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Prediction of attenuated guided waves
propagation in carbon fiber composites
using Rayleigh damping model

Matthieu Gresil1 and Victor Giurgiutiu2

Abstract
In this work, a predictive model of attenuated guided wave propagation in carbon fiber–reinforced polymer using
Rayleigh damping is developed. After a brief introduction, this article reviews the theory of guided waves in anisotropic
composite materials. It follows with a discussion of the piezoelectric wafer active sensors, which are lightweight and
inexpensive transducers for structural health monitoring applications. Experiments were performed on a carbon fiber–
reinforced polymer panel to measure the dispersion curves and the piezoelectric wafer active sensors tuning curves.
Lamb wave damping coefficient was modeled using the multi-physics finite element method and compared with experi-
mental results. A discussion about the capability to simulate, with multi-physics finite element method commercial soft-
ware, guided wave in composite material using the Rayleigh damping is developed. This article ends with conclusion, and
suggestions for further work are also presented.

Keywords
Carbon fiber, Rayleigh damping, functional composites, smart materials, finite element analysis, ultrasonics, piezoelectric
wafer active sensor

Introduction

Lamb waves are ultrasonic waves that propagate
through thin plate-like structures and are employed
for structural health monitoring (SHM) applications.
Features of Lamb waves used for SHM are time-of-
flight (ToF), mode conversion/generation, change in
amplitude/attenuation, velocity, and so on
(Giurgiutiu, 2008). Attenuation is often neglected in
wave propagation analysis because of complexities
involved in modeling. In the case of fiber-reinforced
polymers (FRP), one of the main complexities
involved for the propagation of guided waves is the
attenuation effect.

Damping or attenuation mechanisms in FRP materi-
als are different from those in conventional metals and
alloys. The different sources of energy dissipation in
FRP are as follows:

1. Viscoelastic nature of matrix and/or fiber materi-
als. The major contribution to composite damp-
ing is due to matrix (Chandra et al., 1999).
However, the fiber damping must be also
included in the analysis for carbon and Kevlar
fibers having high damping as compared to
other types of fiber (Chandra et al., 1999).

2. Damping due to interphase. Interphase (Gibson
and Hwang, 1991) is the region adjacent to fiber
surface all along the fiber length; interphase pos-
sesses a considerable thickness and its properties
are different from those of embedded fibers and
bulk matrix.

3. Damping due to damage. This is mainly of two
types:

(a) Frictional damping due to slip in unbound
regions between fiber and matrix interface or
delaminations;

(b) Damping due to energy dissipation in the area of
matrix cracks, broken fibers, and so on.

Increase in damping due to matrix–fiber interface
slip is reported to be many fold (Nelson and Hancock,
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1978) and is more sensitive to damage than stiffness
(Chandra, 1985).

4. Viscoplastic damping. At large amplitudes of
vibration/high stress levels, especially thermo-
plastic composite materials exhibit non-linear
damping due to the presence of high stress and
strain concentration that exists in local regions
between fibers (Kenny and Marchetti, 1995).

5. Thermo-elastic damping. It is due to cyclic heat
flow from the region of compressive stress to the
region of tensile stress in the composite (Curtis
and Moore, 1988; Gibson, 1994; Kenny and
Marchetti, 1995).

The types of matrix and fiber materials, fiber length,
curing temperature, laminate configuration, and so on
are all factors that can greatly affect the energy dissipa-
tion properties of the material. Values for damping are
often found in the literature with poor reference to the
method used for measurement, the environmental con-
ditions, and the characteristics of the material selected.
This complicates the task of comparing and validating
experimental results.

Castaings and Hosten (1998) measured the attenua-
tion of Lamb waves, employing air-coupled ultrasonic
transducers, in isotropic and viscoelastic materials.
Berthelot and Sefrani (2004) showed that vibration
damping is a function of frequency and fiber orienta-
tion. Hadi and Ashton (1996) investigated different
fiber volume fractions and observed that the damping
behavior is improved with increased fiber volume frac-
tion. Berthelot and Sefrani (2004) studied the effect of
the fiber orientation on the damping coefficient. A
maximum value for the loss factor was observed at
around 60� in glass fiber–reinforced polymer (GFRP)
composites and around 30� in Kevlar fiber composites.
Hadi and Ashton (1996) observed that maximum
damping was at fiber orientations of around 30� for the
unidirectional GFRP. They relate the reason of attain-
ing maximum damping at 30� to the fact that total
strain energy is dominated by in-plane shear strain
energy, which is maximum at this fiber orientation
angle. A further effect is the stacking sequence studied
by Maher et al. (1999), who showed that changing
orientation of outer laminates has a significant effect
on damping, different than that of inner laminates.
Mahi et al. (2008) studied various cases of fiber orienta-
tions and stacking sequences and showed that for uni-
directional GFRP, maximum loss factors occurred in
the range of 30�–90� fiber orientation, while the loss
factor for taffeta or serge composites is distributed
symmetrically versus fiber orientation. Damping in taf-
feta and serge composites is accordingly significantly
higher than cross-ply types, which can be attributed to
friction between warp and weft fibers (Mahi et al.,
2008). He and Liu (2005) studied the effect of fiber–

matrix interface on damping and showed that as we
improve adhesion between them damping capabilities
are reduced.

Hu et al. (2008), while proposing a technique for
identifying the location of a delamination in a cross-ply
laminated composite using the S0 mode, determined
the attenuation coefficients of a carbon fiber–reinforced
plastic (CFRP) material by matching the amplitudes to
the experimental data in a numerical model. Numerical
modeling of guided wave propagation helps on under-
standing the interaction phenomenon between the
material damage and the guided waves. The finite ele-
ment method (FEM) approach is traditionally used for
modeling elastic wave propagation (Bartoli et al., 2006;
Castaings and Hosten, 2008; Cheng et al., 2007; Gresil,
2009; Herszberg et al., 2005; Kessler, 2002; Ramadas et
al., 2011; Yang et al., 2006). Many authors modeled
Lamb wave propagation through FRP media without
considering the damping effect (Hu et al., 2008;
Kaminski, 2006; Su and Ye, 2004; Yang et al., 2006).
However, if material attenuation is also incorporated in
the FEM model, then SHM techniques based on the
change in amplitude can be understood better and
implemented effectively. For this reason, the prediction
of the attenuation of Lamb wave in FRP is a critical
issue and needs to be developed and known in coordi-
nation with the experimental data. The damping model
is implemented in many commercial software (e.g.
ABAQUS), in order to obtain results for numerically
sensitive structural systems. Viscous damping is the
only dissipation mechanism that is linear and thus low
cost, so that the motivation to use it in models is very
strong. To simulate viscous damping in FEMmodeling,
stiffness proportional or mass proportional damping
can be introduced in the time domain models of most
FEM packages. The most common viscous damping
description is the Rayleigh damping model, where a lin-
ear combination of mass and stiffness matrices is used.
This Rayleigh damping is defined as (Meirovitch, 2003)

C½ �=a M½ �+b K½ � ð1Þ

where a and b are the mass and stiffness proportionality
coefficients, respectively. The mass proportional damp-
ing coefficient a introduces damping forces caused by
the absolute velocities of the model and so simulates the
idea of the model moving through a viscous ‘‘medium’’
(ABAQUS, 2008). The stiffness proportional damping
coefficient b introduces damping proportional to the
strain rate, which can be thought of as damping associ-
ated with the material itself (ABAQUS, 2008).

Bert (1980) and Nashif et al. (1985) did a survey on
the damping capacity of fiber-reinforced composites
and found that composite materials generally exhibit
higher damping than metallic materials. Gibson et al.
(1982) and Sun et al. (1987) assumed viscoelasticity to
describe the behavior of material damping of
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composites. Gibson (1999) used the modal vibration
response measurements to characterize quickly and
accurately the mechanical properties of fiber-reinforced
composite materials and structures. Koo and Lee
(1993) studied the effects of transverse shear deforma-
tion on the modal loss factors as well as the natural fre-
quencies of composite laminated plates using the FEM
based on the shear deformable plate theory.

In the present work, a Rayleigh damping model is
used to study the damping of the guided Lamb wave in
CFRP composite laminates. We use composite plates
typical of aerospace applications and provide actuation
using integrated piezoelectric wafer active sensors
(PWAS) transducer. The multi-physics finite element
method (MP-FEM) implementation is used to combine
electro active sensing materials and structural composite
materials. Numerical studies show good correlation with
experimental results with appropriate level of structural
damping. The proportionality damping constants are
expressed in terms of the attenuation coefficient, group
velocity, and central frequency of excitation. Thus, esti-
mated proportionality constants are next used in numer-
ical modeling to capture the material attenuation of
Lamb waves. The main novelty of this work is the way
to find the attenuation due to damping in a circular-
crested signal where the amplitude is mainly attenuated
by the geometric spreading and the dispersion.

PWAS

PWAS are the enabling technology for active SHM sys-
tems (Giurgiutiu, 2008). PWAS couples the electrical
and mechanical effects (mechanical strain, Sij, mechani-
cal stress, Tkl, electrical field, Ek , and electrical displace-
ment Dj) through the tensorial piezoelectric constitutive
equations

Sij = sE
ijklTkl + dkijEk

Dj = djklTkl + eT
jkEk

ð2Þ

where sE
ijkl is the mechanical compliance of the material

measured at zero electric field (E= 0), eT
jk is the dielec-

tric permittivity measured at zero mechanical stress
(T = 0), and djkl represents the piezoelectric coupling
effect. PWAS utilize the d31 coupling between in-plane
strains, S1, S2, and transverse electric field, E3. Just like
conventional ultrasonic transducers, PWAS utilize the
piezoelectric effect to generate and receive ultrasonic
waves. However, PWAS are different from conven-
tional ultrasonic transducers in several aspects
(Giurgiutiu, 2008):

� PWAS are firmly coupled with the structure
through an adhesive bonding, whereas conven-
tional ultrasonic transducers are weakly coupled
through gel, water, or air.

� PWAS are non-resonant devices that can be
tuned selectively into several guided wave modes,
whereas conventional ultrasonic transducers are
resonant narrow-band devices.

� PWAS are inexpensive and can be deployed in
large quantities on the structure, whereas con-
ventional ultrasonic transducers are expensive
and used one at a time.

PWAS transducers can serve several purposes
(Giurgiutiu, 2008): (a) high-bandwidth strain sensors, (b)
high-bandwidth wave exciters and receivers, (c) resonators,
and (d) embedded modal sensors with the electromechani-
cal impedance spectroscopy method. By applications
types, PWAS transducers can be used (Figure 1) for (a)
active sensing of far-field damage using pulse-echo, pitch-
catch, and phased-array methods; (b) active sensing of
near-field damage using high-frequency Electromechanical
Impedance Spectroscopy (EMIS) and thickness gage
mode; and (c) passive sensing of damage-generating events
through detection of low-velocity impacts and acoustic
emission at the tip of advancing cracks.

The tuning between PWAS transducers and guided
waves in isotropic metallic plates is relatively well
understood and modeled (Giurgiutiu, 2008). The gift of
the concept is that manipulation of PWAS size and fre-
quency allow for selective preferential excitation of a
certain guided wave modes and the rejection of other
guided waves modes, as needed by the particular SHM
application. A similar tuning effect is also possible in
anisotropic composites plates, only that the analysis is
more complicated due to the anisotropic wave propa-
gation characteristics in composite materials (Santoni-
Bottai and Giurgiutiu, 2011, 2012).

Guided wave propagation in CFRP

Experimental setup

The structure under investigation is a plate consisting
of a carbon fabric substrate combined with an
epoxy resin system. The plate dimension is
350 3 350 3 2mm3. This material is commonly used in
aircraft industry. The plate plies have the orientation
[0, 45, 45, 0, 0, 45, 45, 0]. For the modeling of the dis-
persion curves of Lamb modes, we were inspired by the
method described in the literature (Nayfeh, 1995) from
the material properties of our CFRP (Table 1).

A large number of PWAS disks (Steminc SM412,
8.7-mm-diameter disks and 0.5 mm thick) are used for
Lamb wave propagation analysis, involving various
angular directions, and attenuation analysis. The
PWAS network bonded on the CFRP is shown in
Figure 2(a). The experimental acquisition has been per-
formed, with frequency varying from 10 to 600 kHz in
steps of 3 kHz, using transmitter piezoelectric wafer
active sensors (T-PWAS) as actuator and the other

Gresil and Giurgiutiu 3
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Figure 1. Various ways in which PWAS are used for structural sensing include propagating Lamb waves, standing Lamb waves and
phased arrays. The propagating wave method includes pitch-catch, pulse-echo, thickness mode, and passive detection of impacts and
acoustic emission (AE) (Giurgiutiu, 2008).
PWAS: piezoelectric wafer active sensors.

Table 1. CFRP engineering behavior.

E11 E22 E33 n12 n13 n23 G12 G13 G23 r

65 GPa 67 GPa 8.6 GPa 0.09 0.09 0.3 5 GPa 5 GPa 5 GPa 1605 kg/m3

CFRP: carbon fiber–reinforced plastic.
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Figure 2. (a) Picture the network of piezoelectric wafer active sensor bonded on the CFRP and (b) three-count tone burst
modulated through Hanning window at 300 kHz.
CFRP: carbon fiber–reinforced plastic.
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PWAS disks as sensors (receiver piezoelectric wafer
active sensors (R-PWAS)). A 20 V peak-to-peak three-
count tone burst exciting signals was used as shown in
figure 2(b) (300 kHz for this case). An HP33120A arbi-
trary signal generator was used to generate the wind-
owed harmonic-burst excitation to active sensors with
a 10 Hz repetition rate. A Tektronix TDS5034B four-
channel digital oscilloscope, synchronized with the
signal generator, was used to collect the response sig-
nals from the receiver PWAS transducers with a sam-
pling rate of 2.5 Ms/s. At each frequency, the wave
amplitude and the ToF, using the Hilbert transform,
for both symmetric and anti-symmetric modes were
collected.

Dispersion curve in CFRP laminate

A computer code was developed to predict the wave
propagation in a laminate composite using the analysis
method presented by Nayfeh and Chimenti (1989).
Figure 3 shows the phase and the group velocity versus
the frequency.

The practical frequency ranges from the very low
frequencies, where only the three fundamental modes
can propagate in the structure, up to approximately
450 kHz. Beyond this point, single mode excitation
becomes more difficult due to numerous modes that
the structure supports at higher frequencies.

The group velocity measurement is used as key
information for the signal interpretation as it reveals
the types of modes traveling along the structure.
Figure 4 illustrates the procedure of obtaining the ToF
information and the group velocity of the R-PWAS
measurement. Figure 4(a) shows the input wave on the
transmitter PWAS (T-PWAS) and corresponding nor-
malized R-PWAS measurement on the time axis.
Figure 4(b) shows the distribution of the spectral
amplitude on the time axis along the line of the center
frequency. This spectral amplitude plot in time

represents the envelope of the time signal after normali-
zation (Figure 4(c)). Since the time signal contains lots
of peaks and valleys, the first peak of the envelope on
the first-arrival wave packet corresponds to the S0
mode and the second peak of the envelope on the
second-arrival wave packet corresponds to the A0
mode. The ToF of these modes can be obtained by tak-
ing the time difference between the peak of the T-
PWAS and the peak of the corresponding envelope.
Knowing the distance between the T-PWAS and the R-
PWAS, the group velocity of S0 and A0 modes can be
easily calculated.

Figure 5(a) shows the directivity plot of the group
velocity for the composite materials at 100 kHz, with
blue line standing for the fundamental symmetric (S0)
mode, green line standing for the fundamental shear
horizontal (SH0), and red line standing for the funda-
mental anti-symmetric (A0) mode. It can be noted that
the calculated quantities are the same in all the direc-
tions. This is because the layer orientation of the lami-
nated composite is quasi-isotropic, which possess the
same material properties in all the directions. Figure
5(b) shows the experimental group velocity curve of the
average of all direction propagation paths (0�, 30�, 45�,
60�, and 90�). As we can observe, only two modes are
present, A0 and S0 modes. Moreover, the velocity of
A0 mode has a good match (less than 10% of error)
with the dispersion curve calculated (Figure 3).
However, a big difference (around 15%–20% of error)
is finding for the velocity of S0 mode. This difference
will be discussed in section ‘‘Analytical updating.’’ The
SH0 mode is not present because the PWAS has no
capability to excite and catch this shear mode.

Analytical updating

In order to increase the accuracy of the dispersion curve
results, we propose to update the analytical results.
This updating is based on the modification of the

Figure 3. Theoretical dispersion curves of the CFRP laminate at 0�: (a) phase velocity and (b) group velocity.
CFRP: carbon fiber–reinforced plastic.

Gresil and Giurgiutiu 5
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mechanical behavior of our material, that is, CFRP.
We modify the Young modulus and the shear modulus
in order to obtain a good matching with the experimen-
tal results (Table 2).

Figure 6 shows the comparison between the experi-
mental and the updating analytical group velocity curve

versus the frequency. As we can observe, only two
modes are present, A0 and S0 modes. The velocity of
A0 mode has a good match (less than 10% of error)
with the dispersion curve calculated using the Nayfeh
theory. The theoretical and experimental curves have
little error (less than 10% of error) up until ;220 kHz,

Figure 4. Extracting method for time-of-flight information to calculate the group velocity: (a) T-PWAS and R-PWAS signals;
(b) distribution of the spectral amplitude;(c) T-PWAS and R-PWAS signals with the corresponding envelope.

Figure 5. (a) Directivity plot of the group velocity modes and (b) average of the experimental group velocity curve.
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and then the experimental measurements noticeably
deviate from the theory. This aspect may be due to the
behavior of woven fabric laminates at high frequency,
which may become substantially different from the sim-
plified assumptions of the analytical model. It is appar-
ent from this comparison that the material properties
are very important on the accuracy of the group velo-
city prediction.

Tuned guided waves in CFRP laminates

The tuning between PWAS transducers and guided
waves in isotropic metallic plates is relatively well
understood and modeled (Giurgiutiu, 2008). The gist of
the concept is that manipulation of PWAS size and fre-
quency allow for selective preferential excitation of cer-
tain guided wave modes and the rejection of other

guided wave modes, as needed by the particular SHM
application. A similar tuning effect is also possible in
anisotropic composite plates, only that the analysis is
more complicated due to the anisotropic wave propa-
gation characteristics inherent in composite materials
and also due to the Rayleigh damping effect depending
of the frequency, and the angle direction path. To ver-
ify our analysis, we performed experiments on a CFRP
with a PWAS transmitter and several PWAS receivers
installed along various directions with respect to the
fiber orientation in the top layer of the laminate plate.

A three-count tone burst modulated through
Hanning windows was used, with frequency varying
from 10 to 600 kHz in steps of 3 kHz, to excite the
PWAS transducer. At each frequency, we collected the
wave amplitude of the two guided wave modes: S0 and
A0.

Figure 7 shows the PWAS tuning guided wave for
S0 and A0 modes. The S0 mode reaches a peak around
300 kHz with a magnitude of 0.18 V and then
decreases. The A0 reaches a peak response around
90 kHz with a magnitude of 0.03 V and then decreases.
In fact, the A0 mode disappears as soon as the shear
(SH) wave appears in theory. However, with our
PWAS receiver geometry and properties, the SH mode
cannot be caught by these PWAS.

MP-FEM

The finite element method (FEM) is employed to simu-
late Lamb wave propagation. The effectiveness of

Table 2. CFRP mechanical properties updating.

E11 E22 E33 n12 n13 n23 G12 G13 G23 r

37 GPa 39 GPa 10 GPa 0.1 0.1 0.3 5 GPa 5 GPa 5 GPa 1605 kg/m3

CFRP: carbon fiber–reinforced plastic.

Figure 6. Group velocity comparison between the analytical
updating results and the experimental results.

Figure 7. PWAS tuning guided wave in composite for (a) the S0 mode and (b) the A0 mode.
PWAS: piezoelectric wafer active sensors.
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conventional finite element modeling of elastic waves
propagating in structural components has been shown
in the past. The case of Lamb waves in free isotropic
plates is a classic example (Alleyne and Cawley, 1990;
Moser et al., 1999). The commercial software used in
the present study, ABAQUS, is based on a central dif-
ference method (ABAQUS, 2008) using the implicit sol-
ver in time domain. In preliminary studies (Gresil et al.,
2011a, 2011b), we investigated how the group velocities
of the S0 and A0 waves vary with mesh density (nodes
per wavelength) N = l=L, where l is the wavelength
and L is the size of the element for an isotropic struc-
ture. For a one-dimensional (1D) wave propagation
problem, we choose a mesh size of 0.1 mm correspond-
ing to N = 76, which mitigated a reasonable accuracy
with an acceptable computation time. However, this
small mesh size of 0.1 mm is not practical for two-
dimensional (2D) wave propagation because of consid-
erable long time of calculation. The FEM simulation of
the A0 mode requires fine spatial discretization with
substantial computational cost for the sake of the short
wavelength. In contrast, the mode shapes of the S0
mode are simpler and the stresses are almost uniform
throughout the thickness of the plate at low values of
the frequency-thickness product.

The use of MP-FEM allows us to directly apply the
excitation voltage at the T-PWAS and directly record
the capture signal at the R-PWAS. We used the
ABAQUS implicit code to simulate the generation of
Lamb waves in a 2-mm laminate carbon fiber plate
with surface mounted 8.7-mm round PWAS placed, as
shown in Figure 2. The plate was discretized with S4R
shell elements of size 1 mm in the xy plane (mesh den-
sity comprised between N = 23 andN = 8 elements
per wavelength). Each laminate is composed of three
integration points. The eight plies have the same

orientation of the experimental plate as described in
section ‘‘Relation between viscous damping and
Rayleigh damping,’’ that is, [0, 45, 45, 0, 0, 45, 45, 0],
as shown in Figure 8(a). The PWAS transducers were
discretized with the C3D8E piezoelectric element and
perfectly bonded on the plate, as shown in Figure 8(b).
We modeled the electric signal recorded at the
R-PWAS due to an electric excitation applied to the
T-PWAS, which generated ultrasonic guided waves tra-
veling through the plate.

The piezoelectric material properties were assigned
to the PWAS as described in Gresil et al. (2012)

Cp =

97 49 49 0 0 0

49 97 44 0 0 0

49 49 84 0 0 0

0 0 0 24 0 0

0 0 0 0 22 0

0 0 0 0 0 22

2
6666664

3
7777775
GPa ð3Þ

ep

� �
=

947 0 0

0 605 0

0 0 947

2
4

3
53 10�8 F=m ð4Þ

ep

� �
=

0 0 0 0 12:84 0

0 0 0 12:84 0 0

�8:02 �8:02 18:31 0 0 0

2
4

3
5C=m2

ð5Þ

where ½Cp� is the stiffness matrix, ½ep� is the dielectric
matrix, and ½ep� is the piezoelectric matrix. The density
of the PWAS material is assumed to be
r= 7600 kg=m3.

Wave propagation with attenuation

After the presentation of the theory of guided wave in
composite materials and the experimental results of

Figure 8. (a) Definition of the orientation for the eight plies and (b) MP-FEM model of the plate with the circular transducer (T-
PWAS) and the circular sensors.
MP-FEM: multi-physics finite element method; T-PWAS: transmitter piezoelectric wafer active sensors.
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both group velocity and tuning effect on CFRP, this
section will present the relation between viscous damp-
ing and Rayleigh damping in order to develop our
model based on the wave attenuation due to material
damping.

Relation between viscous damping and Rayleigh
damping

In viscous damping, the damping force is assumed pro-
portionate to the velocity of the vibrating body, that is

F = � c _x ð6Þ

where c is a constant of proportionality and the velocity
of the mass, as shown in Figure 9.

Consider the one-degree-of-freedom (1DOF)
damped system consisting of a spring, k, mass, m,
and viscous damper, c, as presented in Figure 9. The
equation of motion for damped free vibration is given
by the linear ordinary differential equation (ODE)

m€x+ c _x+ kx= 0 ð7Þ

We have the eigenvalue or the characteristic equa-
tion of the system as

ml2 + cl+ k = 0 ð8Þ

with

l= � zvn + ivd , vd =vn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2

q
ð9Þ

where z is the damping ration, vn is the natural angular
frequency of vibration, and vd is the damped natural
frequency.

The general solution is of the form

x=Ae�zvnteivd t ð10Þ

where A is a complex number determining the ampli-
tude and phase of the response. In equation (9), z is the
damping ratio defined as

z=
c

2
ffiffiffiffiffiffi
km
p ð11Þ

For low-damping structures, z� 1 and vd ffi vn.
Hence, equation (10) becomes

x=Ae�zvnteivnt ð12Þ

A typical damped response of a low-damping struc-
ture is illustrated in Figure 9(b). To simulate viscous
damping, stiffness proportional or mass proportional
damping can be introduced in the time domain models
of most FEM packages. Viscous damping is the only
dissipation mechanism that is linear and thus low cost,
so that the motivation to use it in models is very strong.
The most common viscous damping description is uni-
form Rayleigh model, where a linear combination of
mass and stiffness matrices is used. This Rayleigh
damping is defined as (Meirovitch, 2003)

C½ �=a M½ �+b K½ � ð13Þ

where a and b are the mass and stiffness proportional-
ity coefficients. The mass proportional damping coeffi-
cient a introduces damping forces caused by the
absolute velocities of the model and so simulates the
idea of the model moving through a viscous ‘‘medium.’’
The stiffness proportional damping coefficient b intro-
duces damping proportional to the strain rate, which
can be thought of as damping associated with the mate-
rial itself. With the application of this principle, the
coupled-field FEM matrix element can be expressed as
follows (ANSYS, 2004; Moveni, 2003)

M½ � 0½ �
0½ � 0½ �

� �
€uf g
€V
� �	 


+
C½ � 0½ �
0½ � 0½ �

� �
_uf g
_V

� �	 


+
K½ � KZ½ �

KZ½ �T Kd
� �

" #
uf g
Vf g

	 

=

Ff g
Lf g

	 
 ð14Þ

where [M], [C], and [K] are the structural mass, damp-
ing, and stiffness matrices, respectively; {u} and {V} are
the vectors of nodal displacement and electric potential,
respectively, with the dot above variables denoting time
derivative; {F} is the force vector; {L} is the vector of
nodal, surface, and body charges; {KZ} is the piezoelec-
tric coupling matrix; and [Kd] is the dielectric
conductivity.

To illustrate the connection between Rayleigh damp-
ing, equation (13), and the viscous damping, equation
(11), consider again the equation of 1DOF vibration
and assume

c=am+bk ð15Þ

Hence, equation (8) becomes

ml2 + am+bkð Þl+ k = 0 ð16Þ

The root of equation (16) is

Figure 9. Damped vibration response for various damping
ratios: (a) system schematic and (b) under damped z\1ð Þ.

Gresil and Giurgiutiu 9

 by guest on September 10, 2014jim.sagepub.comDownloaded from 

http://jim.sagepub.com/


l1, 2 =
� am+bkð Þ6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
am+bkð Þ2�4mk

q
2m

ð17Þ

Upon simplification, for low-damped structures

l= � 1

2

a

vn

+bvn

� �
vn + ivn ð18Þ

By identification with equation (9), we get

z =
1

2

a

vn

+bvn

� �
ð19Þ

Wave attenuation due to material damping

Lamb waves can have 1D propagation (straight-crested
Lamb waves) or 2D propagation (circular-crested
Lamb waves). Conventional ultrasonic transducers
generate straight-crested Lamb waves. This is done
either through an oblique impingement of the plate
with a tone burst or through a coupling wedge.
Circular-crested Lamb waves are not easily excited with
conventional transducers. However, circular-crested
Lamb waves can be easily excited with PWAS transdu-
cers, which have omnidirectional effects and generate
2D Lamb waves propagating in a circular pattern.
Circular-crested Lamb waves have the same character-
istic equation and the same across the thickness Lamb
modes as the straight-crested Lamb waves. The main
difference between straight-crested and circular-crested
Lamb waves lies in their space dependence, which is a
trough harmonic function in the first case and through

Bessel functions in the second case. In spite of this dif-
ference, the Rayleigh–Lamb frequency equation, which
was developed for straight-crested Lamb waves, also
applies to the circular-crested Lamb waves. Hence, the
wave speed and group velocity of circular-crested are
the same of straight-crested Lamb waves. Figure 10(a)
shows the circular-crested Lamb waves in a plate
generated by a PWAS bonded on a composite plate.
This snapshot is obtained using the MP-FEM
simulation.

The attenuation of Lamb wave may be due to many
different factors; the four most important ones are
(Pollock, 1986; Schubert and Herrmann, 2011) as
follows:

1. Geometric spreading;
2. Material damping;
3. Wave dispersion;
4. Dissipation into adjacent media.

The geometric spreading describes the loss of ampli-
tude due to the growing length of a wave front depart-
ing into all directions from a source as described in
Figure 10(a). Figure 10(b) shows the signal received at
different distances from the source. The effect of the
geometric spreading shows slight magnitude attenua-
tion with distance.

The material damping describes how much energy
stored in the wave dissipates due to non-perfect elastic
material behavior. The attenuation due to wave disper-
sion is a result of a frequency dependence of wave

Figure 10. (a) Simulation of circular-crested plate wave propagation in a plate and (b) 2D MP-FEM damping-less simulation: S0
signal received at different distances from the source displays the effect of the geometric spreading attenuation only.
MP-FEM: multi-physics finite element method; 2D: two-dimensional; T-PWAS: transmitter piezoelectric wafer active sensors; R-PWAS: receiver

piezoelectric wafer active sensors.
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velocities. As a particular wave is composed from dif-
ferent frequency components, these components spread
in time, thus lowering the absolute attenuation of the
wave packet. The dissipation into adjacent media is
nonexistent, in our application, because the adjacent
media is air.

In the case of single-frequency wave propagation in
a circular wave front through a damped plate, we can
write

f(r, t)=A
1ffiffi
r
p e�hrei vt�grð Þ ð20Þ

where r is the distance between the T-PWAS and the R-
PWAS, A is the magnitude of the signal, f(r, t) is a gen-
eric disturbance that propagates in space as a wave, g is
the wave number, h is the wave damping coefficient,
and v is the angular frequency.

We note that the decrease in wave amplitude with
propagation (i.e. wave attenuation) consists of two
components, one due to geometric spreading, 1=

ffiffi
r
p

,
and the other due to structural damping, e�hr. Using
the magnitude of the signal received, as shown in
Figure 10(b), versus the distance, we proposed to curve
fitting these values. Figure 11 shows the magnitude of
the un-damped MP-FEM signal received versus the dis-
tance. The curve of the geometry spreading, that is,
1=

ffiffi
r
p

, fits very well the simulated data.
The relation between propagating distance, r, and

elapsed time, t, is given by

r = c0t ð21Þ

where c0 = g=v is the wave speed. Upon substitution in
equation (20), we get

e�hr = e�hc0t ð22Þ

Comparing equations (22) and (12), we write

zv=hc0 ð23Þ

Substituting equation (19) into equation (23) yields
upon rearrangement

1

2
a+bv2
 �

=hc0 ð24Þ

The wave damping coefficient h can be determined
by curve fitting the law (equation (20)) with experimen-
tally observed data.

Results and discussion

Simulation

The essential parameter required to estimate the Lamb
wave attenuation due to material damping is the wave
damping coefficient, h. This is not an easy task for
circular-crested Lamb waves because the attenuation

1=
ffiffi
r
p

due to geometric spreading may obscure the
attenuation due to material damping. The other diffi-
culty is associated with the multi-modal character of
the Lamb waves where S0 and A0 modes coexist simul-
taneously most of the time. This latter aspect may be
mitigated by exploiting the PWAS mode tuning proper-
ties (Giurgiutiu, 2005). The MP-FEM simulation was
carried out on a CFRP laminate of 2 mm thickness
described in section ‘‘Wave propagation with attenua-
tion’’ to determine the attenuation coefficient. A
300 kHz three-count tone burst modulated by a
Hanning window with a 20 V maximum amplitude
peak to peak, as shown in Figure 2(b). Due to the tun-
ing effect this frequency corresponds to the maximum
magnitude of the S0 mode, as shown in Figure 7(a).

Figure 12(a) shows the MP-FEM simulation
received signal at different distances from the source
with Rayleigh damping a= 0; b= 5 3 10�8 displays
attenuation due to both geometric spreading and struc-
tural damping. Using the magnitude of the signal
received as shown in Figure 12(a) versus the distance,
we proposed to curve fitting these values. Figure 12(b)
shows the magnitude of the damped MP-FEM signal
received versus the distance. The curve of the geometry
spreading, that is, 1=

ffiffi
r
p

, and the other due to structural
damping, that is, e�hr, fit very well the simulated data
when the wave damping coefficient, h, is equal to 15.

Figure 13(a) shows the MP-FEM simulation signal
received signal at different distance from the source
with Rayleigh damping a= 120, 000; b= 0 displays
attenuation due to both geometric spreading and struc-
tural damping. Figure 13(b) shows the magnitude of
the damped MP-FEM signal received versus the dis-
tance. The curve of the geometry spreading, that is,
1=

ffiffi
r
p

, and the other due to structural damping, that is,
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Figure 11. Curve fitting of the MP-FEM results without
damping. In this case, the attenuation is only due to the
geometry spreading and with curve fitting with
(A= 0:53; h= 0).
MP-FEM: multi-physics finite element method; 2D: two-dimensional.
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e�hr, fit very well the simulated data when the wave
damping coefficient, h, is equal to 15.

This is very interesting because we can obtain almost
the same simulated results using the stiffness propor-
tional damping (Figure 12(b)), or the mass propor-
tional damping (Figure 13(b)). Geometric spreading
and structural damping are the dominant source of
attenuation in the near field close to the transducer.
For Lamb waves, the attenuation over this region will

be even greater as the signal begins to separate into the
distinct modes and suffer from velocity dispersion.

The near field of a source is the region close to a
source where the sound pressure and acoustic particle
velocity are not in phase. In this region, the sound field
does not decrease by 6 dB each time the distance from
the source is increased (as it does in the far field). The
near field is limited to a distance from the source equal
to about a wavelength of sound or equal to three times

Figure 12. 2D MP-FEM simulation: (a) signal received signal at different distances from the source with Rayleigh damping
a= 0; b= 5310�8 displays attenuation due to both geometric spreading and structural damping and (b) curve fitting of the peak-
to-peak magnitude versus the received distance signal when the damping ratio is 5% (a= 0; b= 5310�8) and with curve fitting
with (A= 0:4; h= 15).
MP-FEM: multi-physics finite element method; 2D: two-dimensional.

Figure 13. 2D MP-FEM simulation: (a) signal received signal at different distances from the source with Rayleigh damping
a= 120, 000; b= 0 displays attenuation due to both geometric spreading and structural damping and (b) curve fitting of the peak-
to-peak magnitude versus the received distance signal when the damping ratio is 5% (a= 120, 000; b= 0) and with curve fitting
with (A= 0:47; h= 15).
MP-FEM: multi-physics finite element method; 2D: two-dimensional.
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the largest dimension of the sound source (whichever is
the larger). The far field of a source begins where the
near field ends and extends to infinity. Note that the
transition from near to far field is gradual in the transi-
tion region. In the far field, the direct field radiated by
most machinery sources will decay at the rate of 6 dB
each time the distance from the source is doubled. For
line sources such as traffic noise, the decay rate varies
between 3 and 5 dB.

In the far field (after 50 mm in this case), the
attenuation is dominated by the structural damping.
This structural damping can be due to absorption or
conversion of sound energy to heat. The attenuation
coefficient with units of dB/unit can be calculated. At
40 mm, the attenuation is around 6.4 dB, that is, geo-
metry spreading and structural damping, and after
60 mm, the attenuation is around 4.3 dB, that is, struc-
tural damping. For the S0 mode, at 300 kHz, the tran-
sition distance at which the structural damping begins
to dominate the geometric spreading is around 4.3 dB.
Moreover, at this frequency, in theory, the S0 mode is
non-dispersive, so for this case the attenuation is not
due to the wave dispersion.

Experiments

To validate the results of the model, the experimental
setup described in section ‘‘Experimental setup’’ was
used to obtain the wave damping coefficient. Figure
14(a) shows the experimental received signal acquired
at 20, 40, 60, 80 and 100 mm from the transmitter with
an excitation frequency of 300 kHz, that is, corre-
sponding of the maximum magnitude of S0 mode. As
observed in Figure 14(b), the magnitude of the S0 mode
(at 300 kHz) decreases as the law described in equation
(20). This curve is obtained using 20 runs for each data

points. The error bar corresponds to the standard
deviation of the raw data measurement. The curve of
the geometry spreading, that is, 1=

ffiffi
r
p

, and the other
due to structural damping, that is, e�hr, fit very well the
experimental results when the wave damping coeffi-
cient, h, is equal to 15. Moreover, this wave damping
coefficient is a very good agreement with our MP-FEM
model.

Another experiment was carried out on a CFRP
laminate of 2 mm thickness to determine the wave
damping coefficient for the A0 mode. Figure 15(a)
shows the received signal acquired at 20, 40, 60, 80,
and 100 mm from the transmitter with an excitation
frequency of 90 kHz, that is, corresponding of the max-
imum magnitude of A0 mode. Figure 15(b) shows the
magnitude of the received signal function of the dis-
tance between the transmitter and the receiver PWAS.
As shown in Figure 15(b), the magnitude of the A0
mode (at 90 kHz) is attenuated due to the structural
damping (Ae�hr) only, while the S0 mode (at 300 kHz)
is attenuated due to the structural damping as well and
also the geometry spreading.

For the A0 mode at 40 mm, the attenuation is
around 3 dB, that is, structural damping only.
Moreover, at this frequency, in theory A0 mode is dis-
persive, so for this case the attenuation is also may be
due to the wave dispersion. Thus, dispersion induced
attenuation is hard to observe and has been little stud-
ied. However, as demonstrated by the simulation and
the experiments, this mechanism of signal loss is of con-
siderable importance for analysis of Lamb waves.

To compare and understand the effect of the geo-
metric spreading and the material damping of S0 and
A0 modes, the same study is realized with the excita-
tion frequency, that is, 150 kHz. Following the tuning
curves described in section 4.4, both S0 and A0 modes

Figure 14. (a) Experimental received signal at different distances at 300 kHz for S0 mode and (b) curve fitting with
(A= 0:4; h= 15).
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are present. To calculate and compare the wave damp-
ing coefficient between S0 and A0 modes, the magni-
tude curve fitting versus the propagation distance are
plotted in Figure 16. Figure 16(a) shows the magnitude
curve fitting for S0 mode, which follows the curve with
the geometry spreading and the structural damping
with a wave damping coefficient h= 6. Figure 16(b)
shows the magnitude curve fitting for A0 mode, which
follows the curve of the structural damping only, with
a wave damping coefficient h= 14:5.

The A0 wave magnitude should fit the curve with
the geometry spreading and the structural damping
model, that is, from equation (19). We are surprised by
this contradictory result, especially since the S0 mode
tuned at 300 kHz did follow equation (19) quite well.

This anomalous behavior of the A0 mode may be due
to the dispersion effects that modifies the wave
amplitude.

Ideally, equation (19) should apply to a single fre-
quency excitation, but this is impractical in experiments
using the tone burst excitation and wave packages.
Dispersion induced attenuation is hard to observe and
has been little studied; one alternative would be to per-
form the study in terms of wave packet total energy
instead of maximum wave amplitude. The wave packet
energy can be expressed as

E}

ðt1
t0

x tð Þj j2dt ð25Þ

Figure 15. (a) Experimental received signal at different distance at 90 kHz for A0 mode and (b) curve fitting with (A= 0:03; h= 5).
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Figure 16. Experimental curve fitting at different distances at 150 kHz for (a) the S0 mode (geometry spreading + structural
damping) with (A= 0:02; h= 6) and (b) the A0 mode (structural damping) with (A= 0:06; h= 14:5).
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where x(t) is the time signal received by the T-PWAS,
and t0 and t1 are the time window where the wave
packet of interest is.

Figure 17(a) shows the attenuation curve fitting
using the energy of the S0 mode wave packet, which
follows the curve with combined geometry spreading
and the structural damping with a wave damping coef-
ficient h= 18:138. Figure 17(b) shows the damping
curve fitting for A0 mode which follows the curve with
combined geometry spreading and the structural damp-
ing only structural damping, with a wave damping
coefficient h= 16:008.

Discussion

In general, when a guided wave propagates in a viscoe-
lastic material, the reduction in amplitude is due to both
geometry spreading and the structural damping due to
the viscoelasticity of the composite medium for the S0
mode as described in the previous section. However, for
the A0 mode, the reduction in amplitude is only due to
the structural damping. This is why it is legitimate to
ask whether it is possible to simultaneously simulate
these two modes S0 and A0 using Rayleigh damping
attenuation in the FEM.

Knowing the wave damping coefficient h, and the
group velocity for a given frequency, we can plot equa-
tion (24), which gives the mass proportional damping a

versus the stiffness proportional damping b. Figure 18
shows the positive value that can take a and b at 300
and 90 kHz for S0 and A0, respectively. At these fre-
quencies, we can consider that only one mode is propa-
gating. Therefore, for mono-mode propagation, the
MP-FEM can be used to easily simulate the guided
wave propagation in viscoelastic material using the
Rayleigh damping.

The difficulty appears when the guided wave propa-
gation is multi-modal, that is, at 150 kHz. Figure 19
shows the positive value that can take a and b at
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Figure 17. Experimental curve fitting at different distances at 150 kHz for (a) the S0 mode with (A= 0:5638; h= 18:138) and (b)
the A0 mode with (A= 0:3645; h= 16:008) using wave energy.

Figure 18. Model of a versus b (Rayleigh damping) for the
CFRP laminate at 300 kHz for S0 mode and at 90 kHz for A0
mode.
CFRP: carbon fiber–reinforced plastic.

Figure 19. Model of a versus b (Rayleigh damping) for the
CFRP laminate at 150 kHz for S0 and A0 modes.
CFRP: carbon fiber–reinforced plastic.
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150 kHz for S0 and A0 modes. As described in Figure
19, one value of a and b for simultaneously simulate
A0 and S0.

Another method to simulate the damping in
ABAQUS/Implicit for MP-FEM model in order to cal-
culate with a high level of accuracy can be used: (a)
define time domain viscoelasticity; (b) Rayleigh damp-
ing (for mono-mode propagation); (c) option
‘‘STRUCTURAL’’ (in ABAQUS) value for the s factor
to create imaginary stiffness proportional damping;
and (d) step dynamic, implicit procedure: numerical
damping control parameter, 0 (no damping), 20.333
(maximum damping). The default value is 20.05,
which provides slight numerical artificial damping.
These further researches need to be done to better
understand the attenuation of guided wave propaga-
tion in composite materials in order to develop a pre-
dictive method with a high level of accuracy.

Simulation of the guided wave propagation with
Rayleigh damping for multi-modal Lamb waves

The MP-FEM simulation was carried out on a
CFRP laminate to determine the attenuation

coefficient. A 150 kHz three-tone burst modulated by a
Hanning window with a 20 V maximum amplitude
peak to peak was applied to the top surface of the T-
PWAS. Due to the dispersion curves presented in sec-
tion ‘‘Analytical updating’’ and the tuning effect
described on section ‘‘Tuned guided waves in CFRP
laminates,’’ both S0 and A0 modes are present at this
frequency.

Figure 20 shows the comparison between the MP-
FEM simulation and the experimental signal measured
at R-PWAS placed at 100 mm from the T-PWAS. A
Rayleigh damping was used; the stiffness proportional
coefficient b= 6:10�8 corresponds to the S0 mode
attenuation, as shown in Figure 19.

At 150 kHz, two guided wave modes are present, S0
and A0, as show in Figure 20. The A0 mode is consider-
ably slower than the S0 mode and its magnitude is
smaller than the S0 magnitude; this agrees with the tun-
ing curve in section ‘‘Tuned guided waves in CFRP
laminates.’’ However, for this stiffness proportional
coefficient b= 6:10�8, the MP-FEM magnitude for the
A0 mode is smaller than the experiment value, that is,
the damping coefficient is too big to simulate the experi-
mental results.

Figure 21 shows the comparison between the MP-
FEM simulation and experimental electric signal mea-
sured at R-PWAS placed at 100 mm from the T-PWAS
with the stiffness proportional coefficient b= 2:10�8,
which corresponds to the A0 mode attenuation shown
in Figure 19. With this stiffness proportional coefficient
b= 2:10�8, the MP-FEM signal for the S0 and the A0

Figure 20. Comparison between the experimental and the
MP-FEM received signal at 100 mm from the T-PWAS at
150 kHz with a= 0 and b= 6:10�8.
MP-FEM: multi-physics finite element method; T-PWAS: transmitter

piezoelectric wafer active sensors.

Figure 21. Comparison between the experimental and the
MP-FEM received signal at 100 mm from the T-PWAS at
150 kHz with a= 0 and b= 2:10�8.
MP-FEM: multi-physics finite element method; T-PWAS: transmitter

piezoelectric wafer active sensors.

Figure 22. Snapshot of the guided Lamb wave propagation
showing the scattering due to the bonded PWAS on the guided
wave propagation path between the T-PWAS and the R-PWAS.
PWAS: piezoelectric wafer active sensors; T-PWAS: transmitter

piezoelectric wafer active sensors; R-PWAS: receiver piezoelectric wafer

active sensors.
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modes is in better agreement with the experimental
signal.

However, the MP-FEM signal between the S0 mode
packet and the A0 mode packet is different from the
experimental signal. These different signals may be due
to the scattering effect by the other bonded PWAS on
the guided wave propagation path between the T-
PWAS and the R-PWAS as described on the MP-FEM
snapshot in Figure 22.

In addition, we may attribute these phenomena to a
micro defect that we observed in the structure as shown
in the scanning acoustic microcopy picture in Figure
23. Indeed, on the first layer (0�/90�) and on the second
layer (45�/245�), we observe some area of resin pocket
and lack of resin, respectively. These micro defects can
create some scattering effect and/or conversion mode
on the guided wave, which is observed on the received
signal in Figure 21.

Conclusion

This article has presented numerical and experimental
results on the use of guided wave for SHM in viscoelas-
tic composite material. The challenge has been dis-
cussed to simulate with high accuracy guided wave
propagation in composite materials. Analytical predic-
tions of the dispersion curves have been presented and
were compared with experimental results. Guided wave
simulation has been conducted with the MP-FEM
approach in a multi-layer composite material. The
simulated electrical signal was excited at a transmitter
PWAS and measured at a receiver PWAS using the
MP-FEM capability with the piezoelectric element.
Relation between viscous damping and Rayleigh damp-
ing has been presented and a discussion about wave
attenuation due to material damping and geometry
spreading has been led. The Rayleigh damping model

has been used to compute the wave damping coefficient
for several frequency and for S0 and A0 modes. The
multi-modal guided wave propagation was also exam-
ined by excitation at 150 kHz where both the A0 and
S0 modes are present. We found that the reduction in
energy for S0 and A0 mode packet obeys a law that
incorporates both geometry spreading and structural
damping. It was found that the mass and/or stiffness
proportional damping coefficient are different for each
mode. Nonetheless, using these coefficients, we were
able to simulate these two modes using our MP-FEM
approach with high accuracy.
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