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Abstract

The multiscale nature of cracking in ferroelectric ceramics is explored in relation to the crack growth enhancement

and retardation behavior when the direction of applied electric ®eld is reversed with reference to that of poling. An a

priori knowledge of the prevailing fracture behavior is invoked for the energy dissipated in exchange of the macro-

and micro-crack surface. To avoid the formalism of developing a two-scale level model, a single dominant crack is

considered where the e�ect of microcracking could be re¯ected by stable crack growth prior to macro-crack insta-

bility. This is accounted for via a length ratio parameter k. Micro- and macro-crack damage region would necessarily

overlap in the simpli®ed approach of applying equilibrium mechanics solutions to di�erent scale ranges that are

connected only on the average over space and time. The strain energy density theory is applied to determine the crack

growth segments for conditions of positive, negative and zero electric ®eld. The largest and smallest crack segments

were found to correspond, respectively, to the positive and negative ®eld. All of the three piezoceramics PZT-4, PZT-

5H and P-7 followed such a trend. This removes the present-day controversy arising from the use of the energy

release rate concept that yields results independent of the sign of the electric ®eld. Interaction of non-similar crack

growth with the direction of electric ®eld is also discussed in relation to Mode II cracking. The crack initiation angle

plays a dominant role when the growth segment is su�ciently small. Otherwise, a more complex situation prevails

where consideration should also be given to the growth segment length. Failure stresses of Modes I and II cracking

are also obtained and they are found to depend not only on the electric ®eld density but also on crack length and the

extent of slow crack growth damage. These ®ndings suggest a series of new experiments. Ó 2000 Elsevier Science

Ltd. All rights reserved.

1. Introduction

The demand for use speci®c materials in the
electronics industry has necessitated a more in-
depth understanding of how piezoelectric materi-
als are damaged, particularly when physical size is
scaled down to the dimensions of the material

microstructure. Of concern are the group of fer-
roelectric ceramics that are vulnerable to cracking
at the micro-, meso- and macro-scale levels. A
revival of interest in the fracture mechanics of
ferroelectric ceramics can be evidenced in [1±4] and
the host of references mentioned there in. The
exclusive use of the energy release rate concept in
these works have led to a diversi®cation of results
and conclusions that has became a focal point of
controversy.
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One of the main issues of discussion were con-
cerned with characterizing the failure of a single
dominant crack for poled (or unpoled) lead±zirc-
onate±titanate (PZT) ceramics. To this end, it is
worthwhile to ®rst clarify how a multiscale frac-
ture process could be analyzed using fracture me-
chanics that is not limited to the concept of energy
release rate. When energy is dissipated in exchange
of free surface and/or intergranular defect growth,
it is necessary not only to identify the directional
character of the process but also the scale level at
which the process is occurring. For a dominant
crack in metals that undergo elastoplastic defor-
mation, the creation of macrocrack surface along
the main crack (Mode I) path should be distin-
guished from the creation of microcrack surfaces
o� to the side of the main crack [5,6] where the
plastic enclaves are located. In this sense, elasto-
plastic fracture is also a multiscale process. A
portion of the total energy is ®rst dissipated to
distort and reorient the grains while the remaining
available energy can be used to drive the main
crack. The former and latter are released, respec-
tively, at the micro- (or meso-) and macroscale
level. As in the application of the strain energy
density criterion [7,8], the local plastic energy is
dissipated at time t ÿ dt and is no longer available
to drive the main crack at t � dt. Only the portion
of energy density at t � dt is available to create
macrocrack surface. In recent works, investigators
of experimental mesomechanics [9,10] have em-
phasized the importance to include the meso e�ects
of ``shear� rotation'' for the grains in polycrystals
subjected to mechanical loads. It was further
elaborated in [11] that the conventional dislocation
models could not possibly serve as the foundation
for developing continuum mechanics theories of
elastoplasticity unless the state of a�airs at the
meso-scale level are also included.

The energy dissipation mechanisms for ferro-
electric ceramics are di�erent from those of metal
alloys. Coupled electromechanical actions can
alter the crystal microstructure in di�erent ways.
One of the main sources of energy dissipation near
a crack tip is domain switching that gives rise to
nonlinearity in ferroelectric ceramics similar to
plasticity for metals. Such a local phenomenon
could occur even though the remote ®eld intensity

is less than the coercive value. Experiments [12]
have shown that the dominant crack model holds
well for ®eld intensity near the coercive value, i.e.,
E � 0:9±1:0Ec for PZT-5. When E is reduced to
0.80 to 0:83Ec, massive cracking at locations away
from the main crack tends to occur. The extend to
which microcracking cuts down the driving force
of the main crack remains to be assessed. Attempts
have been made to predict the onset of domain
switching by applying a criterion that is intimately
associated with the strain energy density function
[7,8], i.e., the change of the energy density function
[13,14]. The same approach was also applied in
[15,16] to investigate the e�ect of domain switching
in the vicinity of a crack tip.

Past experience for elastoplastic fracture me-
chanics tends to suggest that the energy release
rate concept could not be used directly to address
multiscale processes unless additional independent
assumptions are invoked. What remains unex-
plained up to this date is the experimental obser-
vation [17,18] that crack growth is enhanced for
positive E and retarded for negative E. The results
for E � 0 are used as a base for comparison. Here,
+E and ÿE correspond, respectively, to electric
®eld applied in the same and opposite direction of
poling. More speci®cally, the indentation tests in
[15,16] used a mechanical load of 500 g to produce
cracks in PZT-8 ceramics. A base reference crack
length of 32 lm was obtained for E � 0. The test
is then repeated to ®nd crack lengths of 54
and 22 lm for positive and negative E of
4:7� 105 V=m, respectively. Experiments for pre-
cracked PZT-4 compact tension specimens sub-
jected to mechanical and electric loading were also
made in [4]. The same conclusion was obtained.
That is the crack initiation load was found to be
greater for negative E and smaller for positive E.
The experimental data, however, did not agree
with the energy release rate predictions that gave
the same crack length regardless of whether E is
positive or negative [3,4].

The main objective of this work is to reexamine
some of the previously unexplained phenomena
of cracking in PZT ceramics by application of
the energy density criterion [7,8]. The examples
are limited to those situations where energy dissi-
pation by cracking is dominated by a single
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macrocrack such that the fracture toughness con-
cept [5] can be applied to characterize the resis-
tance of PZT ceramics against fracture. E�orts will
be made to quantify the crack growth enhance-
ment and retardation behavior of PZT ceramics
based on the crack solution obtained from the
linear theory of piezoelectricity. Since the energy
density criterion applies equally well to materials
with nonlinear behavior that are dissipative or
non-dissipative, there are no di�culties to extend
the present treatment to include nonlinear behav-
ior of ferroelectric ceramics.

2. Description of crack growth

The scale level at which the crack growth pro-
cess should be modelled depends on the rates at
which energy are being pumped into the system
and the mechanisms of energy dissipation. When
modelling crack growth, non-uniform crack
growth segment should be considered. Arbitrary
assumption of crack growth segments can lead to
non-unique solutions [19]. The path dependent
nature of crack growth cannot be ignored.

2.1. Thresholds

Uniaxial stress±strain curves for metal alloys in
tension are identi®ed with thresholds such as yield
strength, ultimate strength, ultimate strain, etc.
The stress±strain behavior for ferroelectric ce-
ramics is quite di�erent and data are usually ob-
tained in compression because it is di�cult to pull
ceramics which are susceptible to fracture at the
clamps. A typical curve for a soft PZT-51 ceramic
is shown in Fig. 1. The direction of poling and
compression correspond to the x3-axis along which
r33 is applied. Note that the curve is concaved
instead of convexed for metals and there is no sign
of yielding in the mechanical sense. Unloading
follows the dotted curve that did not return to the
origin, leaving a large remanent axial strain c33.

2.2. Initiation, growth and termination

Fracture is a process that necessarily involves
crack initiation, growth and rapid propagation.

These three stages are in fact one of the same
process and should be assessed accordingly in or-
der to avoid inconsistencies. The energy density
criterion [7,8] can satisfy the aforementioned re-
quirement and be stated in terms of three hy-
potheses:
· The location of fracture initiation is assumed to

coincide with the maximum of minimum of
�dW =dV � or �dW =dV �max

min .
· Failure by crack initiation and growth is as-

sumed to occur when �dW =dV �max
min reaches a

critical value �dW =dV �c being characteristics of
the material.

· Stable crack growth increments r1, r2, etc., are
assumed to be governed by

dW
dV

� �
c

� S1

r1

� S2

r2

� � � � � � � � Sj

rj
� � � � � Sc

rc

: �1�

Unstable fracture is assumed to take place when

dW
dV

� �
c

� Sc

rc

; �2�

where rc is the critical ligament ahead of a crack.

2.3. Fracture toughness

Eqs. (1) and (2) show that crack growth consists
of a sequence of nucleation processes involving the
burst of isolated energy pockets over the discrete
ligaments r1, r2, etc. For monotonically increasing

Fig. 1. Stress versus strain in compression for PZT ceramic.
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loads, each succeeding segment would increase in
size:

r1 < r2 < � � � < rj < � � � < rc: �3�

This is illustrated in Fig. 2. A corresponding in-
crease in the energy density intensity factors takes
place:

S1 < S2 < � � � < Sj < � � � < Sc: �4�

A terminal segment rc would eventually be reached
to trigger global instability. Such a threshold in
energy release quanti®ed by Sc has been referred to
in fracture mechanics as the ``fracture toughness''
that is characteristics of the material's resistance to
fracture at the macroscale level. The critical liga-
ment should be su�ciently large such that homoge-
neity could be invoked to smear out the discreteness
of the material microstructure while su�ciently
large amount of energy could also be packed in the
ligament to trigger global instability. Otherwise, the
very basic concept of fracture toughness [5] would
break down.

Recall that for a linear elastic homogeneous
material Sc can be related to the ASTM valid KIC

plane strain value as

Sc � �1� m��1ÿ 2m�K2
IC

2pE0

; �5�

where m is the Possion's value and E0 the Young's
modulus. For instance, an approximate value of
KIC � 0:79 MN/m3=2 for PZT-4 can be estimated
from the fracture data in [4].

For a linear transversely anisotropic but
homogeneous piezoceramic material subjected to
mechanical loads only, Eq. (5) takes the form

Sc � B11 K2
IC: �6�

The expression

B11 � A11 � 2A14

g33

b33

� A44

g2
33

b2
33

�7�

has been derived with A11, A14 and A44 being
given, respectively, by Eqs. (46), (48) and (50)
in [20] while g33 and b33 can be found in [20] as
Eqs. (33) and (34), respectively. The parameters
A11, A14; . . . ; g33 etc. in Eq. (7) are related to the
elastic constants C11, C12; . . . ; piezoelectric con-
stants e31, e33; . . . ; and dielectric permittivities e11

and e33. Their values for several PZT ceramics are
given in [20]. Presumably, fracture tests could be
carried out to obtain Sc for the dominant crack
model.

2.4. Microcracking

When microcracking becomes appreciable, the
foregoing approach requires modi®cation in a
manner similar to elastoplastic fracture mechanics
[21,22]. It becomes necessary to determine the
energy density �dW =dV �micro

dissipated at the
microscale and energy density �dW =dV �macro

available at the macroscale. That is dW =dV could
be decomposed into two parts:

dW
dV
� dW

dV

� �micro

� dW
dV

� �macro

: �8�

The computational details are outlined in [21,22]
for crack growth in an elastic±plastic material.
The ®rst term in Eq. (8) was attributed to plastic
deformation and the second term is identi®ed
with the available energy that could do further
damage. The inference made here in Eq. (8) is of
a more general character as in [11] where an ad-
ditional term �dW =dV �meso

could be added. What
should be emphasized is that �dW =dV �micro

and
�dW =dV �macro

are consumed at di�erent location
and time. In general, if the decomposition of
�dW =dV �micro

and �dW =dV �macro
in Eq. (8) is suf-

®ciently accurate to represent the total energy
density dW =dV , then the addition of �dW =dV �meso

would serve only as minor re®nement.

Fig. 2. Increasing crack growth segments leading to instability.
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2.5. Crack arrest

In situations where the loads transmitted to the
crack tip decrease monotonically, then the in-
equalities in Eqs. (3) and (4) are reversed as

r1 > r2 > � � � > rj > � � � > ra �9�
and

S1 > S2 > � � � > Sj > � � � > Sa: �10�
This would result in crack arrest as in the inden-
tation tests [17,18]. In general, the load may ¯uc-
tuate and the description of crack growth will
correspond to a combination of Eqs. (3) and (9) as
dictated by the load spectrum.

3. Mode I cracking

Consider a line crack of length 2a centered at
the origin along the x1-axis while the material is
poled in the x3 direction normal to the crack. Both
the normal stress r and electric ®eld E are uniform;
they are oriented normal to the crack as shown in
Fig. 3. For in-plane extension and symmetric crack
growth KII � 0, the expression for the energy
density factor S in [20] reduces to

S � B11K2
I � 2B14KIKE � B44K2

E: �11�

Substituting

KI � r
������
pa
p

and KE � E
������
pa
p �12�

into Eq. (11) yields

S � r2pa B11

"
� 2B14

E
r
� B44

E
r

� �2
#
: �13�

Again, the values of B11, B14 and B44 can be com-
puted from the expressions given in [20].

3.1. Direction of crack growth

The ®rst step in applying the energy density
criterion is to determine the angle h0 of crack ini-
tiation. Positive direction of h in Fig. 3 is coun-
terclockwise. For a ®xed distance r from the crack

tip, the minimum of dW =dV is equivalent to
minimum of S which can be found from the con-
ditions:

oS
oh
� r2pa

oB11

oh

"
� 2

oB14

oh
E
r
� oB44

oh
E
r

� �2
#
� 0

�14�
and

o2S

oh2
� r2pa

o2B11

oh2

"
� 2

o2B14

oh2

E
r
� o2B44

oh2

E
r

� �2
#

> 0: �15�
Denoting p � E=r, it can be shown from Eq. (14)
that h0 � 0 is the root of Eq. (14) for any value of
p. Substituting h0 � 0 into Eq. (15), a curve plot-
ting o2S=oh2 versus p � E=r is obtained as illus-
trated in Fig. 4. It can be shown that the maximum
of minimum dW =dV or S always occur at h0 � 0 if
the ratio p � E=r is kept within the inequality:

p1 <
E
r
< p2: �16�

The parameters p1 and p2 depend only on the
material properties of the piezoceramics. Using the
elastic constants, piezoelectric constants and

Fig. 3. Mode I electric and mechanical loading.
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dielectric permittivities of PZT-4, it is found that
p1 � ÿ0:023 m2=C and p2 � 0:117 m2=C. Similar
values of pj �j � 1; 2� for PZT-5H and P-7 can also
be obtained from the respective physical properties
given in [20].

Displayed in Fig. 5 are the angular variations of
the normalized strain energy density factor for
di�erent values of the ®eld intensity to normal
stress ratio p. Excluding the extreme values at the
crack boundaries, all curves possess a minimum at

h0 � 0. This indicates that crack would initiate
along the axis of load symmetry under Mode I.

3.2. Failure stress: normal extension

Let rf represent the critical stress that sets o�
cracking when an electric ®eld E is applied while
KIC � rc

������
pa
p

corresponds to the onset of rapid
fracture with no electric ®eld applied. Since

dW
dV

� �
c

� S
r
! Sc

rc

�17�

in general, Eqs. (6) and (13) may be substituted
into Eq. (17) for r � rf , the following quadratic
relation

r2
f � 2

B14

B11

rfE � B44

B11

E2 � k
K2

IC

pa
�18�

is obtained. This gives a relation between rf and E:

rf � ÿB14

B11

E �
������������������������������������������������
k

K2
IC

pa
� B2

14

B2
11

ÿ B44

B11

� �
E2

s
: �19�

A necessary condition is that k � �r=rc�6 1 with rc

being the terminal ligament that triggers o�global
instability. Failure is understood to include stable
cracking in this work.

Once the fracture toughness value KIC is mea-
sured for a given piezoceramic material, the me-
chanical failure stress rf can be predicted for a
given half crack length a and electric ®eld intensity
E. Numerical calculations have been made for the
case of a line crack in a large body under plane
strain condition, Fig. 3. Calculations have been
made for the PZT-4 material with KIC �
0:79 MN=m3=2. They are displayed graphically in
Figs. 6(a), (b) and (c) for k � 0:01, 0.1 and 1.0,
respectively. For each k, a family of rf vs. E curves
is obtained to show how crack length a�ects failure
stress. For values of E that are about one order
of magnitude lower than the coercive value
(�105 V=m), the variations of rf with E are nearly
linear. Fig. 6(a) shows that rf decreases with in-
creasing half crack length from 0.5 to 9.0 mm for
k � 0:01. Failure by cracking is con®ned to the
crack tip region. The local region of failure in-
creases dramatically when the failure stress is ap-
proximately tripled. Such an e�ect is shown by the

Fig. 5. Normalized energy density factor versus polar angle for

Mode I.

Fig. 4. Range of electric ®eld to normal stress for minimum

energy density factor.
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results in Fig. 6(b). Global instability corre-
sponding to k � 1 or r � rc can be reached when
the intensity of the electric ®eld is increased to that
of the coercive value (�105 V=m). The corre-
sponding rf vs. E curves are plotted in Fig. 6(c).
The slopes drf=dE for the curves in Figs. 6(a), (b)
and (c) are displayed, respectively, in Figs. 7(a), (b)
and (c) to illustrate the strong in¯uence of crack

length on failure stress. Results based on the en-
ergy release rate criterion [3,4] were not able to
exhibit the e�ect of crack length on the variations
of rf with E. Alternatively, Eq. (19) can be rear-
ranged into the form

rf � KIC������
pa
p

�������������������������������������������������������������
k

1� 2�B14=B11�p � �B44=B11�p2

s
�20�

to re¯ect the variations of rf with p � E=r, i.e., the
relative magnitude of electric ®eld to normal stress.
For the same values of k � 0:01, 0.1 and 1.0,
Figs. 8(a), (b) and (c) give the numerical results.
The curves are no longer straight lines for di�erent
crack sizes. Deviations from linearity tend to imply
that the e�ects of geometry for mechanical stress
and electric ®eld are not the same.

3.3. Crack growth enhancement and retardation

As mentioned earlier with reference to the
works in [4,17,18] that crack growth enhancement
and retardation behavior could not be assessed
using the energy release rate approach. The strain
energy density criterion [20,23±25] has been used
in recent times to explain the fracture behavior of
piezoceramics. Variations of the energy density
factor S with the electric ®eld intensity E [20,25]
were found to behave di�erently from those
obtained by the total energy release rate G. It
increases and decreases as E is increased mono-
tonically from the negative to the positive range
with a peak near E � 0. This implies that crack
tends to arrest as E is decreased in the negative
direction and increased in the positive direction.
Such a conclusion cannot be correct on physical
grounds. In contrast to G, S was found to increase
monotonically with E. Making use of Eq. (13), the
normalized energy density factor S=r2pa can be
computed for di�erent piezoceramics as a function
of E=r. The values of B11, B14 and B44 for PZT-4,
PZT-5H and P-7 in Eq. (13) for Mode I crack
growth are given in Table 1. They are used to
obtain the normalized energy density factor
�S=r2pa� � 10ÿ12 for di�erent E=r. Table 2 gives
the numerical values that are shown graphically in
Fig. 9. All the curves increase monotonically with
E=r. Moreover, it can be seen from Eq. (13) that

Fig. 6. Mode I failure stress versus electric ®eld for: (a) k � 0:01,

(b) k � 0:1 and (c) k � 1:0.
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the term 2B14�E=r� would a�ect the magnitude of
S depending on whether E is positive, negative or
zero. According to the third hypothesis of the
stress energy density theory stated by Eq. (1), this
would a�ect the crack growth behavior as the sign
of the electric ®eld intensity is altered with refer-
ence to poling.

More speci®cally, let the superscripts ÿ, 0, �
denote, respectively, the situations for nega-
tive, zero and positive E. The corresponding
crack growth segments are denoted by rÿ1 ;
rÿ2 ; . . . ;r0

1; r
0
2; . . . ; and r�1 ; r

�
2 ; . . . ; while the strain

energy density factors are given by Sÿ1 ; S
ÿ
2 ; . . . ;

S0
1 ; S

0
2 ; . . . ; and S�1 ; S

�
2 ; . . . Application of Eq. (1)

yields

dW
dV

� �
c

� Sÿ1
rÿ1
� Sÿ2

rÿ2
� � � � � S0

1

r0
1

� S0
2

r0
2

� � � �

� S�1
r�1
� S�2

r�2
� � � � � const: �21�

It follows that for the jth segment of crack growth
there prevails the relationship

Sÿj
rÿj
� S0

j

r0
j
� S�j

r�j
; j � 1; 2; . . . �22�

or

Sÿj
S0

j
� rÿj

r0
j

and
S�j
S0

j
� r�j

r0
j
; j � 1; 2; . . . �23�

Fig. 7. Mode I slope of failure stress versus electric ®eld for: (a) k � 0:01, (b) k � 0:1 and (c) k � 1:0.
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For E � 0, �0.005, �0.01 and �0.015 Vm/N, the
results in Table 2 show that

Sÿj < S0
j and S�j > S0

j : �24�
Eqs. (23) and (24) can be further applied to show
that

rÿj < r0
j and r�j > r0

j : �25�

Table 3 summarizes the normalized crack growth
results for the jth segment r�j where r0

j corresponds
to E � 0.

The results of Eqs. (25) are summarized sche-
matically in Figs. 10(a)±(c). Using the crack
growth segment r0

j as a base line of comparison,
crack growth is enhanced �r�j > r0

j � when E is in
the direction of poling and is retarded �rÿj < r0

j �
when E is opposite to the direction of poling.
Results for the three piezoceramics in Table 3 are
plotted in Fig. 11. Note that all curves are above
and below the line rj=r0

j � 1 for positive and neg-
ative E, respectively. These results agree with the

Fig. 8. Mode I failure stress versus electric ®eld to normal stress ratio for: (a) k � 0:01, (b) k � 0:1 and (c) k � 1:0.

Table 1

Values of Bij �i; j � 1; 4� for PZT-4, PZT-5H and P-7 under

Mode I crack growth with h0 � 0°

Material Bij � 10ÿ12 �i; j � 1; 4�
B11 B14 B44

PZT-4 4.837 57.54 2512.0

PZT-5H 4.050 67.92 5123.0

P-7 4.962 87.91 3979.0
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experimental observations in [4,17,18]. It is a ®rst-
order e�ect obtained from the solution of linear
piezoelasticity although consideration of nonlinear
e�ects may lead to further re®nements. The energy
release rate approach appears to be limited to the
KIC type of failure where the energy has to be re-
leased instantly. Stable and unstable cracking
could not be accounted for the same process in
tandem.

4. Mode II cracking

Suppose that the normal stress r in Fig. 3 is re-
moved with other conditions being the same. The
only di�erence is that an in-plane shear s is now
applied, as illustrated in Fig. 12. This gives rise to

KI � 0; KII � s
������
pa
p

and KE � E
������
pa
p

: �26�
Note that KE remains unchanged in Eq. (12).

The general expression of S for mixed mode crack
extension in [20] simplies to

S � B22K2
II � 2B24KIIKE � B44K2

E �27�
Eqs. (26) may be inserted into Eq. (27) to render

S � s2pa B22

"
� 2B24

E
s
� B44

E
s

� �2
#
: �28�

4.1. Non-similar crack growth

Following a procedure similar to that for Mode I,
the crack initiation angle h0 can be obtained by
solving

oS
oh
� s2pa

oB22

oh

"
� 2

oB24

oh
E
s
� oB44

oh
E
s

� �2
#
� 0

�29�

Table 2

Results of normalized energy density factor �S=r2pa� � 10ÿ12 as a function of E=r for di�erent piezoelectric ceramics under Mode I

crack extension

Material �E=r� � 10ÿ3 �Vm=N�
ÿ15 ÿ10 ÿ5 0 5 10 15 20

PZT-4 3.676 3.937 4.324 4.837 5.475 6.239 7.128 8.143

PZT-5H 3.165 3.204 3.499 4.050 4.858 5.921 7.241 8.817

P-7 3.370 3.702 4.232 4.962 5.890 7.018 8.345 9.870

Fig. 9. Normalized energy density factor versus electric ®eld to

normal stress ratio for PZT ceramics.

Table 3

Mode I normalized jth crack growth segments r�j =r0
j for positive and negative electric ®eld and di�erent piezoelectric ceramics

Material �E=r� � 10ÿ3 �Vm=N�
ÿ15 ÿ10 ÿ5 0 5 10 15

PZT-4 0.760 0.814 0.894 1 1.132 1.290 1.474

PZT-5H 0.782 0.791 0.864 1 1.199 1.462 1.788

P-7 0.679 0.746 0.853 1 1.187 1.414 1.682
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and

o2S

oh2
� s2pa

o2B22

oh2

"
� 2

o2B24

oh2

E
s
� o2B44

oh2

E
s

� �2
#
> 0:

�30�

The angles h0 that make S minimum for di�erent
ratios of q � E=s are found numerically and they
are plotted graphically in Fig. 13 for PZT-4,

PZT-5H and P-7 piezoceramics. For E � 0, the
fracture initiation angle is h0 � ÿ78:297°. When E
is increased in the positive direction, ÿh0 tends to
decrease to a minimum and then increase again.
For negative E, ÿh0 increase rapidly at ®rst and
then remains nearly constant. The trend is similar
for the three piezoceramics chosen in this study.

Determination of Bij �i; j � 2; 4� in Eq. (28) that
correspond to minimum S is more involved for
Mode II cracking because there prevails a di�erent
set of Bij for each h0 as E=s is altered. Values of
E=s are ®rst assigned to Eqs. (29) and (30) which
can be solved for h0 since Bij �i; j � 2; 4� are
functions of h. Once h0 is known, those
Bij �i; j � 2; 4� associated with maximum of mini-
mum S can thus be found. As an example, Table 4
gives the Bij �i; j � 2; 4� values for h0 � ÿ50°. A
set of Bij �i; j � 2; 4� is determined for each of the
three piezoceramics as given in Table 4. Note that
the values of B44 in Table 4 are not the same as
those in Table 1 even though the same notation
has been used. The functions Bij are understood to
depend on the direction of crack initiation.

Because h0 is non-zero even for the ®rst segment
of crack growth, a bent crack con®guration would
result giving rise to a mixed mode crack extension
situation such that S would involved both KI and
KII [20]:

Fig. 10. Schematics of crack growth enhancement and retar-

dation behavior: (a) positive ®eld, (b) no ®eld and (c) negative

®eld.

Fig. 12. Schematic of Mode II electric and mechanical loading.

Fig. 11. Normalized crack growth segment versus electric ®eld

to normal stress ratio for PZT ceramics.
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S � B11K2
I � B22K2

II � B44K2
E � 2B12KIKII

� 2B14KIKE � 2B24KIIKE: �31�

Eq. (1) remains valid for non-self similar crack
growth, which would no longer occur along a
straight line. Crack initiation angles h1; h2; . . . ;
need to be determined for each segments r1; r2; . . . ;
and they are evaluated by the repeat application of
the energy density theory for locating S minimum.
This procedure has been used not only for solving

two-dimensional mixed mode crack problems but
also for three-dimensional crack problems of
elasticity [26,27] and elastoplasticity [6].

4.2. Failure stress: in-plane shear

To determine the in-plane shear stress sf that
would fail the ®rst segment r1, it is necessary
to consider the extend of stable growth leading
to global instability, i.e., r! rc as shown in
Eq. (17). The condition of global instability can be
de®ned by

Sc � B22K2
IIC; �32�

where B22 is evaluated in the direction of crack
initiation h0 � ÿ78:297° for pure Mode II me-
chanical load s. Since Sc is assumed to be charac-
teristics of the material, Eq. (32) may be equated to
Eq. (6):

Fig. 13. Mode II failure stress versus electric ®eld for: (a) positive ®eld, (b) no ®eld and (c) negative ®eld.

Table 4

Values of Bij �i; j � 2; 4� for PZT-4, PZT-5H and P-7 under

crack growth with h0 � ÿ50°

Material Bij � 10ÿ12 �i; j � 2; 4�
B22 B24 B44

PZT-4 3.606 8.449 2326.0

PZT-5H 3.578 9.393 4934.0

P-7 4.055 11.250 3867.0
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KIIC �
�����������������������������

B11�0°�
B22�ÿ78:297°�

s
KIC: �33�

Hence, there is no need to perform separate ex-
periments for ®nding KIIC after Eq. (33) has been
validated. The expression for B11 is given by Eq. (7)
while B22 � A22 corresponds to Eq. (47) in [20].
Both Eqs. (32) and (28) may now be substituted
into Eq. (17) to give

s2
f � 2

B24

B22

sfE � B44

B22

E2 � k
B11�0°�K2

IC

B22pa
�34�

which can be solved for sf

sf � B24

B22

E

�
���������������������������������������������������������������
k

B11�0°�K2
IC

B22pa
� B2

24

B2
22

ÿ B44

B22

� �
E2

s
: �35�

Recall that k � r=rc and is required to be less than
unity.

Plotted in Figs. 13(a), (b) and (c) are values of sf

in Eq. (35) as a function of E for k � 0:01, 0.10
and 1.0, respectively, and half crack length that
varies from a � 1 to 9 mm. The trend of the
curves are similar to those in Figs. 6(a)±(c) for
Mode I crack extension. Deviations of curves in
Figs. 13(a)±(c) from straight lines become more
pronounced as the crack length is increased. In
order to trigger global instability with little or no
stable crack growth, Fig. 13(c) for k � 1 shows
that sf has to increase approximately one order of
magnitude.

As in the case of Mode I cracking, Eq. (35) may
be rearranged or sf may be solved directly from
Eq. (34) to give

sf �
�����������������������������
B22�ÿ78:297°�

p KIIC������
pa
p

����������������������������������������
k

B22 � 2B24q� B44q2

s
:

�36�

A family of curves showing the variations of sf

with q can be obtained for k � 0:01, 0.10 and 1.0.
They are shown in Figs. 14(a)±(c) and tend to
deviate from straight lines more signi®cantly than

those in Figs. 13(a)±(c) when sf is varied against E
alone.

4.3. Direction reversal of electric ®eld

Eq. (28) suggests that a similar phenomenon of
crack growth enhancement and retardation would
prevail in Mode II when the electric ®eld direction
is reversed. It also appears that the deviation of
crack path from the x1-axis for �E and ÿE would
be smaller and greater than that for E � 0. More
precisely, the crack initiation angles are anticipat-
ed to satisfy the following conditions:

h�0
�� �� < h0

0

�� �� < hÿ0
�� ��: �37�

This implies that the crack would curve less for
positive E and curve more negative E when com-
pared with h0 for E � 0. This is shown schemati-
cally in Fig. 15. A less bent crack should extend
longer than a more bent one. Even though no
experimental observations have been reported for
Mode II cracking in the open literature, the be-
havior in Fig. 15 appears to be intuitively plausible
and supported by the analytical results obtained
from the energy density theory provided that e�ect
is angle controlled for the situation where the ®rst
crack growth segment is su�ciently small. As the
crack initiation angle rotates, the crack growth
segment size would increase and the starting angle
becomes less in¯uential. A more rigorous analysis
would be required before making any conclusions.

Refer to Eq. (1) and apply it to the ®rst segment
of crack growth r1 under Mode II

dW
dV

� �
c

� Sÿ1
rÿ1
� S0

1

r0
1

� S�1
r�1
� � � � �38�

The superscript notation has the same meaning as
before. Eq. (38) would lead to the same results as
those in Eqs. (23)±(25) for Mode I with j � 1 ex-
cept that Sÿ1 and S�1 must now be understood to
depend on di�erent crack initiation angles. Since
the crack growth enhancement and retardation
behavior may not be entirely controlled by the
initiation angle, the following possible conditions
should be considered
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� Condition I : If jh�0 j < jh0
0j; then r�1 > r0

1

for positive q:

� Condition II : If jhÿ0 j > jh0
0j; then rÿ1 < r0

1

for negative q:

� Condition III : If jh�0 j > jh0
0j; r�1 > r0

1

may still hold for positive q:

� Condition IV : If jhÿ0 j < jh0
0j; rÿ1 < r0

1

may still hold for negative q:

�39�

Fig. 16. Mode II normalized energy density factor versus

electric ®eld to shear stress ratio for PZT ceramics.

Fig. 14. Mode II failure stress versus electric ®eld to shear stress ratio for: (a) positive ®eld, (b) no ®eld and (c) negative ®eld.

Fig. 15. Mode II crack growth initiation behavior due to

electric ®eld reversal.
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Because the crack initiation direction changes with
E=s, there might be situation where jh�0 j is greater
than jh0

0j and r�1 may still be greater than r0
1

(Condition III). The situation jhÿ0 j < jh0
0j and

rÿ1 < r0
1 (Condition III) is also a possibility. Shown

in Fig. 16 are variations of the normalized energy
density function �S=s2pa� � 10ÿ3 with E=s. Keep
in mind that a di�erent S being dependent on h0

would have to be determined for each di�erent
value of E=s. The conditions in Eq. (24) for j � 1
are thus satis®ed for PZT-4, PZT-5H and P-7.
Numerical values of the curves in Fig. 16 can be
found in Table 5.

Based on the results in Fig. 16, the normalized
Mode II growth increment r�1 =r0

1 can be calculated
and plotted in Fig. 17 as a function of E=s. As in
Mode I, all curves intersect at q � 0 and r�1 � r0

1.
The numerical data in Table 6 exhibit the crack
growth enhancement and retardation behavior.
Except for PZT-5H and P-7, when negative E=s
values equal to ÿ0:015, r�1 becomes larger than r0

1.
Further clari®ed in Fig. 18 are the conditions
posed in Eq. (39). Region I refers to the crack
angle controlled zone where the crack segment r�1
is su�ciently small; it includes both �E and ÿE.
Region II exists only for �E and the growth seg-
ment r�1 must be su�ciently large.

Table 7 shows the values of E=s and h0 at which
Condition I switches to Condition III. The tran-
sition point marked as T in Fig. 18 shows for each

of the three materials. However, they occur for
such large values of E=s that are three orders of
magnitude large than those plotted in Fig. 17 and
are outside the range of practical interest. It can
thus be concluded for Mode II crack initiation that
longer and shorter crack growth would correspond
to �E and ÿE even when the crack would bend.

5. Mixed mode I and II cracking

Mixed mode cracking has been commonly ob-
served in practice. Suppose that the direction of
the applied normal stress r in Fig. 3 deviates from
the x3-axis and makes angle with the x1-axis as

Table 5

Results of normalized energy density factor �S=s2pa� � 10ÿ12 as a function of E=s for di�erent piezoelectric ceramics under Mode II

crack extension

Material �E=s� � 10ÿ3 (Vm/N)

ÿ15 ÿ10 ÿ5 0 5 10 15 20

PZT-4 2.675 2.620 2.669 2.821 3.076 3.435 3.898 4.466

PZT- 3.138 2.815 2.720 2.851 3.209 3.794 4.606 5.648

P-7 3.030 2.844 2.837 3.011 3.365 3.898 4.611 5.504

Table 6

Normalized ®rst crack growth segments r�1 =r0
1 for Mode II and di�erent piezoelectric ceramics

Material �E=s� � 10ÿ3 (Vm/N)

ÿ15 ÿ10 ÿ5 0 5 10 15

PZT-4 0.948 0.929 0.946 1 1.090 1.218 1.382

PZT-5H 1.101 0.987 0.954 1 1.126 1.331 1.616

P-7 1.006 0.944 0.942 1 1.117 1.295 1.531

Fig. 17. Mode II normalized crack growth segment versus

electric ®eld to shear stress ratio PZT ceramics.
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shown in Fig. 17. In addition to KE, both KI and
KII would be present. Each term of S in Eq. (31)
would then a�ect the direction of crack initiation
and the failure stress. Applying the same proce-
dure that was used for analyzing Mode I and II
cracking, the conditions for determining S mini-
mum, i.e., oS=oh � 0 and o2S=oh2 > 0 can be ap-
plied to obtain the angles of crack initiation h0.
Without going into details, the results for PZT-4
are plotted in Fig. 18 for di�erent values of
m � E=r. The mid-point of Fig. 18 at h0 � 0° and
b � 0° refers to Mode I crack extension where all
curves intersects. The curves with negative and
positive m correspond, respectively, to positive and
negative crack initiation angles. Comparing with
the curve for m � 0, the crack initiation directions
are altered more and more several as m is increased
(see Figs. 19 and 20).

Failure stress for mixed mode crack initiation
can be derived to show that crack growth en-
hancement and retardation behavior also prevails
by reversing the direction of the applied electric
®eld. A detailed discussion would be beyond the
objectives of this work.

6. Concluding remarks

Interaction of the electric and mechanical e�ects
for ferroelectric ceramics has been a topic of con-
tinuing interest since there still remains many un-
resolved problems and unexplained physical
phenomena. Attempts to develop a theory to de-
scribe the fracture mechanics of piezoceramics are
confronted with the di�culties of quantifying en-
ergy dissipated by changes in the crystal structures
(domain switching), alteration in the microstruc-
ture (intergranular separation, grain distortion
and rotation, etc.) and creation of micro- and

Fig. 19. Schematic of mixed mode electric and mechanical

loading.

Fig. 20. Mixed mode crack initiation angle versus crack posi-

tion angle.

Fig. 18. Schematic of crack growth enhancement and retarda-

tion behavior for Mode II.

Table 7

Values of E=s and h0 at which Condition I switches to Condi-

tion III in Eq. (39)

Material E=s (Vm/N) h0 (deg)

PZT-4 0.386 ÿ78:30

PZT-5H 0.506 ÿ77:49

P-7 5.808 ÿ79:96
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macro-surfaces (crack initiation and growth).
These events suggest a high degree of inhomoge-
neity re¯ected by ¯uctuations of the energy density
at di�erent space scales. As it was suggested in [11]
that the multiscale material problem could be
represented by the spectral density of the stress or
more general strain distribution. The di�erent
scale levels may be viewed as agglomerations of
wave lengths in Fourier representation of the
stress, strain or energy density function. Gaps or
overlaps in the model representation are un-
avoidable as the construction of di�erent scale
ranges depends on a priori assumptions motivated
by experimental observations [28] or inspired by
the analysts [11]:

dW
dV
� dW

dV

� �nano

� dW
dV

� �micro

� dW
dV

� �meso

� dW
dV

� �macro

: �40�

In elastoplastic fracture problems, a two-level
model involving �dW =dV �micro

and �dW =dV �macro

as shown by Eq. (8) has been used [6,21,22]. A
three-level model might be preferred to include
�dW =dV �meso

where the e�ects of so referred to
``shear� rotation'' [28] could be included. The
weakness of such an approach lies in an a priori
knowledge of the gap size between the scale
ranges. The major advantage is that equilibrium
mechanics could be applied within each scale
range. The connection between each scale range
could be made on the average in time and space
without considering the details of how the energy
is transferred across surfaces and interphases.
Strictly speaking, a multiscale process is highly
inhomogeneous and non-equilibrium in character.
That is the states traversed by a system cannot be
described in terms of physical parameters repre-
senting the system as a whole. Ideally speaking, no
gaps should prevail between each successive scale
range such that the connection would be smooth.
This requires a precise consideration of the ex-
change of surface and volume energy via the rate
change of volume with surface dV =dA [29], a
quantity that is assumed to vanish in the limit for
equilibrium theories. Keep in mind that boundary
conditions for equilibrium theories are preassumed

and not determined [30] as required in a truly non-
equilibrium theory.

While recognizing that failure by cracking is a
multiscale process, a ®rst-order solution for the
crack growth enhancement and retardation be-
havior can be obtained by using only a single level
�dV =dA�macro

model with the stipulation that the
energy dissipation is not a spontaneous process; it
must necessarily consist a stable stage prior to the
onset of global instability. The energy release rate
approach contains no length parameter to distin-
guish slow cracking from rapid fracture. It ac-
commodates only instant release of all energy.
This is the main reason why it has been tradi-
tionally limited to ``brittle fracture'' �a la Gi�th.
Those attempts made to use energy release rate for
describing fracture preceded by slow growth have
not been successful. They include the fracture of
elastoplastic and piezoelectric materials.

Encouraged by the results in this work, it would
appear that the strain energy density function

dW
dV
�
Z cij

0

rij dcij �
Z Di

0

Ei dDi �41�

could be further used with the criterion for failure
[7,8] to resolve additional problems:
· A two-scale level model may be developed to an-

alyze the e�ect of microcracking on a dominant
macrocrack when the intensity of the applied
electric ®eld is not so close to the coercive ®eld
Ec, say for E in the range of 0.6±0.8Ec.

· An energy rate driven criterion for domain
switching appears to be more plausible than
those based on electric ®eld driven, stress driven
or the combination. This is reminiscence of mi-
crostructure changes in phase transformation
of metals [31] where accurate predictions have
been made by the strain energy density theory.
Similarly, domain switching involves changes
of the crystal structure.

· Near the crack tip, energy dissipations other
than domain- switching could prevail, particu-
larly for high intensity electric ®eld. The inter-
active e�ects of domain switching and
microcracking have not received attention.

· Analytical and experimental results for mixed
mode cracking could provide information to
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control failure by selecting the appropriate di-
rectional and fracture resistance properties of
the peizoceramics.
Little would be gained to associate damage or

microstructure change thresholds with load related
parameters such as applied stress or strain for they
would not serve a useful purpose in application.
The challenge is to ®nd a threshold parameter that
could linearize the nonlinear data such that com-
ponent size and loading rate e�ects could be re-
solved by extrapolation to minimize the number of
tests. The ultimate objective would be to relate
small specimen data to those for large specimens
and high loading rate data to those for lower
loading rates. Such objectives have been achieved
in [6,21,22] for the elastoplastic fracture of metal
alloy specimens. Scaling of failure behavior for
piezoceramics could alleviate the cumbersome task
of testing miniature size specimens that are di�cult
to handle.
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