
INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN ENGINEERING
Int. J. Numer. Meth. Engng 2005; 63:256–275
Published online 21 February 2005 in Wiley InterScience (www.interscience.wiley.com). DOI: 10.1002/nme.1285

Advances in tetrahedral mesh generation for modelling
of three-dimensional regions with complex,

curvilinear crack shapes
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SUMMARY

Advances in tetrahedral mesh generation for general, three-dimensional domains with and without
cracks are described and validated through extensive studies using a wide range of global geometries
and local crack shapes. Automated methods are described for (a) implementing geometrical measures
in the vicinity of the crack to identify irregularities and to improve mesh quality and (b) robust
node selection on crack surfaces to ensure optimal meshing both locally and globally. The resulting
numerical algorithms identify both node coincidence and also local crack surface penetration due to
discretization of curved crack surfaces, providing a proven approach for removing inconsistencies.
Numerical examples using the resulting 3D mesh generation program to mesh complex 3D domains
containing a range of crack shapes and sizes are presented. Quantitative measures of mesh quality
clearly show that the element shape and size distributions are excellent, including in regions surrounding
crack fronts. Copyright � 2005 John Wiley & Sons, Ltd.

KEY WORDS: three-dimensional; volume; mesh generation; cracks; tetrahedral elements; mesh
optimization

1. INTRODUCTION

Numerical simulation of engineering problems continues to be an important area of computa-
tional research. In particular, the past three decades of computational mechanics research have
steadily increased the range of applicability and numerical efficiency [1, 2] of the finite element
method (FEM). Since discretization is required during the formation of a FE computational
model, an essential aspect of FEM is the development of a high quality, unstructured mesh
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that is automatically adapted to a general geometry while satisfying pre-specified constraints
on element size near discontinuities.

A large body of literature exists that addresses various issues in initial mesh gen-
eration and re-meshing. Techniques such as the advancing front technique (AFT) [3–11],
Delaunay triangulation [12–18] and spatial decomposition or octree techniques [19–22] have
been developed; the capabilities of various techniques in mesh generation are described in
References [22, 23]. It is noted that most of these methods have focused on tetrahedral elements
since tetrahedral elements are easily adapted for discretization of a complex, three-dimensional
region.

Due to meshing difficulty for 3D regions having complicated shapes and containing geometric
discontinuities [22], there is a paucity of existing meshing literature discussing mesh generation
in 3D regions containing flaws. Although the FEM has been used extensively in the field of
fracture mechanics and structural analyses, only in the past three years have investigators
reported results of 3D crack growth simulations with re-meshing [24–26].

Though cracks introduce multiple complexities in the mesh generation process, two features
require the most attention. One feature arises due to the geometric coincidence of two crack
surfaces. When this occurs, two nodes on separate fracture surfaces may occupy the same
spatial position. Since there are two candidate nodes at the same spatial position, simple
geometric arguments are not sufficient to identify the appropriate node for inclusion in a new
element’s definition during the meshing (re-meshing) process. The second feature is introduced
when there is inter-penetration of two crack surfaces, a common occurrence during meshing
(re-meshing) of curved crack surfaces that results in the intersection of volume elements in the
region adjacent to curved crack surfaces.

Since none of the mesh generation techniques proposed previously take into account all of
these complexities and hence cannot be used to directly discretize a 3D object with a crack,
addressing these issues will be the focus of this work.

Specifically, an enhanced AFT is developed for general, 3D mesh generation with and
without cracks. Through extensive numerical evaluations, the resulting meshing (re-meshing)
algorithm is shown to be robust and reliable, providing a high-quality mesh automatically
as well as appropriate parameters for adjustments in mesh distribution and element size
control.

2. DEVELOPMENT OF AN ENHANCED ADVANCING FRONT TECHNIQUE

Within the context of 3D mesh generation for cracked structures, the presence of singularities
in stress and strain along the crack front introduces stringent requirements on element size
during local meshing so that field quantities can be accurately calculated near the crack front.
To minimize storage and execution time requirements, it is generally necessary to have a rapid
transition from small elements near the crack front to much larger elements in regions where
smaller spatial gradient variations are expected.

In contrast to Delaunay triangulation, the AFT performs local operations that generate nodes
and individual elements without affecting the neighbouring mesh. Thus, within the AFT frame-
work, local control on element size and shape during the mesh generation process is straight-
forward. Since mesh generation near geometric discontinuities requires local size control, the
AFT approach provides the basic structure for the algorithms developed in this study.
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2.1. Description of AFT mesh generation

When employing AFT to generate mesh in a 3D domain, firstly, one must provide an initial mesh
generation front consisting of a set of spatial triangular facets which result from discretization
of all the boundary surfaces of the domain. The initial front can be established by making
use of the surface mesh generator [9], and data construction of all the triangular facets and
corresponding edges on the initial front is determined simultaneously. Secondly, one must
specify the desired element characteristics, for instance, the element size and stretch factors
used to determine the shape of an element. For isotropic element shape distribution, stretch
factors are taken to be one.

As shown in Figure 1, �ABC, �BDC, �ACE and �ECF are part of the facets on a current
mesh generation front and �ABC is the smallest facet to be used to construct a new tetrahedral
element. AB, BC, CD, BD, AC, AE and CE are some of the edges on the mesh generation
front. Suppose ABCP is a newly created tetrahedral element meeting all geometric checks, then
the edges AP, BP and CP are defined as the newly created edges, and the facets �ABP, �BCP
and �CAP are defined as the newly created facets. In AFT, a valid element means that it could
pass two geometric checks [5]: one is that none of the newly created edges intersects with any
of the existing facets on the front; the other is that none of the newly created facets intersects
with any of the existing edges on the front.

A 3D tetrahedral mesh can be created by the AFT through the following steps [5, 6]:
(1) Find the smallest facet Fk on the current mesh generation front (e.g. Fk = �ABC, as

shown in Figure 1).
(2) Use a local mesh parameter to determine the optimal position P of a new node.
(3) Search along the current mesh generation front to locate all existing nodes lying within

a sphere with radius R (see Figure 1) and its centre at the pre-specified location P.
Order these candidates by using the distance to P as a metric, beginning with the
node having the minimum distance and continuing to the maximum distance, forming a
queue, QN .
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Figure 1. Determination of a tetrahedron in 3D space.
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(4) Create temporary nodes along the line connecting P to the centroid, M, of the facet Fk .
Add these temporary new nodes to the end of the queue QN .

(5) The first node candidate Np in the queue QN that passes the specified geometric
checks [5] is selected.

(6) Insert the new element and the node Np (if it is a new node) in the data structure and
update the mesh generation front.

(7) Stop if no facet is left on the mesh front, otherwise go to step (1).

In step (5), in order to form a valid element, a series of geometric analyses are performed so
that the first candidate node in the list QN to meet all geometry requirements can be identified.
It is noted that the geometry evaluations in this step are the most time-consuming part of the
algorithm, especially for 3D mesh generation, with the time being proportional to the volume
of the sphere used to identify the neighbourhood node candidates. In this work, R = 1.3dE is
used to define the search volume, where dE is the local element size.

2.2. Enhanced AFT mesh generation

In this section, modifications to the traditional AFT mesh generation method are described,
which provide the basis for extending AFT to mesh generation of volumes with geometric
discontinuities such as cracks.

In traditional AFT, a valid element is defined to be one which can pass two geometric
checks on the current front [5]. For structures with geometric discontinuities, when these two
geometric checks are applied as a criterion for creating a valid element, the AFT algorithm
described above may result in incorrect decisions regarding the acceptance and/or rejection of
a new element in the vicinity of crack surfaces due to the local coincidence and/or penetration
of crack surfaces. Sometimes, the AFT algorithm may not establish an element meeting the two
specified geometric checks [5] in the region around the geometric discontinuities, which will
lead to mesh generation failure. To overcome this difficulty, several sets of local algorithms
are proposed below and used to modify the AFT. Finally, an enhanced algorithm of mesh
generation is given for volumes with and without cracks. It will be discussed in two different
instances.

2.2.1. Node selection on crack surfaces: coincident nodes on crack surfaces. Without loss of
generality, suppose a facet CDE (see Figure 2) is chosen from the current mesh generation front
seeking a node to form a new tetrahedral element. As shown in Figure 2, suppose node A and
node B (A �= B) are coincident nodes (they share a common location) but are on distinct crack
surfaces; node A is on the upper crack surface and node B is on the lower crack surface.
Suppose both nodes are node candidates contained in the candidate queue QN . Apparently,
since node A and node B have the same co-ordinates, they will give rise to the same answer
to the specified geometric checks [5]. In other words, if node A can pass the geometric checks,
then node B can also pass them, and vice versa. A successful algorithm of mesh generation
for volumes containing geometric discontinuities should have the ability to delete one of the
two nodes A and B from the candidate queue QN before performing geometric checks.

In the modified AFT algorithm below (ALGORITHM 1), which is for choosing a candidate
node from the nodes A and B as discussed above, a neighbour facet of a node (say node N)
is a facet on the current mesh generation front that contains the node N .
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Figure 2. Node A (on one crack surface) and node B (on another crack surface) are coincident and
have the same co-ordinates in space.

Algorithm 1

(1) Evaluate the neighbour facets of node A and determine the outward unit normal VAk

(k = 1, 2, . . . , NA), where NA is the number of all neighbour facets of node A.
(2) Evaluate the neighbour facets of node B and determine the outward unit normal VBk

(k = 1, 2, . . . , NB), where NB is the number of all neighbour facets of node B.
(3) Establish the unit vector VP which originates at the centroid of facet CDE and points

to node A (or node B).
(4) Perform the scalar product between VP and VAk (k = 1, 2, . . . , NA) and find the minimum,

Amin, of all the scalar products

Amin = min {VP • VAk, k = 1, 2, . . . , NA}
(5) Perform the scalar product between VP and VBk (k = 1, 2, . . . , NB) and find the mini-

mum, Bmin, of all the scalar products

Bmin = min {VP • VBk, k = 1, 2, . . . , NB}
(6) If Amin >Bmin, then node A is selected to be a candidate node for the formation of a

valid element with facet CDE. Otherwise, node B is selected to be a candidate node for
connection to facet CDE.

2.2.2. Node selection on crack surfaces: non-coincident nodes on crack surfaces. To select non-
coincident nodes on crack surfaces as candidate nodes for forming new elements, a method is
required to determine whether a candidate node resides on the crack surface (note that each
crack has two surfaces) that is on the same side of the cracked volume as the facet CDE.

Without loss of generality, suppose a facet CDE (see Figure 3) is chosen from the current
mesh generation front that requires a node to form a new element. Let node A be a node on
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Figure 3. Node A is on one of the two surfaces of a crack and does not have a
coincident node on the other crack surface.

one of the two surfaces of a crack that is a potential candidate for forming a valid element
with facet CDE, as shown in Figure 3. The following algorithm is used to determine whether
node A can be used as a candidate to create a new element.

Algorithm 2

(1) Evaluate the neighbour facets of node A and determine the outward unit normal VAk

(k = 1, 2, . . . , NA), where NA is the number of all neighbour facets of node A.
(2) Establish the unit vector VP which originates at the centroid of facet CDE and points

towards node A.
(3) Perform the scalar product between VP and VAk (k = 1, 2, . . . , NA) and find the minimum

Amin of all the products

Amin = min {VP • VAk, k = 1, 2, . . . , NA}
(4) Let �0 be a tolerance value (�0 = 0.0 is used in this work). If Amin >�0, then node A

is selected to be a candidate for connection to facet CDE; otherwise, node A will be
excluded from the candidate list.

2.2.3. Validity of new elements: geometric intersection assessment. Finite element discretization
in the region adjacent to crack surfaces and other discontinuities often results in elements with
partial overlap across the discontinuities. These elements occupy partly the same geometric
space, which creates local element interpenetration. While this situation implies that the geom-
etry approximation can be improved, it does not mean that these elements are not acceptable.
To this end, it is noted that the traditional geometric checks will lead to the incorrect decision
regarding the validity of such new elements, namely that these elements are not acceptable,
which may lead to meshing failure or the creation of unnecessarily small elements. In this
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work, a modified geometric analysis procedure that eliminates incorrect decisions is described,
and results from the application of this modified procedure within a 3D crack growth simulation
code, CRACK3D, are presented.

Let � be the set of all element facets on the mesh generation front, and � the set
of all element edges on the mesh generation front. Consider a potential new element, which
is formed using a facet on the mesh generation front and a candidate node from the candi-
date node queue QN . Let F be a facet of the new element such that F /∈ �, and S an
edge of the new element such that S /∈ �. If such F and S do not exist (that is, all facets
and edges of the new element are on the current mesh generation front), then the new ele-
ment is valid and the validity check is not needed. The following algorithm is for determining
the validity of the new element when one or more F and/or one or more S as defined
above exist.

Algorithm 3

(1) Check intersections between all possible F and Sk , where Sk ∈ � (hence Sk �= S).
If no F intersects Sk , or if all the facets of the new tetrahedron belong to the set
�, then go to step (4).

(2) Evaluate nodes Ai (i = 1, 2, 3) of F to see if they are on the crack surfaces. If none of
Ai is on the crack surfaces, this new element is invalid; go to step (7).

(3) Suppose node Ai is on a crack surface, say SC. Calculate the distance h from the
intersection point to SC. If h>�, where �>0 is a tolerance value, this element is
invalid; go to step (7).

(4) Check intersections between all possible S and Fk , where Fk ∈ � (hence Fk �= F ).
If no S intersects Fk , or if all the edges of the new tetrahedron belong to the set
�, then stop checking. This is a valid new element.

(5) Evaluate nodes Bi (i = 1, 2) of S to see if they are on the crack surfaces. If none of
Bi is on the crack surfaces, this new element is invalid; go to step (7).

(6) Suppose node Bi is on the crack surface SC, calculate the distance h from the intersection
point to SC. If h < �, then stop checking. This is a valid element.

(7) Choose the next node candidate from the queue QN to form a new element and go to
step (1) to check its validity.

2.2.4. Determination of node candidates. As noted previously, node candidates for completion
of a new element include both temporary new nodes and previously created nodes lying within a
sphere with radius R of a point P. In conjunction with the geometry analyses, this search is the
most time-consuming intensive part of ALGORITHM 3. In principle, a minimum search radius
will result in significant reductions in computation time. However, there are situations where
a larger search radius is required during mesh generation. For example, this is the case when
two facets on the mesh generation front are much different in size and yet are only a small
distance apart, and they are approximately parallel, as shown in the 2D illustration in Figure 4.
Based on the common algorithm used in AFT, the smaller facet would be selected to construct
a new element, which would result in an incorrect mesh generation process and possibly lead
to a meshing failure because the nodes of the larger facet may fall outside the search radius
(see Figure 4). The following algorithm was developed and successfully implemented to elim-
inate this particular type of mesh generation difficulty.
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P

Figure 4. Two adjacent edge segments with much different edge lengths.

Algorithm 4

(1) Find the smallest facet Fk on the mesh generation front.
(2) Determine an optimal position P relative to Fk .
(3) Identify all nodes on the mesh generation front that lie within a sphere centred at

P and with a radius R. These are the first set of nodes in the node candidate
queue QN .

(4) Identify all nodes on those facets that intersect line segment MP, where M is the centroid
of facet Fk . Add these nodes to QN if they are not already included in QN .

(5) Sort the nodes in QN according to their distance to P.
(6) Create some temporary new nodes along the segment MP and add them to the end of

the queue QN .

2.2.5. Modification of the local mesh generation front. Based on the authors’ experience, a
mesh generation process will proceed without any difficulty, provided that all the facets on
the mesh generation front are well shaped, especially for the situation in which the mesh size
parameter is uniform for the entire meshing volume. Unfortunately, due to the special demand
in the analysis of crack growth, the transition of mesh size in the region around the crack front
is quite severe, and occasionally some ill-shaped facets emerge, which would possibly lead to
the failure of the algorithm to complete the mesh generation.

A straightforward way to resolve this problem is to decrease the tolerances used in ge-
ometry checks, but it seems that this approach still cannot guarantee that the algorithm can
always succeed in creating a new element when ill-shaped facets occur during the process
of mesh generation. It was suggested that this obstacle could be overcome by modifying
the mesh generation front, and a method was given [6]. However, one may experience that
an ill-shaped facet will recur at the location where the last ill-shaped facet is deleted by
the front modification since the adjacent facets of the last ill-shaped facet sometimes re-
sult in a new ill-shaped facet. It suggests that the removal of the adjacent facets of the
ill-shaped facet during the front modification becomes necessary to avoid the recurrence of an
ill-shaped facet at the same location. For this consideration, a local modification of the mesh
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generation front is suggested and implemented into the AFT as ALGORITHM 5, which makes
the meshing process more robust for cases in which ill-shaped facets emerge during mesh
generation.

Let Fk be an ill-shaped facet on the current mesh generation front, E(Fk) the set of elements
in a neighbourhood of Fk that are to be deleted, and Sub(�) a local region around Fk , where
� is a user-control parameter used to define the size and shape of Sub(�). Let �(F) be the
set of all facets on the current mesh generation front (before local modification), and G(Fk)

the set of all facets on the boundary of the region formed by the set of elements E(Fk). It
is easy to see that G(Fk) consists of G1(Fk), which is the set of facets in G(Fk) that also
belong to �(F), and G2(Fk), which is the set of facets in G(Fk) that do not belong to �(F).
Note that the element database should be updated after the local modification of the mesh
generation front by subtracting the set of elements E(Fk) from the element database, while the
node database may be updated only after completion of mesh generation. ALGORITHM 5 is
given below.

Algorithm 5

(1) Determine the local region Sub(�) for a given �.
(2) Identify all elements connected to Fk or located within the local region Sub(�). Add

these elements to the set E(Fk).
(3) Determine the set G(Fk) and its subsets G1(Fk) and G2(Fk).
(4) Make �(F) − G1(Fk) + G2(Fk) the modified mesh generation front.

3. MESH OPTIMIZATION

The algorithms described in the previous section are designed to eliminate major defects
during the mesh generation process for regions that have geometric discontinuities. Though
successful, the mesh generation process may not be sufficient to guarantee the best tetrahedral
mesh possible for the given domain. When triangulation of the whole domain is completed,
local mesh modification must be performed to improve element quality by removing any
remaining, poorly shaped tetrahedral elements. This section describes new effective techniques
for performing mesh relaxation, a major component of the mesh optimization process. For
completeness, other components of the process based on the current understanding in the
literature are also mentioned briefly.

3.1. Measurement of mesh quality

Various measures of mesh quality have been proposed in the literature to characterize the
shape of tetrahedral elements [27–29]. These studies clearly demonstrate that different mea-
sures of mesh quality have different distribution characteristics for a particular mesh [16].
In this work, the element quality measure proposed in Reference [29], which has values
ranging from zero (worst) to one (best), is adopted to assess the quality of tetrahedral
elements.

Consider a mesh of tetrahedral elements. Let ABCD be a generic element in the mesh, as
shown in Figure 5. Let s1, s2, s3, s4, s5 and s6 be the lengths of the six element edges,
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Figure 5. A tetrahedral element with its edge lengths, which are used in an element quality measure.

respectively. The measure for element quality is defined as

� = �
V

�1.5

where V is the volume of the element, � is a normalization factor so that an equilateral
tetrahedral element will have a maximum value of one (specifically, � = 72

√
3 is used in this

work), and � is given by

� = s2
1 + s2

2 + s2
3 + s2

4 + s2
5 + s2

6

3.2. Mesh relaxation

Prior to mesh optimization, a database for node–element connectivity is constructed. The number
of neighbouring elements for any node A in the mesh can be calculated from the database,
denoted as NODE(A), which is the total number of elements connected to A. The number of
neighbouring elements of any element edge K in the mesh is denoted as EDGE(K), which is
the total number of elements containing edge K .

For a mesh consisting of 4-noded tetrahedral elements, the mesh is called ‘highly uniform’
when EDGE(K) is equal to 5 for most interior edges. For a graded mesh there must be some
interior edges whose EDGE(K) is less or greater than five. However, if EDGE(K) is much
greater or much less than five for too many interior edges, severely distorted elements will
occur in the mesh. Thus, the goal of mesh relaxation is to rearrange the topological structure
of the mesh in order that EDGE(K) for all interior edges are as close to five as possible.
In the following sections some of the mesh improvement strategies are detailed.

Node sweep: Sweep through all interior nodes in the mesh. If NODE(A) = 4 for any node
A, then A will be deleted and the local topology of the mesh will be updated. This process is
shown schematically in Figure 6.

Edge sweep: Sweep through all interior edges in the mesh. For each edge K , the local
topological structure of the mesh will be modified according to the value of EDGE(K).
Modification will be performed only under the condition that every element in the modified
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A

Figure 6. Modification of a local mesh topology with the deletion of node A.

K 

Figure 7. Modification of a local mesh topology with the deletion of edge K .

local mesh will have better quality than the lowest quality element in the original mesh.
Otherwise, modification will not be made.

Two different methods can be used during edge sweep depending on the value of EDGE(K).

Edge deletion: If EDGE(K) = 3 for an interior edge K , then this edge will be deleted and
the three original elements containing this edge will be replaced by two new elements under the
condition that both new elements have better element quality than the lowest quality element
in the original mesh. This process is shown in Figure 7.

Edge swapping: If EDGE(K) = 4 for an interior edge K , then this edge will be replaced
when inequality conditions illustrated in Figure 8 are met. For instance, edge AF will be
replaced by edge CE (Figure 8(a)) if

NODE(B) + NODE(D) > NODE(C) + NODE(E)

and

NODE(A) + NODE(F ) > NODE(C) + NODE(E) + 4

Figure 8(b) shows that edge AF will be replaced by edge BD if

NODE(C) + NODE(E) > NODE(B) + NODE(D)
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Figure 8. Modification of a local mesh topology by edge swapping: (a) edge AF is replaced by edge
CE; and (b) edge AF is replaced by edge BD.

and

NODE(A) + NODE(F ) > NODE(B) + NODE(D) + 4

If neither of the conditions is satisfied, then edge AF will not be replaced.
As noted previously, modifications to the local topological structure of the mesh are performed

only if all new tetrahedral elements have better element quality than the lowest quality element
in the original mesh.

3.3. Mesh smoothing

Mesh smoothing increases element quality while it simultaneously smoothes the transition
between elements of various sizes by moving selected mesh vertices. There are two common
methods used in mesh smoothing: Laplacian smoothing [30–34] and Optimal smoothing [13].
In this work, a weighted Laplacian smoothing approach (e.g. see Reference [33]) is employed.
In this approach, smoothing is carried out by sweeping all interior nodes and by relocating
interior nodes only when nodal movements can improve the element quality of the mesh.

The following equation is used to determine the new location of an interior node A:

Xnew
A = XA +

∑m
i=1 �Ai (XAi − XA)

∑m
i=1 �Ai
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where XA and Xnew
A are the locations of node A before and after mesh-smoothing, respectively,

and �Ai are weighting functions between nodes i (located at XAi) and A, with m being the
total number of nodes connected to node A.

To avoid producing invalid elements with zero or negative volumes due to nodal movement,
element quality will be checked for elements containing the current node under investigation.
Nodal movement is performed only under the condition that (a) elements with negative volumes
are not created as a result of shifting the node and (b) element quality of the affected elements
satisfies the inequality

M∏

I=1
�∗(I )>

M∏

I=1
�(I )

where �(I ) and �∗(I ) are the values of the element quality measure for element I before and
after node shifting, respectively, and M is the total number of affected elements.

4. VALIDATION STUDIES

In this section, we present results from a series of validation studies performed using the mesh
generation algorithms developed in the previous sections. These algorithms are designed to
overcome difficulties in 3D mesh generation for structures having geometric discontinuities. As
such, the validation studies will assess the performance of the algorithms for structures both
without and with geometric flaws, while simultaneously evaluating the robustness of the mesh
generator developed in this work.

4.1. Meshing of 3D multi-connected regions without cracks

Figure 9 shows the 3D mesh for a hollow sphere generated automatically using a uniform
element size for the entire volume, where a total of 109 100 tetrahedral elements is used.
Specifically, Figure 9(a) presents a general view of the 3D mesh; Figure 9(b) shows the mesh
on the interior spherical surface as well as details of the 3D mesh through a cross section of
the hollow sphere; Figure 9(c) provides statistics for element quality distribution in the mesh.
In this example, the minimum element quality is � = 0.112, the maximum element quality is
� = 1.0, and the average element quality of the entire mesh is � = 0.817.

Figures 10 and 11 present a comparison of the mesh distribution that was obtained for a
plate with a cylindrical hole when using uniform and non-uniform element sizes, respectively.
In the case of uniform element size, the number of elements is 10 785, the minimum element
quality is � = 0.125, the maximum element quality is � = 0.997, and the average quality of the
entire mesh is � = 0.744. In the case of non-uniform element size, the number of elements is
40 296, the minimum element quality is � = 0.133, the maximum element quality is � = 0.999
and the average element quality of the entire mesh is � = 0.806.

The examples shown in Figures 9–11 demonstrate that the algorithms developed in this work
have the ability to deal with multi-connected 3D regions. In particular, the example shown in
Figure 9 involves a multi-connected domain having two boundary surfaces without any con-
nection between each other, which means the algorithms are capable of handling domains with
more than one initial fronts of mesh generation. As mesh generation proceeds, the two mesh
fronts will evolve into one front.
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Figure 9. 3D mesh of a hollow sphere, using a uniform mesh size: (a) an overall view of the mesh;
(b) a cross-sectional view of the mesh; and (c) mesh quality distribution.

The examples shown in Figures 10 and 11 are concerned with the meshing of a multi-
connected domain with a uniform mesh density (Figure 10) and a non-uniform mesh density
(Figure 11). The comparison of the resulting meshes given in these two examples shows that
the average mesh quality with a uniform mesh density distribution (Figure 10(b)) is lower than
that with a gradient mesh density distribution (Figure 11(b)). This is because there are much
more elements near the plate outer boundary in Figure 10(a) than in Figure 11(a), and these
boundary elements in Figure 10(a) do not have the best shapes.

4.2. Meshing of 3D regions with cracks

Figure 12 shows the mesh created for a 90◦-elbow pipe containing a through-thickness crack
(Figure 12(a)). Figure 12(b) is an overall view of the 3D mesh for the pipe and Figure 12(c)
gives a cross-sectional view of the mesh along the crack surface (the two dense bands of
small elements are along the two crack fronts). The element quality distribution of the mesh
is provided in Figure 12(d). In this example, the number of elements is 32 425, the minimum
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Figure 10. 3D mesh of a plate with a hole, using on a uniform mesh size: (a) an overall view of
the mesh; and (b) mesh quality distribution.

Figure 11. 3D mesh of a plate with a hole, using a non-uniform mesh size: (a) an overall view of
the mesh; and (b) mesh quality distribution.

element quality is � = 0.127, the maximum element quality is � = 0.998, and the average element
quality of the entire mesh is � = 0.780.

Figure 13 is an example of a cube containing a half-ellipse surface crack (Figure 13(a)).
Figure 13(b) provides an overall view of the 3D mesh, and Figure 13(c) shows a cross-
sectional view of the mesh along the crack surface (the dense curved band of small elements
is along the elliptical crack front). The element quality distribution is given in Figure 13(d).
In this example, the number of elements is 72 929, the minimum element quality is � = 0.195,
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Figure 12. 3D mesh of a 90◦-elbow pipe with a through-thickness crack: (a) pipe geometry and
crack location; (b) an overall view of the mesh; (c) a cross-sectional view along the crack surface;

and (d) mesh quality distribution.

the maximum element quality is � = 1.0, and the average element quality of the entire mesh
is � = 0.822.

Figure 14 is an example of a cube containing an elliptical embedded crack (Figure 14(a)).
Figure 14(b) gives an overall view of the 3D mesh, and Figure 14(c) shows a cross-sectional
view of the mesh along the crack surface (the dense closed band of small elements is along
the elliptical crack front). The element quality distribution is shown in Figure 14(d). In this
example, the number of elements is 86 267, the minimum element quality is � = 0.272, the
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Figure 13. 3D mesh of a cube with a semi-elliptical surface crack: (a) cube geometry and crack
location; (b) an overall view of the mesh; (c) a cross-sectional view along the crack surface;

and (d) mesh quality distribution.

maximum element quality is � = 0.999, and the average element quality of the entire mesh
is � = 0.816.

The examples shown in Figures 12–14 demonstrate that the algorithms developed in this
work are capable of handling a wide range of crack shapes contained in 3D structures.
In particular, Figure 12 is an example of automatic mesh generation for a 3D domain with
a through-thickness crack, in which two separated crack fronts are present and a high mesh
density is required around the crack fronts due to stress and strain singularities along the
crack fronts. Figures 13 and 14 are examples having one crack front in each. The difference
between them is that, the example shown in Figure 13 contains a surface crack having an open
crack front, whereas the example shown in Figure 14 contains an embedded crack having a
closed crack front. All these selected examples illustrate that the newly developed AFT algo-
rithms are reliable and robust for automatic mesh generation of 3D domains with geometric
discontinuities.
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Figure 14. 3D mesh of a cube with an embedded elliptical crack: (a) geometry and crack
location; (b) an overall view of the mesh; (c) a cross-sectional view along the crack surface;

and (d) mesh quality distribution.

5. CONCLUDING REMARKS

This paper presents effective methods for eliminating difficulties associated with automatic
meshing and re-meshing of 3D domains having general geometric shapes with and without
geometric discontinuities. Specifically, the robustness and reliability of the new algorithms for
tetrahedral mesh generation for general 3D structures with or without cracks are demonstrated
through a series of examples. A hierarchical approach to mesh generation is adopted in which
the lines, surfaces, and volumes of a 3D domain are meshed in succession.

Applications of the mesh generator demonstrate that it generates correct element connectivity
even in situations involving local geometric coincidence and/or penetration of crack surfaces.
For instance, when two nodes (one node on each of the two surfaces of a crack) share a
common location, or when a node on a crack surface must be selected from two coincident
crack surfaces, or when crack surface discretization leads to local crack surface penetration, the
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developed algorithms correctly choose the appropriate mesh generation process based on both
local geometrical analyses and crack features in the numerical model of the geometric domain.

The proposed mesh generator has been shown to be numerically reliable and robust, gener-
ating well-shaped elements in crack front regions and in far-field regions well removed from
the crack fronts. It can handle multiple cracks of general shapes with multiple crack fronts.
This is very important for numerical analyses involving singularities in stress and strain fields
caused by crack-like discontinuities.
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