initiation and a monotonic relationship between εp and
σ e for each void volume fraction and constraint, then this
implies a unique functional relationship F(εpc, Am, f 0) that
is similar to the form shown in Fig. 1.

In the following section, results from detailed finite ele-
ment studies of voided materials are presented which sup-
port the proposed link-up criterion.

D I S C U S S I O N O F R E S U LT S

The envelope values for (σ m, σ e, f 0) shown in Fig. 6 can
be represented by the following least-squares formula:

	(σe, σm, f0) = σ 2
e

σ 2
f

+ C2
σ 2

m

σ 2
f

+ C1
σm

σf
− C0 = 0, (4)

in which σ f is the true fracture stress in uniaxial tension,
and C0, C1 and C2 are constants. For Aluminium alloy
2024-T3, σ f = 570 MPa and the constants are

C0 = 1 − 1
2 f

1
3

0 , (5)

C1 = 28.5 f 2
0 + 3.14 f0 − 0.0026, (6)

C2 = 0.381 − 0.226 e−62.7 f0 . (7)

For the 3D simulations, the results given by Eq. (4) are
shown in Fig. 10 for a range of initial void volume frac-
tions, 0.001 < f 0 ≤ 0.10.
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Fig. 10 Envelope functions σm and σ e for each f 0.

With regard to the results in Fig. 10, the higher con-
straint regions correspond to link-up conditions along one
of the axes, with a shape that is consistent with plane strain,
mode I slip line fields. A typical shape for the region of
plastic deformation obtained in these simulations is shown
in Fig. 11.

In addition, the results from both 2D and 3D simulations
indicate that the use of an effective plastic strain criterion
for predicting link-up in regions of high to moderate con-
straint is fully consistent with a maximum load condition.
That is, the average stress states in Fig. 10 required for
void link-up in regions of high to moderate constraint
correspond to the average stresses at maximum load. This
observation is consistent with the work of Thomason17

where he notes that plastic limit load failure of the inter-
void matrix is the final stage of the process resulting in
localized separation of the material.

Under low constraint conditions, link-up occurs along
effective plastic strain contours at approximately 45◦ from
the axes, with a shape that suggests plane stress condi-
tions; a typical plastic zone obtained in these simulations
under the condition of low constraint is shown in Fig. 12.
In fact, our simulations indicate that the use of an effec-
tive plastic strain criterion for predicting link-up under
low constraint conditions is consistent with a maximum
effective stress condition. That is, the average stress states
in Fig. 10 required for void link-up under low constraint
have a maximum in the effective stress.

Though the stress states at link-up under low constraint
conditions have a maximum in σ e, the numerical results
from both 2D plane strain and 3D simulations under low
constraint conditions show that the corresponding load-
ing is not a maximum in the loading history. In fact, the
results shown that the applied load reaches its maximum
and then decreases with increasing deformation of the cell
model until void link-up occurs. In other words, the crit-
ical load corresponding to the stress states required for
void link-up is less than the maximum load in the loading
history under low constraint condition. In addition, the
numerical results also show that the critical load defined
at the instance of void link-up is dependent on both void
volume fraction f 0 and constraint Am under low constraint
conditions.

The numerical results from both 2D and 3D simulations
also indicate that the critical principal stress σ 1c, which
corresponds to the critical load in our work, is a function
of stress constraint Am and void volume fraction f 0. Thus,
there exists a function, σ 1c = σ 1c(εpc, f 0) that can be es-
tablished by using the relationship of the critical effective
plastic strain εpc to constraint Am; a typical relationship
between σ 1c and εpc for ductile materials is shown in
Fig. 13. As can be seen, the critical principal stress σ 1c

decreases with increasing critical effective plastic strain.
The relationship shown in Fig. 13 is in agreement with
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Fig. 11 Typical shape of plastic zone at link-up for high to moderate constraint.

Fig. 12 Typical shape of plastic zones at link-up for low constraint.
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Fig. 13 Relationship between plastic limit-load stress σ 1c and
critical effective plastic strain εpc for a specific f 0.

Am 

σm 

σe 

Region I 

Region II 

0

Fig. 14 Schematic of Regions I and II for (σm, σ e) envelope with
void volume fraction f 0.

trends observed by Thomason17 for the plastic limit-load
stress under low constraint conditions.

Also shown in Fig. 13 are typical ‘loading’ curves defin-
ing how the principal stress versus effective plastic strain
relationship changes during the loading history under dif-
ferent levels of constraint Am. Here, the intersection of
each loading curve with the material curve defined by the
function σ 1c(εpc, f 0) corresponds to void link-up. By in-
spection of Fig. 13, there are two possibilities at void link-
up. First, ‘for high to moderate constraint Am, the critical
principal stress σ 1c corresponds to the maximum principal
stress’. Second, ‘for low constraint Am, the critical prin-
cipal stress σ 1c is less than the maximum principal stress
in the loading history and link-up occurs at high levels of
plastic strain and a principal stress σ 1 that is lower than
the maximum value for this loading history’.

Consider a typical void link-up envelope function as
shown in Fig. 14. Based on the discussion presented in
the previous paragraphs, in terms of σ m and σ e the pro-
cess of void link-up can be viewed as being composed of
two regions. In Region I, which has high to moderate
constraint Am, the values of (σ m, σ e) correspond to plastic
limit load conditions where the applied loading is a maxi-
mum at link-up. This region corresponds to void growth

and coalescence due to a combination of mean stress and
effective stress. In Region II, which has low constraint, the
values of (σ m, σ e) correspond to high plastic strain and a
principal stress that is below the maximum value for each
loading history. Here, the damage due to increasing plas-
tic strain at elevated effective stress and reduced constraint
are sufficient to cause void coalescence and link-up at load
levels that are below the maximum in the load history.

A D D I T I O N A L R E M A R K S

The simulations indicate that localization of plastic strain
occurs along well-defined bands resulting in separation
along these bands and void link-up, consistent with con-
ditions corresponding to a maximum in effective stress
and low constraint. If this statement is viewed in terms of
macroscopic crack extension, then the presence of large
plastic deformations in localized bands will initiate void
growth from small secondary particles in these regions.
This process will result in micro-void sheeting and link-
up of the primary voids due to material separation along
these bands.

In this regard, this work assumed a uniform distribu-
tion of spherical voids as the basis for the proposed fail-
ure criterion. However, real materials have variability in
both secondary particle size and distribution that will af-
fect the spatial distribution of void-coalescence sites. For
example, recent studies for notches undergoing nominally
mode I loading28,29 have shown that void growth and co-
alescence in actual materials results in a microscopically
tortuous, 3D circuit between particle bands. In this con-
text, the authors believe that the proposed criterion H(Am,
σ e, f 0) is widely applicable because the spatial dimensions
associated with typical secondary particle bands (e.g., size
and spacing) are much smaller than the crack tip plastic
zone associated with ductile crack growth. Here, f 0 in (4)
is appropriately interpreted as an averaged void/particle
volume fraction for the material.

The large distortion and void collapse observed in this
work under low levels of constraint are consistent with
previous observations,17 providing additional evidence
which indicates that void link-up is not related to the cur-
rent void volume fraction used in dilatational plastic mod-
els that predict ductile fracture.14–16 Rather, this work in-
dicates that the inclusion of the effect of mean stress, σ m,
is necessary so that the critical conditions giving rise to
micro-void coalescence30,31 and, hence, ductile crack ex-
tension can be properly modelled.

However, in contrast to previous studies that focused on
modelling of the void and ligament conditions at void-
link-up, the enclosed study focuses on relating link-up
conditions to the average response in the unit cell. Be-
cause the envelope function for each f 0 ‘can be interpreted
in terms of a maximum effective stress criterion under a
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constant level of constraint’, it is conceptually possible to
construct each envelope by performing a series of con-
stant constraint experiments and determining the quanti-
ties (σ m, σ e) at the onset of void link-up, where (σ m, σ e)
are ‘continuum/average’ quantities.

Because the ability to perform local, constraint-
controlled experiments on specific voids in common struc-
tural materials is virtually impossible, the most obvious
goal of this work is to utilize the unit-cell results and de-
velop a physically sound, macroscopic, three-dimensional,
ductile fracture criterion to predict ductile crack extension
under general crack tip conditions. As an example, impu-
rities in metallic alloys have been shown to be primary
void initiation sites (e.g., commercial aluminium 2024-
T3 contains up to 3.5% impurities by volume fraction)
during stable crack extension. Because void growth is the
established mechanism for crack extension in such mate-
rial systems, and the initial volume fraction of impurities
with weak interfaces is a reasonable estimate for f 0, the
void link-up relationship H(Am, σ e, f 0) indicates that σ e =
σ e(Am, f 0) at the onset of crack extension. Furthermore,
because the crack opening displacement (COD)4,32–35 at
any position behind the crack tip is the integrated effect of
the elastic–plastic crack tip strain fields and εp(σ e(Am, f 0)),
in regions where plastic deformation is dominant, then a
viable COD fracture criterion that is consistent with the
void link-up concepts outlined in this work is COD(Am;
f 0). Here, it is expected that the critical value of COD will
decrease with increasing constraint.

Finally, with regard to the potential range of applicability
of the proposed criteria, it is noted that deformation in the
crack tip region of most ductile materials is much larger
than that required for void nucleation, especially around
large secondary particles. In such cases, exclusion of the
void nucleation process will have minimal influence on
the material failure event.
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A P P E N D I X

The typical relationship between the critical effective plas-
tic strain εpc and the stress constraint Am (Fig. 1) indicates
that, for a specified value of εpc, there exists a correspond-
ing level of Am at which ductile failure will occur. On the
other hand, multiple stress states (σ m, σ e) in a unit cell
model can lead to the same effective plastic strain value εp

in the model. Thus, a σ m–σ e curve can be constructed for
each specified value of εp, as shown in Fig. A1.

Suppose that each curve shown in Fig. A1 is a compilation
of values (σ m, σ e) at which ‘link-up’ occurs for an initial
void volume fraction f 0 and a specified level of εp, where
εp

1 < εp
2 < εp

3 < εp
4 is assumed for convenience. Based

on the premise that a unique relationship exists between
critical plastic strain and stress constraint, only one point
(σ m, σ e) on each curve εi

p (i = 1, 2, 3, 4) corresponds to
the actual link-up of voids.

Fig. A1 Schematic for determining (σm, σ e) at failure initiation.

An outer envelope is shown in Fig. A1, and each curve
is tangent to the envelope at one point; tangent points
shown in Fig. A1 are P1, P2, P3 and P4. If a monotonic
relationship exists between εpc and constraint σ m/σ e then
it is clear that the outer envelope of points represents the
locus of values for (σ m, σ e) at which link-up has occurred.
Thus, for each initial void volume fraction f 0, the enve-
lope function ENV is the least upper bound (LUB) of
the functional relationships εi

p (σ m, σ e) obtained from the
numerical simulations, that is,

ENV (σm, σe) = LUB
{
εi

p(σm, σe)
}
. (A.1)

It is worth noting that it is not possible for a point, (σ m,
σ e), on the envelope to be at the intersection of two ef-
fective plastic strain curves, because there would exist two
values of the effective plastic strain at link-up that corre-
spond to the same ratio σ m/σ e, in conflict with the funda-
mental hypothesis that there exists a one-to-one relation-
ship between εpc and the macroscopic stress constraint
Am. Hence, based on Eq. (A.1), it is concluded that there
exists a unique functional relationship H(σ e, Am, f 0) at
failure initiation.

On the other hand, it can also be shown that ‘the stress
states given by the envelope in Fig. A1 are consistent with a
maximum effective stress failure criterion at constant lev-
els of constraint’. To demonstrate this assertion, consider
the construction in Fig. A2 and suppose that Pi is an arbi-
trary point on the envelope. Then the stress constraint at
point Pi is APi

m = ( σm
σe

)|Pi = tan(α), and the corresponding
effective plastic strain contour value is εPi

p . Let εA
p and εB

p
be two selected values of the effective plastic strain so that

εA
p < εPi

p and εB
p > εPi

p . (A.2)
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Fig. A2 Illustration of basis for maximum effective stress criterion.

Fig. A3 Link-up stress under a constant stress constraint loading.

The line ŌPi intersects with curves εA
p and εB

p at points
Aσ and Bσ , respectively. The effective stresses σ A

e , σ B
e and

σ Pi
e correspond to the points Aσ , Bσ and Pi, respectively,

and it is clear that

σ A
e < σ Pi

e and σ B
e < σ Pi

e . (A.3)

From Eqs (A.2) and (A.3), the effective stress correspond-
ing to an arbitrary effective plastic strain is always less than
the effective stress at point Pi. In other words, ‘point Pi

corresponds to the locus of values (σ m, σ e) where the ef-
fective stress is a maximum in the curve of effective stress

Fig. A4 Illustration of the loading history assumption.

versus effective plastic strain under constant stress con-
straint loading conditions’.

Figure A3 shows a typical constant stress constraint
loading history, with constraint Am = ( σm

σe
)|Pi where Aσ ,

Bσ and Pi are three stress states in the same constant-
constraint loading history. Thus, the corresponding ef-
fective stress along a constant constraint loading history
is always smaller than that at point Pi. In other words,
‘point Pi is always at the position where the effective stress
reaches its maximum in the curve of effective stress versus
effective plastic strain’.

With regard to the stress history shown in Fig. A3, three
points are noted here. First, because εA

p < εPi
p < εB

p dur-
ing the monotonic loading process, the temporal order
corresponding to loading point Aσ , Bσ and Pi is clearly

tA < tPi < tB. (A.4)

Second, it is noted that an underlying hypothesis for the
foregoing development is that ‘the effective plastic strain
under a proportional displacement loading to point Aσ is
equal to the effective plastic strain under a proportional
stress loading to point’ Aσ . This is shown in Fig. A4, where
σ m and σ e are the loading variables.

Third, if one assumes that there exists a unique functional
relationship H(σ e, Am, f 0) at void link-up, then the process
shown in Figs A1 and A2 implies that there also exists a
unique functional relationship F(εpc, Am, f 0) that is similar
to the form shown in Fig. 1.
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