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Abstract

This article presents a systematic investigation of power and energy transduction in piezoelectric wafer-active sensors

(PWAS) for structural health monitoring (SHM). After a literature review of the state-of-the-art, we developed a predictive

modeling of the multi-physics power and energy transduction between structurally guided waves and PWAS in closed-form

analytical expressions. The model assumptions include: (a) one-dimensional axial and flexural wave propagations; (b) ideal

bonding (pin-force) connection between PWAS and structure; and (c) ideal excitation source at the transmitter PWAS and

fully resistive external load at the receiver PWAS. Both wave propagation method for an infinite beam and normal mode

expansion method for a finite beam were considered. Frequency response functions were developed for voltage, current,

complex power, active power, etc. The power and energy analysis for single PWAS transmitter, single PWAS receiver and a

complete PWAS pitch-catch setup were considered. The numerical simulation and graphical charts show the trends in the

power and energy flow behavior of PWAS for SHM. The peaks and valleys of power can be exploited for optimum design

for PWAS SHM applications.
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Introduction

Background

The mounting costs of maintaining our aging infrastruc-
ture and the associated safety issues are a growing
national concern. Over 27% of our nation’s bridges
are structurally deficient or functionally obsolete.1

Deadly accidents are still marring our everyday life. In
response to these growing concerns, structural health
monitoring (SHM) sets forth to determine the health
of a structure by monitoring over time a set of structural
sensors and assessing the remaining useful life and the
need for structural actions. Built-in SHM system capa-
ble of detecting and quantifying damage would increase
the operational safety and reliability, would conceivably
reduce the number of unscheduled repairs, and would
bring down maintenance cost.

The type and efficiency of the SHM sensors play a
crucial role in the SHM system success. Ideally, SHM
sensors should be able to actively interrogate the struc-
ture and find out its state of health, its remaining life,
and the effective margin of safety. Essential in this

determination is to find out the presence and extent of
structural damage. Recent SHM work has shown that
piezoelectric wafers adhesively bonded to the structure
successfully emulate the nondestructive evaluation
(NDE) methodology (pitch-catch, pulse-echo, and
phased array, Figure 1) while being sufficiently small
and inexpensive to allow permanent attachment to the
monitored structure. Piezoelectric wafer-active sensors
(PWAS) are small, lightweight, unobtrusive, and inex-
pensive. They achieve direct transduction between elec-
tric and elastic wave energies. Two SHM sensing
principles can be considered: (a) passive SHM sensing,
in which the damage of the structure is inferred from the
changes in load and strain distributions measured by the
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sensors; and (b) active SHM sensing, in which the
damage is sensed by active interrogation of the structure
with elastic waves. The power and energy flow in active
and passive sensings is an important factor and has not
been systematically addressed.

State-of-the-art

Up to date, work on PWAS SHM technology has
not yet systematically addressed the modeling of power
and energy transduction. However, this topic has
been addressed to a certain extent in classical NDE.2

,–5

Viktorov2 mentioned the transmissibility function
between an NDE transducer and the guided waves in
the structure. However, Viktorov did not provide an ana-
lytical expression but rather relied on experimental deter-
mination. Auld3 treated comprehensibly the power and
energy of ultrasonic acoustic fields and developed the
complex reciprocity approach to their calculation. He
developed some predictive models for surface acoustic
wave devices that relied on the simplifying assumption
of single-mode nondispersive Rayleigh wave propaga-
tion. Rose5 developed a model for coupling between an
angle-beam ultrasonic transducer and a system of guided
Lamb waves in the structure using the normal modes
expansion approach. However, this model was not spe-
cific about how the shear transfer takes place through the
gel coupling between the transducer and the structure.
Ng and Liao6 evaluated the piezoelectric sensor-sensing
and power-generating abilities and power-harvesting
performance. Erturk and Inman7,8 modeled piezoelec-
tric-based energy harvesting for cantilever beam har-
vesters. Classical NDE analysis has not studied in
detail the power flow between transducer and structure
because: (a) the coupling–gel interface did not clearly
have predictable behavior; and (b) power was not gener-
ally an issue, since NDE devices are not meant to operate
autonomously on harvested power.

Although not much addressed by classical NDE anal-
ysis, the understanding and mastering of the power and
energy flow are of paramount importance for the design

of autonomous SHM systems employing structurally
integrated active sensors.

Motivation

The purpose of this study is to develop analytical meth-
ods to understand andmaster the power and energy flow
in PWAS active and passive SHM sensings. It is impor-
tant for the design of autonomous SHM systems to
employ PWAS with optimum power and energy flow.
The following issues were addressed: (a) predictive
modeling of the frequency response function (FRF)
and the power and energy transduction at the interface
between PWAS and the structure in the presence of axial
and flexural waves; (b) identification of maximum
energy flow; and (c) knowing that energy flows under
impedance match conditions.

Modeling of FRF

Modeling of FRFs was developed for PWAS voltage,
current, complex power, active power, etc. in this sec-
tion. Under harmonic excitation, the FRF is the mea-
sure of any system’s output spectrum in response to an
input signal. In PWAS-embedded SHM setup, the input
is the excitation voltage, and the output could be volt-
age, current, complex power, etc. The analytical model
of FRF and power and energy transduction is based on
the following assumptions: (a) ideal bonding (pin-force)
connection between PWAS and structure; (b) ideal exci-
tation source at the transmitter PWAS and fully resistive
external load at the receiver PWAS; and (c) 1D axial and
flexural wave propagations. Frequency response func-
tions are developed for voltage, current, complex power,
active power, etc.

For compactness, the notations were used in this
article:

_U ¼
@

@t
U U0 ¼

@

@x
U U ¼ Ûei!t �U ¼ conj ðUÞ ð1Þ

Transmitter-receiver PWAS

Crack

(b)

Transmitter  
(Wave exciter) 
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(Wave detector) 

Lamb waves 
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PWAS, 0.2-mm thick 

Substrate structure, 
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Figure 1. (a) Pitch-catch method; (b) pulse-echo method; and (c) boded interface between PWAS and structure.
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The notation ~f is the space-domain Fourier transform
F ð Þ and h tð Þ � x tð Þ the convolution of two variables

~f �ð Þ ¼

ð1
�1

f ðxÞe�i�xdx

F h tð Þ � x tð Þ
� �

¼ H !ð ÞX !ð Þ

ð2Þ

Constitutive equation

Consider a PWAS of length l, width b, and thickness
hPWAS, undergoing longitudinal expansion, u1, induced
by the thickness polarization electric field, E3. The elec-
tric field is produced by the application of a harmonic
voltage VðtÞ ¼ V̂ei!t between the top and bottom surface
electrodes. The 1D piezoelectric constitutive equation is

S1 ¼ sE11T1 þ d31E3

D3 ¼ d31T1 þ "
T
33E3

ð3Þ

where S1 is the strain, T1 the stress, D3 the electrical
displacement, sE11 the mechanical compliance at zero
field, "T33 the dielectric constant at zero stress, and d31
the induced strain coefficient.

Pin-force model

The actuation and sensing between the PWAS and the
structure are achieved through the adhesive layer.
Crawley and De Luis9 developed an analytical model
of the coupling between piezoelectric wafer actuators
and thin wall structural members. The configuration
studied was of two piezoelectric elements bonded on
both sides of an elastic structure. They assumed that
the strain distribution in the piezoelectric actuator was
a linear distribution across the thickness (Euler–
Bernoulli linear flexural or uniform extension) anddevel-
oped a shear lag solution for the interfacial stress
between the PWAS and the structure. Giurgiutiu10

extended the shear lag solution to the case of a single
PWAS attached to one side of structure. Santoni-
Bottai and Giurgiutiu11,12 further extended this study
by removing theEuler–Bernoulli assumption and consid-
ering multiple Lamb waves mode simultaneously present
in the structure. They have indicated that the simplified

pin-force model can be used under nonideal conditions
by employing an effective PWAS length which is shorter
than the actual length by a percentage. In this study, we
are implicitly assuming we are using effective PWAS size
and considering the ideal bonding of adhesive layer. The
concept of ideal bonding (also known as the pin-force
model) assumed that all the load transfer takes place
over an infinitesimal region at the PWAS ends, and the
induced strain action is assumed to consist of a pair of
concentrated forces applied at the ends.10 The adhesive
layer acts as a shear layer, in which the mechanical effects
are transmitted through shear effects. Under static and
low-frequency dynamic conditions, the usual hypothesis
associates with simple axial and flexural motions, i.e.,
constant displacement for axial motion and linear dis-
placement strain for flexural motion. Future work will
consider the power and energywith full shear-lag analysis.

The pin-force model is convenient for getting simple
solutions that represent a first order of approximation to
the PWAS–structure interaction. The pin-force applied
by the PWAS surface contributes the axial force and
bending moment to the structure (Figure 2(b)).
Considering a PWAS with its left edge at A0 ¼ x0 and
right edge A1 ¼ x0 þ l, the overall axial force and bend-
ing moment applied to the structure can be written as

Neðx, tÞ ¼ F̂ �Hðx� x0Þ þHðx� x0 � l Þ½ �

n o
e�i!t ð4Þ

Meðx, tÞ ¼ �
hbeam
2

F̂ �Hðx� x0Þ þHðx� x0 � l Þ½ �

� �
e�i!t

ð5Þ

where Neðx, tÞ and Meðx, tÞ are the axial force and
bending moment at the structure location x; H xð Þ the
Heaviside step function; and hbeam the thickness of the
beam.

PWAS transmitter and receiver

The relation between PWAS pin-force and transmitter
input voltage and the relation between pin-force and
receiver output voltage were established.

Under ideal excitation source at the transmitter
PWAS, the relation of the pin-end force F̂ and the

(b)(a)

M

N

1 0A x l= +

PWAS

PWASF PWASF

beam 

0 0A x=

Figure 2. PWAS model: (a) PWAS attached to a bar and (b) pin-force model.
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elongation of PWAS �û when PWAS was constrained
on the structure can be derived from the constitutive
equation as described by15

F̂ ¼ kið�û� uISAÞ ð6Þ

where ki and uISA were defined as the internal stiffness
of PWAS actuator and induced displacement, respec-
tively, i.e.

ki ¼
hPWASb

sE11l
uISA ¼ d31

V̂

t
l ð7Þ

Under fully resistive external load at the receiver
PWAS and harmonic dynamic strain excitation, the
relation of output voltage and PWAS elongation is13

V̂ ¼
1

Ye þ ð1� k231ÞY0

i!b
d31
s11

�u ð8Þ

where k231 ¼
d2
31

s11"33
is the electromechanical coupling

coefficient, Ye the external equipment admittance, and
Y0 the PWAS admittance.

The relation of the pin-force at PWAS receiver and
the elongation of PWAS is14

F̂ ¼ Rð!Þki�û ð9Þ

where coefficient Rð!Þ ¼ 1�
k231Y0

Ye þ ð1� k231ÞY0

� �

Wave propagation method

For an infinite length beam under harmonic vibration,
axial and flexural waves can be considered to travel for-
ward and backward without reflection. The axial wave
equation under harmonic vibration is10

�!2uðx, tÞ � c2u00ðx, tÞ ¼
N0e
�A

ð10Þ

where � is the beam material density, A the beam cross-
sectional area, E the beam material Young’s modulus,

c ¼
ffiffiffiffiffiffiffiffiffi
E=�
p

the axial wave speed, and �20 ¼ !
2=c2 the

wavenumber of axial waves in the 1D medium. The
wave equation can be written as

�u00 � �20u ¼ hðx, tÞ, where hðx, tÞ ¼
N0eðx, tÞ

EA
ð11Þ

The space-domain Fourier transform has property
~f0 ¼ i� ~f. Using the space-domain Fourier transform
on both sides, then the axial wave equation becomes

~u ¼
1

�2 � �20

~h, where ~h �ð Þ ¼

ð1
�1

hðxÞe�i�xdx

¼
1

EA

ð1
�1

F̂ ��ðx� x0Þ þ �ðx� x0 � l Þ½ �

n o
e�i�xdx

ð12Þ

Taking the inverse space-domain Fourier transform
yields the solution in the space domain. The solution is

uðx, tÞ ¼
1

2�EA
e�i!t

ð1
�1

1

�2 � �20
F̂ð�e�i�x0 þ e�i�ðx0þl ÞÞ
h i

ei�xd�

ð13Þ

The integral in Equation (13) can be resolved analyt-
ically using the residues theorem and a semicircular con-
tour in the complex � domain.We note that the integrant
in Equation (13) has two poles, corresponding to the
wavenumbers ��0 and �0. We will resolve Equation
(13) for the forward wave, which exists for x4 0 and
generates a solution containing i �x� !tð Þ in the expo-
nential function. Hence, we will retain the positive pole,
�0, inside the integration contour but exclude the nega-
tive pole, ��0, from the integration contour. Using the
residue theorem, the motion in the in-plane direction
using wave propagation method is

uðxÞ ¼
i

2EA�0
F̂ð�e�i�0x0 þ e�i�0ðx0þl ÞÞ
n o

eið�0x�!tÞ ð14Þ

The flexural waves, the wave equation under har-
monic excitation is14

w0000 � !2 �A

EI
w ¼ gðx, tÞ, where gðx, tÞ

¼
1

EI

hbeam
2

F̂ ��0ðx� x0Þ þ �
0ðx� x0 � l Þ½ �

h i
ð15Þ

Using the space-domain Fourier transform and resi-
due theorem, the motion of the flexural vibration is

wðxÞ ¼ �
1

4�2F

hbeam
2EI

F̂ð�e�i�Fx0 þ e�i�Fðx0þl ÞÞ
h i

ei �Fx�!tð Þ

ð16Þ

where I is the beammoment of inertia and �F the flexural
wavenumber.

Kinematic analysis gives the in-plane displacement of
a generic point P on the beam surface in terms of the
axial and flexural displacements as

uPðtÞ ¼ uðxÞ �
hbeam
2

w0ðxÞ

¼
iF̂

2EA

ð�e�i�0x0 þ e�i�0ðx0þl ÞÞ

�0
eið�0x�!tÞ

�

þ3
ð�e�i�Fx0 þ e�i�Fðx0þl ÞÞ

�F
ei �Fx�!tð Þ

�
ð17Þ
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The displacement is derived for infinite beam. For
finite beam without considering reflections from the
boundaries (or absorption at the boundary) or finite
beams large enough and reflection is not point of inter-
ests, the derivation of displacement for infinite beam is
also valid for finite beam. The exact analytical finite
beam solution with boundary reflection can be derived
in normal mode expansion (NME) methods.

NME method

For a free–free boundary finite length beam under har-
monic vibration, NME method is used to analyze the
axial and flexural vibrations.

The equations of motion for axial and flexural vibra-
tions are

�A €uðx, tÞ � EAu00ðx, tÞ ¼ N0eðx, tÞ

�A €wðx, tÞ þ EIw0000ðx, tÞ ¼ �M00e ðx, tÞ ð18Þ

Assuming axial and flexural NMEs, i.e.,

uðx, tÞ ¼
X1
n¼0

CnUnðxÞe
�i!t

wðx, tÞ ¼
X1
n¼0

CnWnðxÞe
�i!t

ð19Þ

where UnðxÞ and WnðxÞ are orthonormal mode shapes,
the motion using NME method is

uðx, tÞ ¼
X1
n¼0

1

!2
n � !

2

1

�A
F̂�Unðx0, l Þ
h i

UnðxÞe
�i!t

wðx, tÞ ¼
X1
n¼0

�
1

!2
n � !

2

1

�A

hbeam
2

F̂W 0
nðx0, l Þ

	 

WnðxÞe

�i!t

ð20Þ

Considering the modal damping �, the kinematic
analysis gives the in-plane displacement of a generic
point P on the beam surface in terms of the axial and
flexural displacements as

uPðx, tÞ ¼
F̂

�A

X
nu

Unuðx0, l Þ

!2
nu
þ 2i�nu!nu!� !

2
UnuðxÞ

"

þ
hbeam
2

� �2X
nw

Wnwðx0, l Þ

!2
nw
þ 2i�nw!nw!� !

2
WnwðxÞ

#
e�i!t

ð21Þ

Frequency response function

Under harmonic excitation, the FRF is the measure of
any system’s output spectrum in response to an input
signal.

FRFð!Þ ¼
OUTð!Þ

INð!Þ
ð22Þ

Under nonharmonic excitation, the instantaneous
signal can be derived from the FRF. The instantaneous
response can be calculated using the inverse Fourier
transform of the product of excitation signal spectrum
and FRF. Recall the convolution property of the
Fourier transform, i.e.

outðtÞ ¼ frfðtÞ � inðtÞ ¼ F �1 FRF !ð ÞIN !ð Þ½ � ð23Þ

If the input voltage signal is an impulse function
inðtÞ ¼ � tð Þ, the output voltage signal outðtÞ is

outðtÞ ¼

ð1
�1

frfðt� �Þinð�Þd�

¼

ð1
�1

frfðt� �Þ�ð�Þd� ¼ frf tð Þ ð24Þ

Hence, the response of the current signal to an impul-
sive input voltage signal is the impulse voltage response
function of frfðtÞ. The function frfðtÞ is called the impulse
response function.

The admittance is defined as the frequency domain
ratio of the current to the voltage. Giurgiutiu considered
PWAS E/M impedance when PWAS was bonded on the
structure. The E/M impedance measured at the PWAS is
influenced by the dynamic stiffness kstr !ð Þ represented
by the structure to the PWAS. The dynamic stiffness
kstr !ð Þ constrains the PWAS in its oscillation.

The elongation of PWAS is the difference of in-plane
displacement of PWAS end, that is

�u ¼ uðx0 þ l Þ � uðx0Þ ¼ F̂CAAð!Þe
�i!t ð25Þ

The coefficient CAAð!Þ under wave propagation
method is

CAAð!Þ ¼
i

2EA

e�i�0l � 1
� �

ei�0l � 1
� �
�0

þ 3
e�i�Fl � 1
� �

ei�Fl � 1
� �

�F

� �
ð26Þ

The coefficient CAAð!Þ under NME method is

CAAð!Þ ¼
1

�A

X
nu

�Unuðx0, l Þ
 �2

!2
nu
þ 2i�nu!nu!� !

2

"

þ
hbeam
2

� �2X
nw

�Wnwðx0, l Þ
 �2

!2
nw
þ 2i�nw!nw!� !

2

#
ð27Þ

The frequency-dependent stiffness ratio r is a function
of frequency and is defined as the ratio r ¼ kstr !ð Þ=ki. The
kstr !ð Þ was defined as kstr !ð Þ ¼ F̂=�u ¼ 1=CAA !ð Þ.
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The constrained PWAS admittance is10

Y !ð Þ ¼ i!C0 1� k231
r !ð Þ

1þ r !ð Þ

	 


¼ i!C0 1� k231 1�
kiCAAð!Þ

kiCAAð!Þ � 1

� �	 

ð28Þ

The FRF of pin-force at the end of PWAS is

FRFFV !ð Þ ¼ F̂ !ð Þ=V̂ !ð Þ ¼
1

kiCAA !ð Þ � 1
kid31

l

t
ð29Þ

The FRF of velocity at PWAS end A0 and A1 on the
PWAS–structure interface is

FRFvVA0
!ð Þ ¼

v̂A0 !ð Þ

V̂ !ð Þ

¼
�!

2EA

1� e�i�0l

�0
þ 3

1� e�i�Fl

�F

	 

FRFFV !ð Þ

ð30Þ

FRFvVA1 !ð Þ ¼
v̂A1 !ð Þ

V̂ !ð Þ

¼
!

2EA

1� ei�0l

�0
þ 3

1� ei�Fl

�F

	 

FRFFV !ð Þ

ð31Þ

Power and energy transduction

A preliminary analysis of the power and energy trans-
duction process for SHM applications was performed.
We considered (a) PWAS transmitter; (b) PWAS recei-
ver; and (c) PWAS transmitter–receiver pair. The elec-
trical active power, reactive power, and power rating for
harmonic voltage excitation were examined. The para-
metric study of transmitter size and impedance, receiver
size and impedance, and external electrical load gives the
PWAS design guideline for PWAS sensing and power
harvesting applications.

Transmitter power and energy

Figure 3 shows the power and energy transduction sche-
matic in the case of a transmitter PWAS. The electrical

energy of the input voltage applied at the PWAS
terminals is converted through piezoelectric transduc-
tion into mechanical energy that activates the expan-
sion–contraction motion of the PWAS transducer.
This motion is transmitted to the underlying structure
through the shear stress in the adhesive layer at the
PWAS–structure interface. As a result, ultrasonic-
guided waves are excited into the underlying structure.
The mechanical power at the interface becomes the
acoustic wave power and the generated axial and flex-
ural waves propagate in the structure. Questions that
need to be answered through predictive modeling are:

1. How much of the applied electrical energy is con-
verted in the wave energy?

2. Howmuch energy is lost through the shear transfer at
the PWAS–structure interface?

3. How much of the applied electrical energy gets
rejected back into the electrical source?

4. What are the optimal combinations of PWAS geom-
etry, excitation frequency, and wave mode for trans-
mitting the maximum energy as ultrasonic waves into
the structure?

To perform the analysis, we developed closed-form
analytical expressions for the active and reactive electri-
cal powers, mechanical power in the PWAS, and ultra-
sonic acoustic power of the waves traveling in the
structure. Under harmonic excitation, the time-aver-
aged power is the average amount of energy converted
per unit time with continuous harmonic excitation. The
time-averaged product of the two harmonic variables is
one half the product of one variable times the conjugate
of the other. When a harmonic voltage is applied to the
transmitter PWAS, the current is

I ¼ YV̂ ð32Þ

The power rating, time-averaged active power, and
reactive power are

Prating ¼
1

2
Yj jV̂2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
active þ P2

reactive

q
Pactive ¼

1

2
YRV̂

2 Preactive ¼
1

2
YIV̂

2 ð33Þ

Piezoelectric 
transduction: 

Elec.˜ Mech. 

PWAS-structure 
interaction 

Shear-stress 
excitation 

of structure

Ultrasonic guided 
waves from 

transmitter PWAS 

Transmitter 
INPUT, 1V

Transmitter PWAS 

Figure 3. PWAS transmitter power and energy flow chart.
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where YR is the real part of admittance and YI the
imaginary part of admittance.

The active power is the power that converts to the
mechanical power at the interface. The reactive power is
the imaginary part of complex power that is not con-
sumed and is recirculated to the power supply. The
power rating is the power requirement of the power
supply without distortion. In induced strain transmitter
applications, the reactive power is the dominant factor,
since the transmitter impedance is dominated by its
capacitive behavior. Managing high-reactive power
requirements is one of the challenges of using induced
strain transmitters.

The time-averaged power is defined as

Ph i ¼
1

T

ðT
0

P tð Þdt ð34Þ

The time-averaged product of two harmonic vari-
ables is one half the product of one variable times the
conjugate of the other. The active electrical power pro-
vides the mechanical power at the interface through
PWAS piezoelectric transduction. The time-averaged
mechanical power at the PWAS–structure interface is

PA0h i ¼ �
1

2
�̂
F !ð Þv̂A0 !ð Þ

¼ �
1

2
FRFFV !ð ÞV !ð Þð Þ FRFvVA0 !ð ÞV !ð Þð Þ

ð35Þ

PA1h i ¼
1

2
�̂
F !ð Þv̂A1 !ð Þ

¼
1

2
FRFFV !ð ÞV !ð Þð Þ FRFvVA1 !ð ÞV !ð Þð Þ ð36Þ

The simulation shows that the time-averaged
mechanical power at the PWAS–structure interface
both ends are equal, PA0h i ¼ PA1h i. The time-averaged

active power equals the sum of the time-averaged inter-
face mechanical power.

Pactive ¼ PA0h i þ PA1h i ¼ 2 PA0h i ð37Þ

The mechanical power provides the power and
energy for the generated axial and flexural waves. The
analytical derivation shows that the time-averaged
energy and power for the axial wave are 15

eh i ¼ kh i þ vh i ¼
1

2
m!2 u �uð Þ Paxialh i ¼ c eh i ð38Þ

Under the Euler–Bernoulli bending assumptions, the
shear deformation and rotary inertia are ignored. The
time-averaged flexural wave energy and power are 15

eFh i ¼ kh i þ vh i ¼
1

2
m!2 w �wð Þ Pflexuralh i ¼ cF eFh i ð39Þ

The simulation considered two PWAS (a transmitter
and a receiver) attached on a simple aluminum beam of
infinite length. Numerical simulation was performed
with the parameters given in Table 1. Constant 10-V
excitation voltage from an ideal electrical source was
assumed at the transmitter PWAS. In addition, a con-
stant power rating 10-W source was also considered.
The PWAS size was varied from 5 to 25mm, whereas
the frequency was spanned from 1 to 600 kHz.

It was found (Figure 4) that the reactive electrical
power required for PWAS excitation is orders of mag-
nitude larger than the active electrical power (compare
Figure 4(a) with Figure 4(b)). Hence, the power rating of
the PWAS transmitter is dominated by the reactive
power, i.e., by the capacitive behavior of the PWAS.
We note that the transmitter reactive power is directly
proportional to the transmitter admittance (Y ¼ i!C),
whereas the transmitter active power is the power con-
verted into the ultrasonic acoustic waves generated into
the structure from the transmitter. A remarkable varia-
tion of active power with frequency is shown in Figure
4(b); we notice that the active power (i.e., the power
converted into the ultrasonic waves) is not monotonic

Table 1. Simulation parameters

Beam structure

(2024 Al alloy)

Transmitter PWAS

(0.2 mm PZT)

Receiver PWAS

(0.2 mm PZT)

Length 1 5–25 mm 5–25 mm

Height 1 mm 0.2 mm 0.2 mm

Width 40 mm

Frequency Frequency sweep 1–600 kHz

Measurement instrument resistance 1–1 M�

Constant voltage input 10 V

Constant power rating input 10 W
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with frequency, but manifests peaks and valleys. As a
result, the ratio between the reactive and active powers is
not constant, but presents the peaks and valleys shown
in Figure 4(c). The increase and decrease of active power
with frequency correspond to the PWAS tuning in and
out of various ultrasonic waves traveling into the struc-
ture. The maximum active power seems to be180mW.

Figure 5 presents the results of a parameter study of
various PWAS sizes and frequencies. The resulting
parameter plots are presented as 3D mesh plots.
Figure 5(a) shows a 3D mesh plot of the power rating
versus frequency and transmitter size: for a certain
transmitter size, the power rating increases when the
frequency increases for a given frequency, the power
rating increases when the transmitter size increases.
These results demonstrate: to drive a 25-mm length
PWAS at 600 kHz with a 10V constant voltage input,
one needs a power source providing 12.5 W of power.
Figure 5(b) shows the wave power that PWAS generates
into the structure; tuning effect of transmitter size and
excitation frequency are apparent; a larger PWAS does

not necessarily produce more wave power at a given
frequency. The maximum wave power output in this
simulation is 40mW. The wave power is about half the
electrical active power. This is justified by the fact that
the wave power considered here is the wave power trav-
eling only in the forward direction. If we add the wave
power traveling in both directions (forward and back-
ward), then we get exactly the electrical active power
input applied to the PWAS. This study provides guide-
lines for the design of transmitter size and excitation
frequency in order to obtain maximum wave power
into the SHM structure.

The powers contained in the axial waves and flexural
waves are presented separately in Figure 5(c) and (d). In
some PWAS SHM applications, a single mode is often
desired to reduce signal complexity and simplify signal
interpretation and damage detection. Figure 5(c) shows
the frequency–size combinations at which the axial
waves are maximized, whereas Figure 5(d) indicates
the combinations that would maximize the flexural
waves. These figures give useful guidelines for choosing
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Figure 4. Electrical power required at the PWAS terminals: (a) reactive power; (b) active power; and (c) ratio of reactive power to
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PWAS size and frequency values which are optimum for
selecting a certain excitation wave mode.

Receiver power and energy

A similar analysis was conducted at the receiver PWAS.
Under harmonic strain, wave " ¼ "ae

i �0x�!tð Þþ

"Fe
i �Fx�!tð Þ travels to receiver PWAS at location x0, the

output voltage V can be calculated from Equation (8).
The PWAS elongation under pin-force model gives

�u ¼ uA1
� uA0

¼ "al e
i�0 x0þlð Þ � ei�0x0

� �
þ"Fl e

i�F x0þlð Þ � ei�Fx0
� ��

e�i!t
ð40Þ

The output voltage is calculated with the measure-
ment equipment admittance

V̂ ¼
1

Ye þ ð1� k231ÞY0

i!b
d31
s11

"al e
i�0 x0þlð Þ � ei�0x0

� ��
þ"Fl e

i�F x0þlð Þ � ei�Fx0
� ��

ð41Þ

The time-average electrical output power for
receiver is

Pð!Þ
� �

¼
1

2
Re �Vð!ÞIð!Þ
� �

and I ¼ YeV ð42Þ

Under axial strain " ¼ "ae
i �0x�!tð Þ wave input,

the mechanical power at receiver PWAS (Figure
6) is

Pactiveð!Þ
� �

¼
1

2
Re Fð!ÞvAð!Þ
� �

,where F̂

¼ Rð!Þki�û and vA ¼ �i!"ale
i �0x�!tð Þ ð43Þ

The receiver PWASwas connected to an external elec-
trical load. The external load impedance was varied
between 1M� (corresponding to an ideal measuring
instrument of infinite input impedance) and 1� corre-
sponding to a high-admittance energy harvester. When
propagating waves reach the receiver PWAS, receiver
PWAS converts the wave energy to electrical energy
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and output voltage. For sensing application, the output
voltage is of interest and expects high output voltage if
possible. The external electrical load such as oscilloscope
resistance is set to high impedance. The receiver size
varies from 5 to 25mm to show the sensing ability of
different sensor sizes. At low frequency, PWAS receiver
shows the similar ability of sensing regardless of PWAS
size. The PWAS receiver sensing ability shows the tuning
ability as we see the peak and valley in Figure 6(a). In
PWAS harvesting application, receiver size is fixed (e.g.,
7mm in simulation), the external electrical load imped-
ance needs to match the receiver impedance to produce
the maximum power. Considering that a fully resistive
external load varies from 1 � to 1 M�, the output elec-
trical power is shown in Figure 6(b). The optimum resis-
tive load for power harvesting is around 100 � at
300kHz for the 7-mm receiver PWAS.

Pitch-catch analysis

PWAS transmitter A with length lA located at location
xA; PWAS receiver B with length lB located at location
xB. Under ideal-bonding hypothesis, both PWAS A and
B have pin-force at edges. The overall axial force and
bending moment applied to the structure can be
written as

Neðx, tÞ ¼ F̂A �Hðx� xAÞ þHðx� xA � lAÞ½ �

n
þF̂B �Hðx� xBÞ þHðx� xB � lBÞ½ �

o
e�i!t

ð44Þ

Meðx, tÞ ¼ �
h

2
F̂A �Hðx� xAÞ þHðx� xA � lAÞ½ �

�

þ
hbeam
2

F̂B �Hðx� xBÞ þHðx� xB � lBÞ½ �

�
e�i!t

ð45Þ

In pitch-catch setup, the axial force and bending
moment are shown in Equations (44) and (45). The
axial and flexural wave equations remain the same.
The in-plane surface displacement can be solved using
the space-domain Fourier transform and residue theo-
rem as well. The in-plane displacement of a generic point
P on an infinite beam surface using wave propagation
method is determined by both PWAS transmitter and
receiver location and force,14 which is

uPðtÞ ¼
iF̂A

2EA

ð�e�i�0xA þ e�i�0ðxAþlAÞÞ
�0

eið�0x�!tÞ

þ3
ð�e�i�FxA þ e�i�FðxAþlAÞÞ

�F
ei �Fx�!tð Þ

8>>>><
>>>>:

9>>>>=
>>>>;

þ
iF̂B

2EA

ð�e�i�0xB þ e�i�0ðxBþlBÞÞ
�0

eið�0x�!tÞ

þ3
ð�e�i�FxB þ e�i�FðxBþlBÞÞ

�F
ei �Fx�!tð Þ

8>>>><
>>>>:

9>>>>=
>>>>;
ð46Þ
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The in-plane displacement of a generic point P on a
finite beam surface using NME method is14

uPðx, tÞ

¼ e�i!t

F̂A

�A

X
nu

�UnuðxA, lAÞ

!2
nu
þ 2i�nu!nu � !

2
UnuðxÞ

"

þ
hbeam
2

� �2X
nw

�W 0
nw
ðxA, lAÞ

!2
nw
þ 2i�nw!nw � !

2
W 0

nw
ðxÞ

#

þ
F̂B

�A

X
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�UnuðxB, lBÞ

!2
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þ 2i�nu!nu � !

2
UnuðxÞ

"

þ
hbeam
2

� �2X
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�W 0
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!2
nw
þ 2i�nw!nw � !

2
W 0

nw
ðxÞ

#

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

ð47Þ

The elongation of PWAS transmitter and receiver is
the difference of in-plane displacement of PWAS end,
which is

�ûAðF̂A, F̂B;!Þ ¼ uðxA þ lAÞ � uðxAÞ

¼ F̂ACAAð!Þ þ F̂BCBAð!Þ
ð48Þ

�ûBðF̂A, F̂B;!Þ ¼ uðxB þ lBÞ � uðxBÞ

¼ F̂ACABð!Þ þ F̂BCBBð!Þ
ð49Þ

The coefficients CAAð!Þ using wave propagation
method are

CAAð!Þ ¼
i

2EA

e�i�0lA � 1
� �

ei�0lA � 1
� �
�0

þ 3
e�i�FlA � 1
� �

ei�FlA � 1
� �

�F

� �

ð50Þ

CBAð!Þ ¼
i

2EA

e�i�0ðxB�xAÞ e�i�0lB � 1
� �

ei�0lA � 1
� �

�0

þ3
e�i�FðxB�xAÞ e�i�FlB � 1
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0
BBB@

1
CCCA
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i
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0
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1
CCA ð53Þ

The coefficients using NME method are
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Under wave propagation method, it can be proved
that

CABð!ÞCBAð!Þ ¼ CAAð!ÞCBBð!Þ ð57Þ

The pitch-catch voltage, FRF, is

FRFð!Þ ¼
VBð!Þ

VAð!Þ
¼

k231
rY þ ð1� k231Þ

kiACABð!Þ

kiACAAð!Þ þ Rð!ÞkiBCBBð!Þ � 1

ð58Þ

Under NME method, the FRF is

FRFð!Þ ¼
VBð!Þ

VAð!Þ
¼

k231
rY þ ð1� k231Þ

kiACABð!Þ

Rð!ÞkiAkiB
C2

ABð!Þ

�CAAð!ÞCBBð!Þ

	 

þ kiACAAð!Þ þ Rð!ÞkiBCBBð!Þ � 1

ð59Þ

Pitch-catch power and energy

The power and energy transduction flow chart for a
complete pitch-catch setup is shown in Figure 7.
Under 1D assumption, the electro-acoustic power and
energy transduction of the PWAS transmitter and recei-
ver are examined. In pitch-catch mode, the power flow
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converts from electrical source into piezoelectric power
at the transmitter, the piezoelectric transduction con-
verts the electrical power into the mechanical interface
power at the transmitter PWAS and then into acoustic
wave power traveling in the structure. The wave power
arrives at the receiver PWAS and is captured at the
mechanical interface between the receiver PWAS at
the structure. The mechanical power captured is con-
verted back into electrical power in the receiver PWAS
and captured at the receivers electric instrument. The
time-averaged electrical power, mechanical power at
the transmitter, and wave power can be calculated

from the frequency response function. The time-aver-
aged mechanical power and electrical power at the recei-
ver PWAS can be calculated as well.

Pitch-catch simulation

In pitch-catch setup simulation, an aluminum alloy 2024
infinite bar was used with 40mm width and 1mm thick-
ness. PWAS transmitter and receiver are 7mm in length,
40mm in width, and 0.2mm in thickness. A 10 V har-
monic voltage is applied on the transmitter PWAS. The
distance between transmitter and receiver is 200mm.
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Figure 8(a) shows the output voltage of receiver
PWASwhen transmitter PWAS is excited by a harmonic
constant amplitude (10 V) input. The output electrical
load varies. Figure 8(b) shows the frequency response
function when the output electrical load is set at high
impedance (1 M�). A 100-kHz central frequency three-
count Hanning window tone-burst signal is applied to
the transmitter. The receiver instantaneous voltage
response is shown in Figure 8(c). The fast axial wave is
separated from the low-speed flexural wave. The axial
wave is nondispersive and keeps the shape of excitation
signal. The flexural wave spreads out due to the disper-
sive nature.

Conclusion and further work

A systematic investigation of power and energy trans-
duction in PWAS attached on structure was considered
using the wave propagation methods andNMEmethod.
The predictive modeling of the multi-physics power and
energy transduction between structurally guided waves
and PWAS using a simplified analytical approach were
presented and discussed. It was shown that a judicious
combination of PWAS size, structural thickness, and
excitation frequency can insure optimal energy trans-
duction and coupling with the ultrasonic-guided waves
traveling in the structure.

The analysis was performed in the simplifying case of
axial and flexural waves, which are easier to handle than
the full guided-wave model. However, the principles of
this exploratory study can be extended without much
difficulty to the full multi-mode-guided waves. Future
work should also focus on power and energy analysis
with assumptions in 2D wave propagation and multi-
mode Lamb waves.
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