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ABSTRACT 
An important task in mixed-mode fracture analysis and 

prediction is the simulation of crack growth under mixed-mode 
conditions. To complete such a task, one must have (a) a 
computer code capable of handling the kinematics of general 
crack growth and determining the stress and deformation states 
during crack growth, and (b) a fracture criterion that can 
properly predict the onset and direction of crack growth. A 
current challenge is the simulation of mixed-mode crack 
growth under three-dimensional (3D) conditions, such as the 
growth of surface cracks, corner cracks, embedded cracks, and 
cracks with a curved crack surface and/or a curved crack front. 
 

This paper focuses on item (a) in the above discussion and 
describes the computational aspects of a simulation procedure, 
which can be used together with a given fracture criterion to 
simulate crack growth. For illustration purposes, a CTOD 
fracture criterion (e.g. [11]) will be used when needed. The 
associated algorithms for simulating arbitrary 3D crack growth 
under general loading conditions have been developed and 
successfully implemented by the authors in a custom, finite 
element based, crack growth analysis and simulation code—
CRACK3D. In particular, this paper will present strategies for 
automatic re-meshing of regions around growing crack fronts in 
a 3D body, and will discuss verification examples. 
 
KEYWORDS: mixed mode, ductile fracture, three-
dimensional crack growth simulation 

 
INTRODUCTION 

Structural integrity analyses of load-bearing components 
containing crack-like flaws often require accurate predictions of 

crack growth and they often must be carried out using finite 
element based computer simulation software in order to 
quantify the response and condition of the structural 
components during crack growth [1-4]. 

 
A current challenge in structural integrity analysis is the 

prediction of three-dimensional (3D) crack growth under 
mixed-mode and elastic-plastic conditions. There are several 
key issues that must be resolved. Firstly, three-dimensional 
fracture criteria are required in order to determine the onset and 
the direction of crack growth. Secondly, computer simulation 
codes capable of handling 3D crack geometries and 3D crack 
growth situations are needed. Both issues are important subjects 
of current research [5-8]. 

 
In this paper, the authors address the computational 

aspects of a crack growth simulation procedure and associated 
algorithms for simulating arbitrary three-dimensional crack 
propagation under general loading conditions. The 
computational strategy has been implemented in CRACK3D—
a custom, finite element based simulation code for three-
dimensional crack growth in ductile materials. This paper will 
describe CRACK3D as well as several key elements of the 
modeling and simulation strategy implemented in CRACK3D. 
 
SOFTWARE HIERARCHY 

Simulation of fracture and crack growth is a very 
demanding computational task, often with stringent 
requirements on simulation codes in terms of software structure 
and database management. When developing a custom, finite 
element based crack-growth simulation code it seems 
advantageous to make use of existing pre- and post-processing 
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capabilities of commercially available general-purpose finite 
element software.  For example, ANSYS has been used so far 
in the authors’ effort to develop a custom 3D stable-tearing 
crack growth simulation tool. Fig. 1 shows the hierarchical 
relationship between the custom code CRACK3D and the 
commercial code ANSYS. The preprocessor of ANSYS is used 
to create the initial finite element model and the postprocessor 
is used to visualize results from CRACK3D. 

 
CRACK3D consists of four modules: (1) module for 

stress and deformation analysis, (2) module for determining 
new crack front and surface locations, (3) module for model 
geometry and topology modification, and (4) module for local 
re-meshing. These modules are locally independent and are 
invoked successively during crack growth simulation (see Fig. 
2). CRACK3D also allows for a user subroutine interface for 
implementing the user’s own fracture criterion. The stress and 
deformation results from the module “STRESS ANALYSIS” 
can be used by the user to describe the fracture criterion, which 
will provide information necessary for determining the location 
of new crack fronts and crack surfaces in the module “NEW 
CRACK FRONT”.  

 
The module “GEOMETRY & TOPOLOGY 

MODIFICATION” utilizes the information of the new crack 
fronts and crack surfaces to modify the configuration of the 
structure under consideration, including its geometry and 
topology, and creates an updated geometric model for the finite 
element analysis. The module “LOCAL REMESHING” will 
remove the existing mesh in a region around each new crack 
front, generate a new mesh in that region and convert the 
numerical results from the now previous mesh to the new 
current mesh, so that the “STRESS ANALYSIS” module can 
take the data and continue the simulation with the new mesh. 

 
DETERMINATION OF LOCAL REGIONS 

At the end of each load step, the locations of new crack 
fronts and crack surfaces due to crack growth during the load 
step are determined by a fracture criterion. These are referred to 
as “the virtual crack surfaces” and must be properly verified 
and adjusted (if needed) for geometrical consistency. Then they 
are used in geometrical Boolean calculations to determine (a) 
the new topology of the structure in question and (b) the new 
boundary lines and boundary surfaces associated with the crack 
growth, which are needed in local re-meshing operations. 

 
To determine the local region around each new crack front 

in which re-meshing is to be performed to accommodate the 
growth of a crack, CRACK3D accepts a user-input value for a 
distance parameter to control the size of the local region. The 
local region is represented by the set of all elements that meet 
certain conditions dictated by the distance parameter. 
Specifically, an element is included in the element set if the 
minimum distance from the element centroid to any node on 
the new crack front is less than the given distance value 
specified by the user.  

 
To prepare for re-meshing of the local regions, the 

geometric topology of these regions must be properly 
identified. This task includes identifying and representing 
bounding lines and surfaces of the volume in a local region and 

can be accomplished in a consistent manner by using the 
following steps: 

1. Identify the geometric topology of the entire problem 
domain Ω  (which is represented by the current mesh). 
Let ΩS  be the set of all boundary surfaces of Ω  and 

ΩL  the set of all boundary lines of Ω . 

2. Determine the local region kΩ  (k=1, 2, …, n) around 
the kth crack front using the distance parameter R, 
where n is the total number of crack fronts. 

3. Determine the remnant region RΛ of Ω  outside all of 

kΩ  (k=1, 2, …, n). 

4. Identify the geometric topology of region RΛ  based on 

the current mesh and the sets ΩL  and ΩS . Let ΛS  be 

the set of all boundary surfaces of RΛ  and ΛL  the set 

of all boundary lines of RΛ  

5. Investigate the relationship among local regions kΩ  
(k=1, 2, …, n). Check if any of them intersects with 
another. If yes, combine them to form a new local 
region. Repeat this process until finally the original 
crack front local regions are reduced down to m  local 
regions kℜ  (k=1, 2, …, m ).  
In most cases, the local region formed using the above 

approach will be acceptable and can be inserted back into 
global model after re-meshing without any problems. 
Additional algorithms are also developed and implemented in 
CRACK3D for special cases that require more attention. 
 
RE-MESHING ON LOCAL REGIONS 

Once the local regions have been determined, the module 
“LOCAL REMESHING” will be invoked to re-mesh the local 
regions one by one and to transfer data from the previous mesh 
to the newly generated mesh.  Re-meshing around crack fronts 
is in general more difficult than in regions without cracks, and 
conventional re-meshing tools are also usually less robust 
around crack fronts.  

 
To develop a robust re-meshing tool for arbitrary three-

dimensional structures with cracks, two features of the regions 
with cracks require the most attention. One feature arises due to 
the geometric coincidence of two crack surfaces. When this 
occurs, two nodes on separate fracture surfaces may occupy the 
same spatial position.  Since there are two candidate nodes at 
the same spatial position, simple geometric arguments are not 
sufficient to identify the appropriate node for inclusion in a new 
element’s definition during meshing and re-meshing. The 
second feature is introduced when the two surfaces of a crack 
are represented approximately such that interpenetration occurs. 
This situation may occur during re-meshing of curved crack 
surfaces, when volume elements in the regions adjacent to the 
curved upper and lower crack surfaces intersect one another. 

 
There are three types of cracks in three-dimensional 

structures, namely surface cracks, through-thickness cracks and 
embedded cracks. These cracks will result in different types of 
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geometric topologies. The module “LOCAL REMESHING” in 
CRACK3D was developed based on improved mesh generation 
algorithms given in [9], which take into consideration the 
features of all three kinds of cracks and can treat effectively the 
two difficult features associated with coincident crack surfaces. 
For example, Figure 3 shows the resulting mesh for an elbow 
pipe containing a through-thickness crack.  of domains 
containing different kinds of cracks.  

 
Re-meshing local regions is, in a sense, more complicated 

than re-meshing the global region because in the former case 
there is a special requirement during re-meshing. Since only 
parts of the global region undergo re-meshing, the mesh 
consistency across the interface between the local regions and 
the remnant of the global region (which is the global region 
minus the local regions) must be maintained so that after re-
meshing the local regions can be inserted into the global region 
and be connected to the previous mesh around the local regions 
without any gap and/or penetration. The process of taking out a 
local region for re-meshing and inserting it back into the global 
region (which keeps the previous mesh) is illustrated in Fig. 4, 
in which a solid block with a single-edge crack is considered. 

 
To assure consistency of the resulting mesh across the 

interface between local regions and the remnant of the global 
region, the boundary lines and boundary surfaces of the local 
regions must be identified to determine which ones are to be re-
meshed and which ones should not be re-meshed, so that the 
new mesh created in the local regions is consistent with the 
existing mesh in the remnant region across the interface. Re-
meshing of a local region begins with re-meshing of relevant 
boundary surfaces of the local region. The surface mesh is then 
optimized to improve the quality of surface element 
distribution. Volume re-meshing uses the optimized surface 
mesh as a seed and starts from the surface mesh and marches 
into the interior of the local region. Finally the volume mesh in 
the local region is optimized to improve its quality. 

 
During re-meshing the mesh density in a local region is 

controlled by a minimum element size (near crack fronts) and a 
maximum element size (away from crack fronts), which are 
specified by the user, which, along with the size of the local 
region, determine the element size gradient in the local region.  
 
DATA MAPPING 

In a typical incremental elastic-plastic finite element 
analysis, stress calculation in a time step is based on numerical 
results from the previous time step. To simulate crack growth in 
an elastic-plastic solid, at the end of each time step (load or 
crack growth step) the stress and deformation results must be 
mapped from the mesh before local re-meshing (the previous or 
existing mesh) to the mesh after local re-meshing (the new or 
updated mesh) in the local regions.  

 
Currently two 3D tetrahedral elements are implemented in 

CRACK3D to facilitate local re-meshing: a four-node element 
and a ten-node element. Hereinafter we will employ 4-noded 
tetrahedral elements to demonstrate the data mapping approach 
used in CRACK3D. 
 
Determination of the location of a given point 

Suppose (x0, y0, z0) is the coordinate of a given point P in 
the new mesh, which may be either a new nodal point or a 
Gaussian integration point of a new element in the new finite 
element mesh. The objective here is to search the element in the 
previous mesh that contains the given point P. 

 
Consider an element, say EP, in the previous mesh. 

Without loss of generality, suppose N1, N2, N3 and N4 are the 
four nodes of the element EP.  With point P and the four nodes 
of the element, four tetrahedrons 432 NNPN , 413 NNPN , 

421 NNPN  and 231 NNPN  can be formed and their 
volumes, say, V1, V2, V3, and V4, respectively, can be computed 
according to, for volume V1,,  
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−−−

=  (1) 

where (xi, yi zi) (i=1, 2, 3, 4) are the coordinates of nodes N1, 
N2, N3 and N4, respectively. Other volumes can be similarly 
calculated. A conclusion then can be drawn as to whether or not 
the given point P is located in the element EP.  Specifically, if 
none of the volumes V1, V2, V3, and V4 is less than zero, then the 
element EP contains the given point P; otherwise it does not 
contain the given point P. 

 
Evaluation of field quantities at a given point 

Once the element in the previous mesh that contains a 
given point in the new mesh is found, field quantities (such as 
displacement, strain and stress) at the given point in the new 
mesh can be evaluated. A straight-forward approach for 
accomplishing this task is implemented in CRACK3D, as 
described below. 

 
Let element EP in the previous mesh be the element that 

contains the given point P. To map the field quantities from the 
previous mesh to the new mesh, it is sufficient to employ the 
values of the field quantities in the frame of the element EP in 
the previous mesh.  For any specific field quantity at point P, 
say FP, its value at the given point P can be interpolated by 
making use of the shape functions of the 4-noded tetrahedral 
element at the location of the point P. 

 
The shape functions of the 4-noded tetrahedral element at 

the point P can be expressed as 

1Φ = EVV /1 , 2Φ = EVV /2 , 3Φ = EVV /3 , 4Φ = EVV /4  (2)  

where 4321 VVVVVE +++= . Then FP can be obtained 
from the finite element interpolation below 

∑
=

Φ=
4

1i
iiP FF    (3) 

where iF  is the value of the field quantity at node i of element 
EP in the previous mesh.  
 
A DEMONSTRATION EXAMPLE 
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An example is described here to demonstrate the 
application of CRACK3D in 3D fracture analysis. In this 
example, stable tearing crack growth in an Arcan specimen 
under combined tensile and shearing loading [10] is simulated.  

 
The Arcan test specimen and the loading fixture 

(composed of a pair grips) are shown in Fig. 5. The fixture is 
made of 15-5PH stainless steel and has a thickness of 12.6 mm. 
The specimen is made of aluminum alloy 2024-T3 and has a 
thickness of 2.3 mm. An edge crack is introduced in the mid-
section of the specimen. The initial crack front is fabricated by 
fatigue loading. The specimen is then attached to the fixture by 
three hardened-steel pins at each end. The material properties 
of 15-5PH stainless steel are as follows: Young’s modulus E = 
207 GPa, Poisson’s ratio ν = 0.3, initial yield stress σy = 1,722 
MPa. The aluminum alloy 2024-T3 has a Young’s modulus of 
71.7 GPa, a Poisson’s ratio of 0.3, and an initial yield stress of 
345 MPa. The strain hardening curves of both materials are 
shown in Fig. 6.   

 
By changing the angle of loading direction in the fixture, 

different local mode mixity can be obtained. In this example, 
only the case of 15 degree loading angle is considered, as 
shown in Fig. 7 by the initial mesh for the specimen/fixture 
model. Considering that the fixture and pins are relatively rigid 
compared to the specimen, the connection between the fixture 
and specimen in the finite element model is taken to be 
continuous. Convergence analysis was performed. In this 
simulation, 10-noded tetrahedral elements are employed, and 
there are 4,571 elements and 8,688 nodes in the initial mesh.  

 
Since the effects of crack tunneling and slanting are 

beyond the scope of the current paper, these phenomena are not 
modeled. However, in-plane curvilinear crack growth with a 
straight crack front is considered. The mixed-mode CTOD 
fracture criterion [11] is employed to predict the curving 
direction of the crack path. A critical CTOD value of cδ =0.08 
mm at 1 mm behind the current crack front is maintained on the 
plate surface of the specimen during crack growth.  
 

Deformed meshes at several loading steps are shown in 
Fig. 8, and the simulation-predicted crack path is compared to 
the experimentally measured crack path in Fig. 9, which shows 
that the simulation prediction is able to capture the overall 
crack growth path, considering that, for simplicity, the initial 
fatigue pre-crack was taken to be straight, while the actual pre-
crack is curved. Besides the crack growth path, an important 
prediction of the simulation is the load versus crack extension 
curve. It is shown in Fig. 10 along with the experimentally 
determined curve. Again, good agreement is clearly observed.  
 
CONCLUSIONS 

In this paper some computational strategies for 3D crack 
growth simulation are described. These strategies have been 
implemented in CRACK3D, which is a 3D finite element based 
crack growth analysis and simulation code. The hierarchy of 
the code and some key issues related to the code development 
are discussed. A focus of the paper has been on a local volume 
re-meshing technology developed for automated general three-
dimensional crack growth simulations. From a selected 

demonstration example, it can be seen that CRACK3D is 
reliable and robust. In addition to being used to simulate the 
crack propagation in three-dimensional structures and 
components, it can also be used to develop and verify new 
fracture criteria for brittle and ductile materials. 
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Figure 1 Relationship between CRACK3D and ANSYS 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2 CRACK3D hierarchy 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3 3D mesh of a 900-elbow pipe with a through-
thickness crack: (a) pipe geometry and crack location; (b) 
an overall view of the mesh; and (c) a cross-sectional view of 
the mesh, exposing the crack surface and the two crack 
fronts, which are surrounded by small elements. 
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Figure 4 A schematic of local re-meshing in 
CRACK3D: (a) a global mesh before local re-meshing; 
and (b) the global mesh after local re-meshing. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 5 A schematic of (a) the Arcan test specimen and 
(b) the loading fixture (all dimensions in mm). 

 

 

Figure 6 Strain hardening curves for the grip and specimen 
material in the Arcan Test [7]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 7 The initial finite element mesh used in a stable 
tearing crack growth simulation for an Arcan specimen 
with a loading angle of Φ =150. 
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Figure 8 Three deformed meshes around the crack 
front with different amounts of total crack extension. 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
Figure 9 A comparison of predicted and measured 
curvilinear crack growth path for the case o f Φ =150. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 10 A comparison of predicted and measured load vs. 
crack extension curves for the case o f Φ =150. 
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