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I. Introduction

T HIS Technical Note presents an extension to Crawley’sQ3 shear-
lag solution describing the stress and strain transfer between a

structurally attached piezoelectric wafer active sensorQ4 (PWAS) and
the support structure.

Crawley and deLuis [1] developed an analytical model of the
coupling between wafer piezoelectric actuators and thin-wall
structural members. The configuration studied was of two piezo-
electric elements bonded on both sides of an elastic structure. They
assumed that the strain distribution in the piezoelectric actuator was a
linear distribution across the thickness (Euler–Bernoulli linear
flexural or uniform extension) and developed a shear-lag solution for
the interfacial stress � between the PWAS and the structure. The
shear-lag parameter � was found to depend on modal repartition
number �, which took the value �� 1 for symmetric (i.e., axial)
excitation and �� 3 for antisymmetric (i.e., flexural) excitation.
This initial analysis was further detailed by Crawley and Anderson
[2]. Giurgiutiu [3] extended Crawley and deLuis’s [1] and Crawley
and Anderson’s [2] theories to the case of only one piezoelectric
element bonded to the thin-wall structure by calculating the total
effect as a superposition of symmetric and antisymmetric
contributions and found the value of � for a single-sided PWAS
excitation to be �� 4.

Refinements of Crawley and deLuis’s [1] and Crawley and
Anderson’s [2] approaches have been reported in [4–6]. Luo and
Tong [4] studied both static and dynamic solution of a piezoelectric
smart beam and introduced the peel stress effect, but still within the
limitations of the Euler–Bernoulli theory of bending. TongQ5 and Luo
[5] andRyu andWang [6] analyzed the interfacial stress induced by a
surface-bonded piezoelectric actuator on a curved beam. They used
the variational principle to derive the governing equations and the
boundary conditions, but did not seem to go beyond axial-flexural
combination.

In this Technical Note, we propose to overcome the limitations of
the current shear-lag model and derive a generic solution for the
ultrasonic excitation transmitted between a PWAS and a thin-wall
structure through an adhesive layer in the presence of multiple
guided Lamb-wave modes. For the case of two generic modes, we
will derive a closed-form solution that is a direct extension to the

ultrasonic frequencies of Crawley and deLuis’s [1] and Crawley and
Anderson’s [2] solutions for low frequencies.

II. Solutions

Fi Q6gure 1a shows how ultrasonic excitation would transmit from a
PWAS into a thin-wall structure through an interfacial bonding layer;
our aim is to understand how this excitation is distributed into the
various guided-Lamb-wave modes existing in the structure. Assume
that the PWAS has thickness ta, half-length a, and elastic modulus
Ea; the structure has thickness t� 2d and elastic modulusE; and the
bonding layer has thickness tb and shear modulus Gb.

Crawley and deLuis [1] and Crawley and Anderson [2] analyzed
this situation under the assumption that only axial and flexural waves
exist in the structure. Equilibrium of the infinitesimal PWAS
element, shown in Fig. 1a, gives ta�

0
a � � � 0, where �a � Ea�"a �

"ISA� is the stress in the PWAS. The piezoelectrically induced strain
"ISA � d31V=ta (whereV is the applied electric voltage and d31 is the
piezoelectric constant) is constant along the PWAS. Differentiation
and substitution yields taEa"

0
a � � � 0. Pure-shear analysis of the

bonding layer yields

� �Gb� �Gb�ua � u�=tb (1)

Double differentiation of Eq. (1) yields "0a � �tb=Gb��00 � "0.
Substituting it into the equilibrium expression yields

taEa�tb=Gb��00 � taEa"0 � � � 0 (2)

Equation (2) contains both � and ", we can use equilibrium in the
structure to express it only in terms of �. Consider an infinitesimal
structural element of length dx (Fig. 2); analyze the equilibrium
between the external shear stress ��x� and the stress resultantsNx and
Mz defined as (

Nx�x� �
R�d
�d ��x; y�dy

Mz�x� �
R�d
�d ��x; y�ydy

(3)

where ��x; y� is the total stress in the structure. Equilibrium of the
infinitesimal element yields(

N0x � � � 0

M0z � �d� 0
(4)

Crawley and deLuis [1] and Crawley and Anderson [2] assumed that
the total stress in the structure is a superposition of symmetric (axial)
and antisymmetric (flexural) stresses that have constant and linear
displacement distributions across the thickness, respectively; that is,

��x; y� � �S�x; y� � �A�x; y� � �ax�x� � �y=d��flex�x�

where �ax�x� and �flex�x� are the amplitudes of the axial and flexural
waves at the structural surface. Substitution of Eq. (3) into Eq. (4) and
use of stress expression yields t�0ax�x� � ��x� � 0 and
t�0flex�x� � 3��x� � 0. Addition of the two equations gives

� t�0�x; d� � ��x� � 3��x� � 4��x� � ���x� (5)

where Q7�� 4 and �0�x; d� � �0ax�x� � �0flex�x�. Using � � E" in
Eq. (5) yields the structural strain rate at the upper surface as
"0 � ��=Et; substitution into Eq. (2) yields theODE in � only: that is,

�00�x� � �2��x� � 0 (6)

where �2 � �Gb=tbtaEa �� � �� is the shear-lag parameter and
 � Et=Eata is the stiffness ratio between the structure and PWAS.
Equation (6) accepts solution of the form
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��x� � c1 sinh �x� c2 cosh �x

where constants c1 and c2 are to be determined from the boundary
conditions. Because the strain at the PWAS tips is "ISA, whereas the
strain in the structure at the same location is zero, and because the
shear stress in the adhesive layer is � � �ua � u�=ta, it follows that
the boundary conditions are

�0��a� �Gb� 0��a� �Gb"ISA=tb

Solution of the resulting algebraic system for c1 and c2 yields the
shear-lag solution:

��x� � �Gb"ISAa=tb�a cosh �a� sinh �x (7)

The shear-lag parameter � depends on �; the value of � depends on
how thewavemodes are excited. If two PWASare installed, as in [1],
and only axial wave is excited then�� 1; if only the flexural wave is
excited, then �� 3. If a single PWAS is present (Fig. 1), then �� 4,
because both axial and flexural waves are equally excited [3]. Should
the PWAS be placed at a different position within the thickness, then
a different value of � is possible. The interfacial shear stress
concentrates about the PWAS edges as the bond layer becomes
thinner (or stiffer) (Fig. 1b), this leads to the ideal-bondingmodel, in
which the shear transfer is assumed to be localized at the PWAS
edges (i.e., represented by the Dirac � function).

Equation (7) has been used by many investigators [3,7–17].
Although Eq. (7) is only valid at low frequency–thickness product
values in which the axial/flexural wave approximation holds, many
investigators have also used it at high ultrasonic frequencies
[3,7–17]. However, this shear-lagmodel has several limitations:Q8 The
theory supporting Eq. (7) assumes linear strain distribution across
the thickness (i.e., constant for axial waves and gradient for
flexural waves). This assumption only applies for low values of the
frequency–thickness product in which S0 and A0 can be approxi-
mated with simple axial and flexural waves. The nonlinear strain
distribution across the thickness of actual S0 and A0 modes would
lead to different values of �, but current analysis does not consider
nonlinear strain distribution. As frequency increases, more modes
appear in the guided-wave structure in addition to the S0 and A0
modes, but current theory cannot accommodate more than two wave
modes.

We have been able to develop a closed-form solution for the case
of a symmetric and an antisymmetric nonlinear mode and two
generic guided-wave modes. We have also been able to set up the
general problem for an arbitrary number of nonlinear modes; in this

case, a closed-form solution does not seem possible; hence, an
iterative solution methodology is needed that will be presented in
future communications.

III. Extension to the Case of a Symmetric and
an Antisymmetric Nonlinear Mode

Assume a symmetric nonlinear mode �S�y� and an antisymmetric
nonlinear mode �A�y� acting together; the total stress is given by
superposition:

��x; y� � aS�x��S�y� � aA�x��A�y�

where aS�x� and aA�x� are x-dependent modal participation factors.
At the upper surface, the stress derivative with respect to x is

�0�x; d� � a0S�x��S�d� � a0A�x��A�d�

Equation (4) now becomes(
Nx�x� � t�SaS�x�
Mz�x� � td�AaA�x�

(8)

where Q9

�S �
1

t

Z �d
�d

�S�y�dy

and

�A �
1

td

Z �d
�d

�A�y�ydy

Note that the axial force depends only on the symmetric mode and
the bending moment depends only on the antisymmetric mode.
Substitution of Eq. (8) into Eq. (4) yields, after some rearrangement,(

ta0S�x� ���1S ��x� � 0

ta0A�x� ���1A ��x� � 0
(9)

Multiplication of the first line of system (9) by �S�d� and of the
second line by �A�d� followed by addition and rearrangement of
the terms yields an equation similar to Q10Crawley’s Eq. 5: that is,
�t�0�x; d� � ���x� where

�� ��S��1�S�d� � ��A��1�A�d� (10)

Equation (10) represents the extension of Crawley’s Q11solution for the
case of nonlinear symmetric and antisymmetric modes. It could be
used to accurately calculate Q12the shear-lag parameter � of Eq. (6) at
ultrasonic frequencies at which the linearity condition implied in
Crawley’s Q13formulation no longer applies. Substitution of Eq. (10)
into Eq. (6) yi Q14elds

�2 � �Gb=tbtaEa �� � ��S�d�=�S� � �A�d�=�A� (11)

Fig. 1 PWAS and structure interaction through the interface layer: a) analysis model and b) predicted interfacial shear stress ��x� for various

interfacial thickness values [7].

( ) 0a a b b a at E t G t Eτ ε τ′′ ′+ − =  
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τd+

d−
Fig. 2 Equilibrium of an infinitesimal structural element.
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To ascertain the relative importance of Eq. (10), we have plotted it for
the case of a symmetric S0 and an antisymmetric A0 mode acting
together at ultrasonic frequencies (Fig. 3). For aluminum 2024, for
frequencies below 782 kHz mm, only the S0 and A0 modes exist
and the theory presented in this section, i.e., Eq. (10) applies.
Figure 3a shows the Lamb-wave mode shapes at 700 kHz mm; it is
apparent that the modes have become significantly nonlinear (i.e.,
Crawley’sQ15 initial assumptions no longer apply). Figure 3b shows the
variation of � as calculated with Eq. (10). It is apparent that at low
frequencies, Crawley’sQ16 value �� 1� 3� 4 applies. It is apparent
from Fig. 3b that as fd increases, � also increases: from �� 4 at low
frequencies to � ’ 5 at high frequencies. It is also interesting to
observe that at high frequencies, the relative contribution of S0 and
A0 changes, with S0 contribution decreasing and A0 contribution
increasing.

IV. Extension to the Case of Two Generic
Guided-Wave Modes

In the case of two generic modes, we will derive an expression for
the shear-lag parameter � to be used directly in the shear-lag
solution (7). Assume two generic guided-wave modes, then

��x; y� � a1�x��1�y� � a2�x��2�y�

where a1�x� and a2�x� are x-dependent modal participation factors.
At the upper surface, y� d, the stress derivative with respect to x is

�0�x; d� � a01�x��1�d� � a02�x��2�d� (12)

Substitution of Eq. (3) into Eq. (4) and use of Eq. (12) yields(
Nx�x� � t��S

1a1�x� ��S
2a2�x��

Mz�x� � td��A
1a1�x� ��A

2a2�x��
(13)

(
�S
n � �1=t�

R�d
�d �n�y�dy

�A
n � �1=td�

R�d
�d �n�y�ydy

n� 1; 2 (14)

Substitution of Eq. (13) into Eq. (4) yields a system of two equations
into two unknowns: a01�x� and a02�x�. Using the solutions of the
system and substitutingQ17 Eq. (12) into Eq. (2) yields Eq. (6), but with a
more general expression of � given by

�2 � Gb
Eatbta 

�
 � ��

S
2 ��A

2 ��1�d�
�A

1�
S
2 ��S

1�
A
2

� ��
S
1 ��A

1 ��2�d�
�S

1�
A
2 ��A

1�
S
2

�
(15)

Equation (15) can be applied to any twomodes, at any frequency, and
of arbitrary thickness distribution. It can be easily verified that
Eq. (15) is asymptotically consistent with the low-frequency solution
of Eq. (6). In fact, Eq. (15) reduces to Eq. (11) if the two generic
modes are symmetric and antisymmetric modes, respectively
[Eq. (14) yields�S

1 ��S,�
S
2 ��A

1 � 0, and�A
2 ��A]. Moreover,

it has already been shown that Eq. (11) is asymptotically consistent
with Crawley’ Q18s low-frequency solution.

V. Extension to the Case of N Generic
Guided-Wave Modes

In this section, we will tackle the situation of N generic nonlinear
guided-wave modes. It will be shown that the closed-form solutions
as achieved in previous sections are no longer possible. Assume
the general solution to be a superposition of N guided-wave modes:
that is,

��x; d� �
XN
n�1

an�x��n�d� (16)

Substitution of Eq. (3) into Eq. (4) and use of Eq. (16) yields

Nx�x� � t
X

�S
nan�x�

and

Mz�x� � td
X

�A
nan�x�

where �S
n and �A

n , for n� 1; . . . ; N, are defined in Eq. (14).
Equation (4) now becomes(

t
P

N
n �

S
na
0
n�x� � ��x� � 0

t
P

N
n �

A
na
0
n�x� � ��x� � 0

(17)

For two generic modes (N � 2), the linear system (17) can be solved
for a0n�x� (n� 1, 2), as we showed in Sec. IV. ForN generic modes,
system (17) has two equations with N unknowns (i.e., it is N � 2
indeterminate). We use the normal mode-expansion method to
derive the interfacial shear stress. Recall the generic expression of
forward (�) and backward (�) moving guided waves under
surface shear excitation ��x� (�a 	 x 	 a) [18] (page 210, Eqs. 14–
21); that is,

a�n �x� � �
~vnx�d�e
i�nx

4Pnn

Z
x


a
e�i�n �x�� �x�d�x (18)

where � is the wave number, vni �y� is the velocity vector of the nth
mode, tilde (�) signifies complex conjugate, and Pnn is the power
flow in the nth mode. Substitution of Eq. (18) into Eq. (16) and
division by E yields

"0�x� � E�1
�XN
n�1

a0�n �x��n�d� �
XN
n�1

a0�n �x��n�d�
�

(19)

Substitution of Eq. (19) into Eq. (2) yields an the integro-differential
equation for ��x�: that is,

�00�x� � �2��x� � i
�
Gb
tbE

�XN
n�1

�n�a�n �x� � a�n �x�� � 0 (20)

where

�2 � Gb
tatbEa 

�
 � t

XN
n�1

~vnx�d��n�d�
4Pnn

�

The integro-differential Eq. (20) needs to be solved by numerical
methods. This is still work in progress to be reported on in a future
communication.

VI. Conclusions

The objective of this Technical Note has been to understand how
ultrasonic excitation is transmitted from a PWAS into a thin-wall
structure through the adhesive layer and how it is distributed into the
Lamb-wave modes existing in the structure. We recalled the widely
cited seminal works by Crawley and deLuis [1] and Crawley and

Fig. 3 Plots of a) S0 and A0 Lamb-wave modes at 700 kHz-mm for an

Aluminum 2024 plate and b) variation of � with frequency–thickness

product fd.
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Anderson [2] andwe noticed that their applicability is limited to low-
frequency applications at which the guided-wave modes are
approximated by the axial andflexuralwaveswith their characteristic
linear behavior across the thickness. We extended Crawley and
deLuis’s [1] and Crawley and Anderson’s [2] works to nonlinear
guided-wave modes. We obtained a closed-form solution for
parameter � and observed that this parameter is no longer constant,
but varies with the frequency–thickness product. A graph was given
of this variation up to the maximum fd value for which only S0 and
A0 modes exist. Changes in � of up to 25% were observed, along
with redistribution of its S0 and A0 modes contributions. The theory
was further extended to the case of two generic guided-wave modes
for which a closed-form solution was still possible. For the case ofN
generic modes, a closed-form solutionwas no longer possible, but an
iterative approach has been considered andwill be reported upon in a
future communication.
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