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The paper deals with the development of low-cost tools for fast computer simulation of
guided wave propagation and diffraction in plate-like structures of variable thickness. It is
focused on notched surface irregularities, which are the basic model for corrosion
damages. Their detection and identification by means of active ultrasonic structural

piezoelectric wafer active sensors as well as the use of laser Doppler vibrometry for
surface wave scanning and visualization. To create a theoretical basis for these technol-
ogies, analytically based computer models of various complexity have been developed.
The simplest models based on the Euler–Bernoulli beam and Kirchhoff plate equations
have exhibited a sufficiently wide frequency range of reasonable coincidence with the
results obtained within more complex integral equation based models. Being practically
inexpensive, they allow one to carry out a fast parametric analysis revealing characteristic
features of wave patterns that can be then made more exact using more complex models.
In particular, the effect of resonance wave energy transmission through deep notches has
been revealed within the plate model and then validated by the integral equation based
calculations and experimental measurements.

& 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Ultrasonic guided waves (GW) propagating in plate-like and tube-like structures are used in advanced structural health
monitoring (SHM) technologies for early warning of defects' initiation in such safety-critical engineering constructions as
aircraft units, blades, chemical tanks, pipelines and nuclear storages [1,2]. Interrogating guided Lamb waves, generated by
active piezoelectric sensors attached to or embedded into the structure, interact with surface and hidden inhomogeneities
of any nature indicating their presence via scattered waves. The latter are registered by piezo-sensors, by more sensitive
fiber optic sensors (fiber Bragg gratings – FBG) [3] or scanned by laser Doppler vibrometers (LDV) [4]. The inhomogeneities
may be of any nature: impact damages, delaminations, cracks, corrosion, and so on.

Among them, the areas affected by corrosion are less contrast than cracks and delaminations, and so their response is not
so clearly localized. That is why the detection and identification of damages caused by corrosion are still a challenging task
for SHM [5–8]. The extraction of corrosion indications from received signals (both scattered by and transmitted through the
).
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corrosion area) requires more comprehensive processing based on fast computer simulation. Commercial FEM packages can
be used for specimens of arbitrary shape. However, they are rather time-consuming and do not give an insight into the wave
structure of the numerical solution. Thus, it is worth to select mathematical and computer models as simple and physically
clear as possible, which, nevertheless, capture the characteristic features of reflected and transmitted wave signals coming
from the areas affected by corrosion.

Motivated by that idea, a hierarchy of low-cost semi-analytical methods of varying complexity have been developed and
implemented in computer models. In descendent order of complexity, they are

(1) simulation of 3D GW scattering by depressions and cavities based on the laminate element method (LEM) [9–11];
(2) LEM-based simulation for GW diffraction by arbitrarily shaped surface irregularities in 2D elastic strip waveguides;
(3) both LEM-based simulation and normal mode expansion [12] for the GW propagation in 2D elastic layers with steps

and rectangular notches;
(4) 1D models for stepped and notched beams and plates governed by the Euler–Bernoulli and Kirchhoff equations.
The basic idea of the LEM is the approximation of unknown scattered fields by the fundamental solutions for the pristine

structure. In this regard, the LEM is a special case of the boundary element method (BEM). The main difference between
them is in the form of basis functions. A classical BEM assumes expansion in terms of fundamental solutions for the
unbounded elastic space while the laminate elements (LE) are point-source solutions for the semi-bounded layered
structure considered. The LEs automatically satisfy all boundary conditions at the plane-parallel boundaries of the intact
sample. Hence, only conditions at the local defect's surface have to be approximated with LEs, unlike BEM approximation
over all surfaces and interfaces of the defected sample.

The effect of varying corrosion depth profiles on the GW reflection has been studied on the basis of FEM simulation and
experimental measurements in Ref. [13] and the works discussed therein. The LEM is almost as flexible as FEM when
modelling arbitrarily shaped surface depressions. Meanwhile, simpler rectangular notches are often considered as more
convenient objects for the study of GW transmission through and reflection by corrosion areas [14–18]. The GW scattering
by a rectangle notch is controlled by only two geometrical parameters: its width and depth. This fact eases understanding
and systematization of the wave effects observed. The notch geometry enables the use of even less expensive than LEM
approaches, such as representation in terms of travelling and evanescent normal modes taken for the reflected and
transmitted wave fields in structural subdomains of constant thickness. The unknown expansion coefficients are obtained
from the linear algebraic system resulting from the substitution of these expansions into the conditions at the vertical
boundaries between the strip subdomains. Their discretization is performed using the generalized orthogonality of normal
modes [12]. Along with the LEM, this approach has been used in the models of the third group.

These models take into account all kinds of antisymmetric and symmetric (An and Sn [19]) Lamb wave modes supported
by elastic layered waveguides. At the same time, the SHM systems operate at relatively low frequencies. With aluminium
plates, the range of the frequency-thickness product is usually below 1 MHz mm. Only two fundamental modes A0 and S0
can be excited in this range. This circumstance makes it possible to use even simpler models accounting for only these two
modes, i.e. 1D beam or plate equations instead of the Navier–Lamé elastodynamics equations used in the 2D case. The beam
and plate solutions approximate well the propagation of A0 and S0 waves at low frequencies, therefore, the main point here
is a choice of appropriate coupling conditions at the junction points between non-coaxial sections of different thicknesses.

The validity of the models developed has been estimated by comparing themwith each other, with benchmark results of
other authors and experimental measurements. The closest analogue of the 3D LEM based models is the approach
developed by Moreau et al. [20]. Comparison of GW scattering diagrams presented in Ref. [20] and obtained with LEM has
shown their full coincidence [11]. The second and third 2D models have been tested against the numerical and experimental
results by Lowe et al. [14,15] as well as by numerical checking the boundary conditions at the joint lines and the energy
balance among the incident, reflected, transmitted and converted modes. In turn, these models were used to estimate the
range of applicability of the simple and fast beam and plate models of the fourth group. The latter has shown a sufficiently
wide frequency-thickness range, in which the reflection, transmission and mode-conversion coefficients reasonably coincide
with those for the fundamental S0 and A0 modes in 2D stepped and notched waveguides [21].

Being cost-effective, the beam and plate models make it possible to carry out a fast parametric analysis in a wide range of
input parameters. In particular, the matter of a nonmonotonic change of reflection coefficients with the variation of notch's
depth and width indicated in Refs. [14,15,18] has been studied in detail. The nonmonotonic variation impedes the
identification of corrosion depth and size, since the same amplitudes of registered scattered waves may correspond to
different notch geometries. The numerical analysis performed for notched plates has not only confirmed the nonmonotonic
behavior but also revealed the effect of resonant transmission through deep notches. Mathematically, this kind of resonance
is a special case of the trapping mode effect [22, 23] which appears when complex spectral points of the boundary value
problem considered closely approach the real frequency axis. The GW trapping with energy localization at the obstacle
occurs only with certain specific combinations of the notch geometry and frequency.

The resonant transmission, as well as the predictive ability of the models developed, have been validated experimentally.
The LDV based measurements have shown how the trapping mode effect manifests itself in practice. A transient signal sent
by a piezoactuator at a resonance central frequency does not bounce from a deep notch as it takes place with non-resonant
frequencies. Instead, it is captured at a notch vicinity where the wave energy is accumulated in the course of wave packet
arrival. Then there follows a long-term re-emission of traveling waves from the notch in both directions.



Fig. 1. Geometry of problem: (x; zÞ cross-section of a pristine beam or plate (a) and a notched waveguide (b).

E. Glushkov et al. / Journal of Sound and Vibration 352 (2015) 80–9182
It seems logical to divide the presentation of these results into two parts. The present paper is focused on the
mathematical and computer models developed, their numerical and experimental validation, and the results of parametric
analysis obtained on the basis of the simplest plate model. Its continuation [24] is devoted to a deeper theoretical and
experimental investigation into the resonance effects revealed.

Since the LEM-based models (1)–(3) are already sufficiently described [9–11], the present paper concerns on the simplest
1D models of the fourth group. First, we introduce mathematical models for guided wave propagation in pristine and
damaged Euler–Bernoulli beams and Kirchhoff plates and quantitative energy characteristics for the corresponding wave
phenomena. After that, we use the 2D LEM based model of the third group to verify the applicability limits of the simplified
plate model. Finally, the characteristic features of the A0 and S0 scattering analyzed versus the notch's depth and frequency
variation are discussed. The results of LDV measurements confirming the validity of the model and the appearance of
resonance effects at the predicted depths and frequencies are also presented.

2. Beam and plate models

2.1. Constitutive equations

An elastic beam of width b and thickness h occupies the volume jxjo1, jyjrb=2 and zrh=2 in the Cartesian coordinate
system x¼ ðx; y; zÞ. Its independent of y deformation is specified by the displacement vector u¼ ðux;0;uzÞ lying in the plane
(x, z) (2D plane-strain deformation, Fig. 1(a)). Within the Bernoulli–Euler beam assumptions [25]

uxðx; zÞ ¼ uðxÞ�zw0ðxÞ (1)

uzðx; zÞ ¼wðxÞ; (2)

where u(x) and w(x) are 1D functions set on the central axis �1oxo1, y¼0, z¼0. With a steady-state time-harmonic
oscillation ue� iωt , the functions u(x) and w(x) obey the following equations:

u″þζ21u¼ 0; (3)

wIV�ζ42w¼ 0: (4)

Here

ζ21 ¼ ρω2=Y and ζ42 ¼ 12ρω2=ðh2YÞ; (5)

Y is the modulus of elasticity (Young modulus), ρ is density, ω¼ 2πf is the angular frequency, and f is the frequency.
Along with the Bernoulli–Euler beam, Eqs. (3) and (4), but with the constants

ζ21 ¼ ρω2ð1�ν2Þ=Y and ζ42 ¼ 12ρω2ð1�ν2Þ=ðh2YÞ; (6)

are valid for a Kirchhoff plate of thickness h: jxj; jyjo1, jzjoh=2 [25]. The constants ζ1
2
and ζ2

4
in Eq. (6) differ from those in

Eq. (5) only by the factor ð1�ν2Þ, where ν is Poisson's ratio.
Beam and plate waveguides support S0 and A0 guided waves, which are specified by the eigensolutions of Eqs. (3) and

(4):

S0: u0ðxÞ ¼ s0eiζ1x; (7)

A0: w0ðxÞ ¼ a0eiζ2x: (8)
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Fig. 2. Low-frequency phase velocities of S0 and A0 modes provided by the beam, plate and elastic layer models (dotted, dashed and solid lines,
respectively) for an aluminium sample with the material properties Y¼71 GPa, ν¼ 0:34 and ρ¼ 2700 kg=m3.
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The amplitudes s0 and a0 are arbitrary complex constants; the wavenumbers ζ1 and ζ2 are defined either by Eqs. (5) or (6)
for the beam or the plate, respectively. The waves specified by Eqs. (7) and (8) propagate from left to right with the phase
and group velocities

cS ¼ω=ζ1; cA ¼ω=ζ2 and cgS ¼ dω=dζ1; cgA ¼ dω=dζ2; (9)

respectively. The difference between the beam and plate wavenumbers ζ1 and ζ2 leads to the difference of guided wave
velocities in these structures. Of these two models, the plate provides a better low-frequency approximation for the
fundamental Lamb waves S0 and A0 propagating in a 2D elastic strip Fig. 2.

In a pristine structure of constant thickness h (Fig. 1(a)), the characteristics of guided waves do not change in the course
of propagation while in a notched structure (Fig. 1(b)), the interaction of an incident wave field u0ðx; zÞ ¼ ðux;0;0;uz;0Þ
expressed via functions u0ðxÞ and w0ðxÞ, e.g., of form (7) and (8), gives rise a scattered field uscðx; zÞ ¼ ðux;sc;0;uz;scÞ. The
functions usc(x) and wsc(x), defining usc in accordance with relations (1) and (2), are solutions of Eqs. (3) and (4) set in the
three subsections Dn, n¼ 1;2;3, of the notched domain D¼D1 [ D2 [ D3 (Fig. 1(b)). Hereinafter, the subscripts n¼ 1;2;3
indicate values given in the relative subdomains Dn. Since the constant ζ1 is independent of the thickness h, Eq. (3)
governing the S0 wave propagation is the same in all three subdomains Dn, unlike ζ2, which is different in subsections of
different thicknesses: ζ2 ¼ ζ2;n for xADn.

The total field u¼ u0þusc is expressed via general solutions of ordinary differential equations (3) and (4) taken in each of
these subsections:

uðxÞ ¼
u0ðxÞþc1e� iζ1ðx�x1Þ; xAD1

c2eiζ1ðx�x1Þ þc3e� iζ1ðx�x2Þ; xAD2

c4eiζ1ðx�x2Þ; xAD3

8><
>: (10)

wðxÞ ¼

w0þc5e� iζ2;1ðx�x1Þ þc6eζ2;1ðx�x1Þ; xAD1

c7eiζ2;2ðx�x1Þ þc8e�ζ2;2ðx� x1Þ þ
c9e� iζ2;2ðx� x2Þ þc10eζ2;2ðx�x2Þ; xAD2

c11eiζ2;3ðx�x2Þ þc12e�ζ2;3ðx� x2Þ; xAD3

8>>>><
>>>>:

(11)

In accordance with the radiation condition and the condition of limited displacement amplitude at infinity, the exponential
terms, describing travelling waves coming to the notch and the evanescent modes with increasing amplitude as jxj-1, are
discarded. The remaining unknown constants cj, j¼ 1;2;…;12, are to be obtained from the algebraic system resulting from
coupling conditions at the joining points x1 and x2.

2.2. Coupling boundary conditions

A specific feature of stepped and notched structures is a mismatch of central axes of coupled segments as they are not
coaxial. The axes of neighbour strip segments Dn and Dnþ1 are shifted by the value

en ¼ ðhn�hnþ1Þ=2;
which is referred to as eccentricity. In each segment Dn, a local coordinate system with the x-axis coincident with the central
axis is introduced. Transverse coordinates zn and znþ1 of the coordinate systems of adjacent segments differ by the
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eccentricity en:

znþ1 ¼ znþen:

The equating of displacements requires them to be set in the same coordinate system. At a coupling point x¼ xn, one has
to take

ux;n ¼ un�znw0
n ux;nþ1 ¼ unþ1�ðznþenÞw0

nþ1

uz;n ¼wn uz;nþ1 ¼wnþ1: (12)

The validity of conditions (12) at the entire joining line entails three equalities connecting un and wn with unþ1 and wnþ1 at
x¼ xn:

un ¼ unþ1�enw0
nþ1

wn ¼wnþ1

w0
n ¼w0

nþ1: (13)

The additional equations that are required to complete the algebraic system with respect to the unknown coefficients cj
should follow from force and moment equalities.

Within assumption (1), the axial deformation εx ¼ ∂ux=∂x¼ u0 �zw″. Hence, Hooke's law leads to the representation for
the longitudinal tension

σx ¼ Yεx ¼ Yðu0 �zw″Þ: (14)

Consequently, the longitudinal force at a beam cross-section A¼bh is

NðxÞ ¼∬Aσx dy dz¼ YAu0ðxÞ: (15)

The second term of Eq. (14) does not contribute in N, since the integration in the local coordinates of the first power of z over
the symmetric interval jzjoh=2 yields zero. In the case of Kirchhoff's plate, representation (15) remains the same, assuming
that the area A is the part of the infinite cross-section jyjo1, jzjoh=2 of width b.

With the rotation center Oðx;0Þ located on the central axis of the strip, the cross-sectional traction σxðxÞ produces the
total moment

MðxÞ ¼∬Azσx dy dz¼ �YIw″ðxÞ: (16)

Here I ¼∬Az2 dy dz¼ bh3=12 is the moment of inertia of the area A¼bh. Unlike Eq. (15), only the second term of σx

contributes to M(x).
A shear force V is derived from the condition of equilibrium of the sum moment at an elementary segment of

infinitesimal length dx [25]:

VðxÞ ¼M0ðxÞ ¼ �YIw‴ðxÞ: (17)

Then the corresponding shear stress τxz can be estimated under the assumption of even distribution of the shear force V over
the cross-section A:

τxzðxÞ ¼ V=A¼ �Y
I
A
w‴ðxÞ: (18)

To obtain the additional equations needed to determine the unknown amplitude constants cj, the continuity of N(x),M(x)
and V(x) at the coupling point xn is assumed in addition to the displacement continuity:

Nn ¼Nnþ1; Mn ¼Mnþ1; and Vn ¼ Vnþ1 (19)

The longitudinal and shear forces Nn ¼ YAnu0
nðxÞ and Vn ¼ �YInw‴

nðxÞ have been derived in the local coordinates, but they
are independent of coordinate systems, and so can be directly equated to Nnþ1 and Vnþ1 of the same form. However, the
representation of Mnþ1, taken with respect to the same center as Mn, differs from that given in Eq. (16):

Mnþ1 ¼∬Anþ 1 ðznþ1�enÞσx;nþ1 dy dznþ1

¼ �YInþ1w″
nþ1�enYAnþ1u0

nþ1 ¼ M̂nþ1�enNnþ1: (20)

Here M̂nþ1 is the total moment of σx;nþ1 with respect to the local rotation center on the Dnþ1 central axis. This moment is of
form (16).

After the cancellation of equal factors Y and b, the force and moment conditions (19) at x¼ xn arrive at the form

hnu0
n ¼ hnþ1u0

nþ1

h3nw
″
n ¼ h3nþ1w

″
nþ1þ12enhnþ1u0

nþ1

h3nw
‴
n ¼ h3nþ1w

‴
nþ1: (21)

Coupling conditions (13) and (21) are valid for unimaterial beam or plate joints of any thickness ratio. For a multi-
segment structure with N joints, they provide 6N relations.
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3. Wave energy

3.1. The energy of S0 and A0 modes

In a time-harmonic wave field, the energy flux is estimated in terms of quantities averaged over the period of oscillation
T ¼ 2π=ω¼ 1=f . The averaged density and the direction of an energy flux passing through a point x per unit time is specified
by the energy density vector eðxÞ ¼ ðex; ey; ezÞ. The integration over a surface S of the normal to this surface component en
yields the total amount of the energy E carried in a time-harmonic wave field through this surface per unit time (in fact, the
power of the energy flux):

E¼∬SenðxÞ dS: (22)

Here en ¼ ðe;nÞ ¼ ðω=2Þ Imðτn;uÞ; nðxÞ is the unit surface normal at a current point xAS; τn is the stress vector at a surface
element specified by n ; hereinafter, the scalar product of complex vectors assumes the complex conjugation of the second
factor denoted with asterisk: ða;bÞ ¼P

iaib
n

i .
To calculate the wave energy carried by S0 and A0 guided waves along the beam or plate, one has to take its cross-section

A as the surface S in Eq. (22). At that, the normal n¼ ð1;0;0Þ; τx ¼ ðγx;0; τxzÞ, and

E xð Þ ¼ b
Z
jzjoh=2

ex x; zð Þ dz¼ b
ω
2
Im

Z
jzjoh=2

γxu
n

xþτxzun

z

� �
dz

¼ω
2
bY Im

Z
jzjoh=2

u0unþz2w″ðw0Þn� I
A
w‴wn

� �
dz

¼ω
2
Y Im Au0unþ Iw″ðw0Þn� Iw‴wn

� �
: (23)

In view of the energy conservation law, EðxÞ must be independent of x in the segments of ideally elastic waveguides free
from wave sources and energy drains, irrespective of their thickness variation.

For travelling waves (7) and (8)

u0
0u

n

0 ¼ iζ1js0j2 and w″
0ðw0

0Þn ¼ �w‴
0w

n

0 ¼ iζ32ja0j2;
thus,

E0 ¼ ESþEA ¼
ω
2
YAζ1js0j2þωYIζ32ja0j2 (24)

is the energy of incident waves propagating from left to right in a pristine structure. The parts ES and EA are energy of S0 and
A0 modes, respectively. They independently contribute to the total amount of wave energy E0 transferred through the cross-
section x¼const per time unit.

Remark 1. In the case of waves propagating in opposite directions, they contribute to E with opposite signs. For example, if
u¼ sþ eiζ1xþs� e� iζ1x and w¼ aþ eiζ2xþa� e� iζ2x, then

ES ¼
ω
2
YAζ1 jsþ j2�js� j2� �

and EA ¼ωYIζ22 jaþ j2�ja� j2� �
:

The terms with the products of dissimilar amplitude coefficients a7 or s7 appear in Eq. (23) only as complex conjugate
pairs yielding real values; therefore, they do not contribute to E.

Remark 2. The evanescent terms also do not affect the amount of energy carried by GWs. With w¼ aeiζ2xþbe�ζ2x, the
terms with the coefficient b in the expression w″ðw0Þn�w‴wn of Eq. (23) add up to a real value.

Remark 3. Boundary conditions (13) and (21) assure the energy conservation in the course of its transfer through butt
joints. This fact can be seen explicitly. In line with the coupling conditions,

Anu0
nu

n

n ¼ Anþ1u0
nþ1u

n

nþ1�Anþ1enu0
nþ1ðw0

nþ1Þn;
Inw″

nðw0
nÞn ¼ Inþ1w″

nþ1u
n

nþ1þAnþ1enu0
nþ1ðw0

nþ1Þn;
Inw‴

nw
n

n ¼ Inþ1w‴
nþ1w

n

nþ1:

The terms with the eccentricity en are reduced in the sum of Eq. (23). Hence, the expression for the amount of energy E at
the left side of the joint is the same as at the right side.

3.2. Reflection and transmission coefficients

The diffraction of an incident A0 or S0 wave by the notch gives rise to the reflected and transmitted fields u� and uþ . The
reflected field u� is expressed via the parts of functions u(x) and w(x) given by representations (10) and (11) in the domain
D1 (except the incident field functions u0 and w0) while the transmitted field uþ is expressed via their parts given in D3. The
energy E� and Eþ of the reflected and transmitted waves may be obtained using the same formulas as Eq. (24) but with the
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coefficients c1 and c5 substituted for s0 and a0 in the case of reflected wave energy E� ¼ E�
S þE�

A :

E�
S ¼ω

2
YA1ζ1jc1j2; E�

A ¼ωYI1ζ
3
2;1jc5j2; (25)

and with the amplitude constants c4 and c11 for the transmitted wave energy Eþ ¼ Eþ
S þEþ

A :

Eþ
S ¼ω

2
YA3ζ1jc4j2; Eþ

A ¼ωYI3ζ
3
2;3jc11j2: (26)

The values E7
S and E7

A are energy transferred by transmitted and reflected S0 and A0 GWs. Thus, the transmission and
reflection coefficients κþ and κ� are introduced as ratios of these values to the energy of incident waves E0: κ7 ¼ E7 =E0.
They consist of specific coefficients for the scattered S0 and A0 waves:

κ7 ¼ κ7
S þκ7

A ¼ E7
S =E0þE7

A =E0: (27)

With an ideally elastic waveguide structure, the energy balance

E0 ¼ E� þEþ ¼ E�
S þE�

A þEþ
S þEþ

A (28)

must hold. Division by E0 leads to the equality

κ� þκþ ¼ κ�
S þκ�

A þκþ
S þκþ

A ¼ 1:

If only S0 mode is taken as the incident wave (a0 ¼ 0), the values κ7
S may be treated as the coefficients of S0 transmission

and reflection (κ7
S � κ7

SS Þ while κ7
A are the coefficients of S0 forward and backward conversion into A0 modes (κ7

A � κ7
SA Þ.

Similarly, with an A0 incidence (s0 ¼ 0), κ7
A � κ7

AA and κ7
S � κ7

AS .

4. Results and discussion

4.1. Validation of the models

To estimate the range of practical applicability of the 1D models, a comparison of the transmission, reflection and mode-
conversion coefficients κ7 obtained versus frequency within the plate and LEM models was carried out. Preliminarily, the
LEM model has been validated against the known FEM and experimental results [14,15]. Fig. 3 gives examples of such
comparisons for the amplitude reflection coefficient μ� ¼ jw� =w0j of the A0 mode propagating in a steel plate of thickness
h1 ¼ 3 mm. Subplots (a) and (b) show μ� against frequency for two notches of width Δx¼ h1 and thicknesses h2 ¼ 0:83h1
and 0:5h1. Subplot (c) illustrates the influence of the notch width Δx variation. The reflection coefficient μ� is shown here
versus the ratio Δx=λ, where λ¼ 5:5 mm is the A0 wavelength at f ¼ 450 kHz.

The comparability of plate and LEM results is based on the fact that at relatively low frequencies f h=vs oo 1, the
displacement field u in an elastic strip exhibits linear dependence on the cross coordinate z, as it is formulated in
assumptions (1) and (2). The fundamental A0 and S0 Lamb waves are also well approximated by plate's guided waves (1), (2),
(7) and (8) (e.g., Ref. [14, Fig. 2]). In the case of an aluminium plate, the phase velocities (and so the wavenumbers ζ1 and ζ2)
of the S0 and A0 modes agree well within the ranges f ho0:5 MHz �mm and f ho0:3 MHz �mm, respectively (Fig. 2).

On the other hand, the linear behaviour of displacement and stress fields relative to z coordinate is violated near step
junctions even in the limit f-0. Therefore, it was not clear how well the beam/plate coupling conditions may substitute for
the real conditions of stress and displacement continuity at the joint line supplemented by the stress-free condition at the
protruding part of the step. In addition, the deviation of the A0 velocity at higher frequencies is more significant than that of
the S0 mode (Fig. 2). To reduce this factor, an improved plate model with the wavenumbers ζ1 and ζ2 equal to the
wavenumbers of the fundamental Lamb waves in the elastic layer, instead of those specified by Eq. (6), has been also used in
the numerical examples below. The values calculated in this way are marked by the subscript “platen”: κ7

platen.
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In spite of the worsening factors indicated above, the comparison of transmission and reflection coefficients κ7
S and κ7

A
obtained for notched plates and 2D strips has shown that the plate plots reasonably follow the strip counterparts, especially
in the case of S0 incidence (Fig. 4). In the A0 case, the patterns of the plate curves κ7 ðf Þ are also very similar to those
obtained for the strip, however, their peaks and lows are usually slightly shifted to the right at low frequencies, and the shift
increases with frequency (Fig. 5(a) and (b)). With the improved plate model, this deviation decreases (Fig. 5(c) and (d)) but
remains. As the width Δx increases, the number of A0 transmission peaks is growing, and the curves κ7

A ðf Þ are compressed
in a washboard. However, in spite of so complex form, the plate approximation catches its peaks and minima even better
than in the previous examples for smaller notches (Fig. 6).

The examples of plate-to-LEM comparisons in Figs. 4–6 are for aluminium samples of thickness h1 ¼ 1 mm with the
notches of lengthsΔx¼ 5 and 10 mm and depths d¼ h1�h2 ¼ 0:5 and 0.75 mm; the material properties are specified in the
Fig. 2 caption. With f ho1 MHz �mm, the dimensionless frequency f h=vs, where vs¼3132 m/s is the shear wave velocity in
the sample, varies in the range 0o f h=vso0:32. To avoid cluttering, Figs. 4 and 5 display only transmission and reflection
coefficients while Fig. 6 depicts, in addition, the coefficients of mode conversion. The level of the latter is rather low, and one
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can see that they are also reasonably approximated in this case. Interesting to note that the mode conversion curves are
identical in the left and right subplots of Fig. 6. This fact, κ7

SA ¼ κ7
AS , holds in all numerical examples considered.

In general, the results of the numerical validation suggest that it is worthy to use the plate model for a fast estimation of
general regularities of diffraction patterns that can be further made more exact on the basis of the normal mode expansion
or LEM models. Since the frequencies of resonance transmission are very sensitive to the input parameters, in particular, to
the notch dimensions, it is not infrequently that the deviation of the plate and LEM results lies within the errors of
experimental measurements, and the plate model is sufficient for the theoretical predictions.
4.2. Resonance transmission

Intuitive arguments suggest that the deeper the notch, the more is the reflection coefficient. However, due to the
interference resulted from multiple reflections inside the notched area, the total reflection from the notch may considerably
vary with a fixed depth if the notch's width changes (e.g., Fig. 3 copied from Ref. [14]). Moreover, FEM simulation and
experimental measurements indicated a nonmonotonic change of the reflected wave amplitudes with the depth variation as
well [18]. To study the regularities of the reflection and transmission coefficient dependency on the notch's depth and to
estimate the ranges of its monotonic and non-monotonic behaviour, a number of surface plots for the coefficients κ7 ,
depending on frequency and depth at a fixed width Δx, have been calculated and analyzed. Fig. 7 gives example of such
surfaces obtained for S0 and A0 reflection from the 5 mm width notches in the aluminium plate of thickness 1 mm. The S0
reflection coefficient κ�

s shown in the left subplot demonstrates a monotonic increase with an increasing depth at any
frequency in the range considered. While the surface κ�

A ðf ; dÞ at the right subplot, specifying A0 reflection, is featured by
folds violating the monotonicity after certain threshold depths. Narrow and deep slits of this surface mean that A0 reflection
becomes much weaker with the depth–frequency combinations (f, d) falling to the bottom of these canyons. Obviously, in
such cases the A0 transmission should sharply increase.

Indeed, the surface κþ
A ðf ; dÞ in Fig. 8(a) (h1 ¼ 2 mm, Δx¼ 2h1, aluminium plate) exhibits a monotonic decrease of

transmission with depth increasing up to about a half of plate's thickness. Then, several zones of resonant transmission
occur with deeper notches. The first of them looks like a narrow wall stretching at a sharp angle to the frequency axis (see
the top view in Fig. 8(b)). The next resonance zones also extend along the frequency axis close to the limiting depth value
(almost through-thickness notches). Due to the insufficient resolution of the image, they look like combs composed of sharp
resonance peaks. However, in reality, they are also narrow walls that become apparent at a higher resolution.

With a fixed depth d, the cross-section of the surface κþ
A ðf ; dÞ yields the transmission coefficient as a function of

frequency. A crossing of the resonant areas results in peaks in the plots κþ
A ðf Þ. To confirm the effect of resonance A0

transmission through a rather deep notch, those frequency plots have been compared with the experimental data obtained
from LDV measurements. A one-to-one coincidence is not possible here, for κþ yields a portion of the energy transferred
through the damaged area in a steady-state time-harmonic wave field while the LDV acquires transient out-of-plane surface
velocities at fixed points. However, a certain correlation of peaks and lows was expected.

To estimate the order of A0 transmission through the notch, the out-of-plane amplitude of wave packages generated by a
strip piezo-actuator at various central frequencies has been measured before and after the notch. Then the frequency spectra
of the recorded time signal parts corresponding to the A0 arrivals were calculated. These spectra were considered as an
approximation of time-harmonic oscillations, and the A0 transmission was treated via the ratio ηþ ¼ juþ

z;scðf cÞj2=juz;0ðf cÞj2,
where uþ

z;sc and uz;0 are peak values of the spectra reached at the central frequencies fc. To distinguish the coefficient ηþ
A from

κþ
A , it is referred to as a spectral transmission coefficient for A0 incidence.
By acting in this way, the correlation of the processed experimental data with the theoretical curves κþ ðf Þ has been

indeed observed. Figs. 9 and 10 present examples of such comparisons for an aluminium sample of thickness h1 ¼ 2 mm, in
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which the grooves of widthΔx¼ 2h1 ¼ 4 mm (as in Fig. 8) had been sawn for the depths d¼1.2 and 1.76 mm (h2 ¼ 0:4h1 and
h2 ¼ 0:12h1).

It should be noted that a slight depth variation results in an essential shift of resonance peaks because the lines d¼ const
cross the ridges of the surface κþ

A ðd; f Þ at acute angles (Fig. 8(b)). In the same time, the grooves’ bottoms were not ideally flat
that resulted in additional experimental errors.

In the first case d¼1.2 mm, the cross-section of the surface κþ
A ðf ; dÞ goes only through a broad zone of resonant

transmission. It results in a rather smooth increase of the curve κþ
A ðf Þ (Fig. 9). One can see that the peak of the curve κþ

LEM is
shifted to the left, and this curve reasonably follows the experimentally obtained spectral coefficient ηþ

expðf Þ reaching the
peak value at about the same frequency as κþ

LEM.
In the second case (Fig. 10), the cross-section of κþ

A ðf ; dÞ at d¼1.76 mm goes through two resonance zones resulting in
two, sharper than in the previous example, peaks in the κþ

platenðf Þ curve. The LEM based refinement (solid line) again moves
these peaks to the left. The peaks of the experimentally obtained curve ηþ

expðf Þ (dashed line) are not so high as the theoretical
ones. This is only partly explained by the different physical nature of the coefficients κþ and ηþ . In fact, the resonance
frequencies, being spectral points of the corresponding boundary value problem, manifest themselves in transient solutions
not so straightforward as in the time-harmonic case. In the case of resonance carrier frequency, the interaction of transient
wave packages with obstacles is featured by the capture of wave energy and its accumulation near the obstacle during a
certain period of time. Then a re-emission of the accumulated energy on both sides of the notch area starts, and it also lasts
during a certain period of time.

In more detail, the results of theoretical and experimental investigation into the resonance phenomena predicted on the
basis of simplified beam and plate models, as well as the description of the LDV setup and the signal processing technique
employed in the measurements, are presented in the continuing paper [24].

5. Conclusions

In spite of apparent simplicity of the Bernoulli–Euler beam and Kirchhoff plate equations, it is acceptable to use them at
relatively low frequencies for the study of general regularities of GW diffraction by step and notch obstacles. The crucial
point here is the formulation of coupling boundary conditions at eccentric butt joints. Only a proper accounting for the
eccentricity provides the wave energy conservation across the junction as well as a correct energy partition among the
reflected, transmitted and mode-converted travelling waves.

On the basis of these models, the effect of A0 resonance transmission through deep notches has been revealed and then
experimentally confirmed. In the frequency range considered, the S0 transmission exhibits monotonic dependence on the
notch depth. However, at higher frequencies, the resonance peaks of S0 transmission also occur.

The 1D models developed can be easily generalized for multi-segment waveguides approximating structures with
laterally varied geometry and properties.
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