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A Helmholtz Potential Approach
to the Analysis of Guided Wave
Generation During Acoustic
Emission Events
This paper addresses the predictive simulation of acoustic emission (AE) guided waves
that appear due to sudden energy release during incremental crack propagation. The
Helmholtz decomposition approach is applied to the inhomogeneous elastodynamic
Navier–Lame equations for both the displacement field and body forces. For the displace-
ment field, we use the usual decomposition in terms of unknown scalar and vector poten-
tials, U and H. For the body forces, we hypothesize that they can also be expressed in
terms of excitation scalar and vector potentials, A� and B�. It is shown that these excita-
tion potentials can be traced to the energy released during an incremental crack propa-
gation. Thus, the inhomogeneous Navier–Lame equation has been transformed into a
system of inhomogeneous wave equations in terms of known excitation potentials A� and
B� and unknown potentials U and H. The solution is readily obtained through direct and
inverse Fourier transforms and application of the residue theorem. A numerical study of
the one-dimensional (1D) AE guided wave propagation in a 6 mm thick 304-stainless
steel plate is conducted. A Gaussian pulse is used to model the growth of the excitation
potentials during the AE event; as a result, the actual excitation potential follows the
error function variation in the time domain. The numerical studies show that the peak
amplitude of A0 signal is higher than the peak amplitude of S0 signal, and the peak
amplitude of bulk wave is not significant compared to S0 and A0 peak amplitudes. In
addition, the effects of the source depth, higher propagating modes, and propagating dis-
tance on guided waves are also investigated. [DOI: 10.1115/1.4038116]

Keywords: acoustic emission, crack propagation, Lamb wave, Helmholtz potentials,
wave propagation, structural health monitoring, nondestructive testing, Navier–Lame
equations

1 Introduction

Acoustic emission (AE) has been used widely in structural
health monitoring and nondestructive testing for the detection of
crack propagation and to prevent ultimate failure [1–5]. AE
signals are therefore needed to study extensively in order to
characterize the crack in an aging structure. This paper presents a
theoretical formulation of AE guided wave due to AE events
such as crack extension in a structure. Lamb [6] derived
Rayleigh–Lamb wave equations from Navier–Lame elastody-
namic equations in an elastic plate. The presence of body force
makes the homogeneous Navier–Lame elastodynamic equations
into inhomogeneous equations. Helmholtz decomposition princi-
ple was used to decompose displacement to unknown scalar and
vector potentials, and force vectors to known excitation scalar and
vector potentials [7]. There are two types of potentials acting in a
plate for straight-crested Lamb waves: pressure potential and
shear potential. The assumption of the straight-crested guided
wave makes the problem z-invariant (plane strain assumption).
Excitation potentials for body forces can be generalized as local-
ized AE event. Excitation potentials can be traced to energy
released from the tip of the crack during crack propagation. These
potentials satisfy the inhomogeneous wave equations. In this
research, inhomogeneous wave equations for unknown potentials
were solved due to known generalized excitation potentials in a

form, suitable for numerical calculation. The theoretical formula-
tion shows that elastic waves generated in a plate using excitation
potentials followed the Rayleigh–Lamb equations.

In numerical studies, the one-dimensional (1D) (straight-
crested) AE guided wave propagation was modeled in order to
simulate the out-of-plane displacement that would be recorded by
an AE sensor placed on the plate surface at some distance away
from the source. A real AE source releases energy at certain time
rate as a pulse over a finite time period. If the time rate of released
energy is known, then this time rate of released energy can be
decomposed to time rate of pressure and shear excitation poten-
tials. The time profile of excitation potential is calculated from the
time rate of excitation potential. Out-of-plane displacement was
calculated numerically on the top surface of the plate. Parameter
studies were performed to evaluate: (a) the effect of the pressure
and shear potentials, (b) the effect of the thicknesswise location of
the excitation potential sources varying from midplane to the top
surface (source depth effect), (c) the effect of higher propagating
modes, and (d) the effect of propagating distance away from the
source.

1.1 State of the Art. The basic concepts and equations of
elastodynamics have been explained by several authors [6,8–17].
Lamb [18] presented propagation of vibrations over the surface of
semi-infinite elastic solids. The vibrations were assumed due to an
arbitrary application of force at a point. Rice [19] discussed a
theory of elastic wave emission from damage (e.g., slip and
microcracking). A general representation of the displacement field
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of an AE event was presented in terms of damage process in the
source region. The solution is obtained in an unbounded medium.

Miklowitz [20] and Weaver and Pao [21] presented the
response of transient loads of an infinite elastic plate, using double
integral transforms. Based on the generalized theory of AE, the
elastodynamic solution due to internal crack or fault can be ana-
lyzed by suitable Green function solution [22]. This Green func-
tion solution was obtained for either infinite media or half-space
media. Later, Ohtsu and Ono [23] characterized the source of AE
on the basis of that generalized theory. AE waveforms due to
instantaneous formation of a dislocation were presented in that
paper. In an inverse study, deconvolution analysis was done to
characterize the AE source. Johnson [24] provided a complete
solution to the three-dimensional (3D) Lamb’s problem, the prob-
lem of determining the elastic disturbance resulting from a point
source in a half-space. Roth [25] extended the theory of disloca-
tions to model deformations on the surface of a layered half-space
to calculate deformation inside the medium. However, a theoreti-
cal representation of wave propagation in a plate due to body
force is not presented.

Wave propagation in an elastic plate is well known from Lamb
[6] classical work. Achenbach [8], Giurgiutiu [9], Graff [10], and
Viktorov [11] considered Lamb waves, which exist in an elastic
plate with traction free boundaries. Achenbach [8] presented
Lamb wave in an isotropic elastic layer generated by a time har-
monic internal/surface point load or line load. Displacements are
obtained directly as summations over symmetric and antisymmet-
ric modes of wave propagation. Elastodynamic reciprocity is used
in order to obtain the coefficients of the wave mode expansion.
Bai et al. [26] presented three-dimensional steady-state Green
functions for Lamb wave in a layered isotropic plate. The elasto-
dynamic response of a layered isotropic plate to a source point
load having an arbitrary direction was studied in that paper. A
semi-analytical finite element method was used to formulate the
governing equations. Using this method, in-plane displacements
were accommodated by means of an analytical double integral
Fourier transform, while the antiplane displacement approximated
by using finite elements. They have used same modal summation
technique of eigenvectors as described by Liu and Achenbach
[27] and Achenbach [8].

Jacobs et al. [28] presented an analytical methodology by incor-
porating a time-dependent acoustic emission signal as a source
model to represent an actual crack propagation and arrest event. A
review paper on the signal analysis used in AE for materials
research field published by Ono [29]. This paper reviewed recent
progress in methods of signal analysis used in acoustic emission
such as deformation, fracture, phase transformation, coating, film,
friction, wear, corrosion, and stress corrosion for materials
research. A novel experimental mechanics technique using
scanning electron microscopy in conjunction with AE monitoring
is discussed by Wisner et al. [30]. An acoustic emission-based
technique may be used to predict the residual fatigue life ceramic-
matrix-composite at high temperature [31]. Transducer characteri-
zation may be necessary for high-temperature AE applications
[32]. Cuadra et al. [33] proposed a 3D computational model to
quantify the energy associated with AE source by energy balance
and energy flux approach. The time profile of available energy as
AE source was obtained for the first increment of crack. Khalifa
et al. [34] proposed a formulation for modeling the AE sources
and for the propagation of guided or Rayleigh waves.

There are numerous publications based on finite element analy-
sis for detecting AE signals. For example, Hamsted et al. [35]
reported wave propagation due to buried monopole and dipole
sources with finite element technique. Hill et al. [36] compared
waveforms captured by AE transducer for a step force on the plate
surface by finite element modeling. Hamstad [37] presented fre-
quencies and amplitudes of AE signals on a plate as a function of
source rise time. In that paper, an exponential increase in peak
amplitude with source rise time was reported. Sause et al. [38]
presented a finite element approach for modeling of acoustic

emission sources and signal propagation in hybrid multilayered
plates.

1.2 Scope of the Paper. There are numerous publications to
characterize the source from a crack growth or damage. Various
deformation sources in solids, such as single forces, step force,
point force, dipoles, and moments, can be represented as AE sour-
ces [23,39–41]. A moment tensor analysis to AE has been studied
to elucidate crack types and orientations of AE sources [42]. AE
source characteristics are unknown, and the detected AE signals
depend on the types of AE source, propagation media, and the
sensor response. Therefore, extracting AE source feature from a
recorded AE waveform is always challenging. In this paper, we
proposed a new technique to predict the AE waveform using exci-
tation potentials. Excitation potentials can be traced to the energy
released during an incremental crack propagation. The main con-
tribution of this paper is to simulate AE elastic waves due to
energy released during crack propagation by Helmholtz potential
approach, for the first time to the authors’ best knowledge. The
time profile of available energy as AE source from a crack can be
obtained analytically or from a 3D computational model [33].

Our analytical model is developed based on integral transform
using Helmholtz potentials. The solution is obtained through
direct and inverse Fourier transforms and application of the
residue theorem. The resulting solution is a series expansion con-
taining the superposition of all the Lamb waves modes and bulk
waves existing for the particular frequency-thickness combination
under consideration. It is worth mentioning that there are other
methods that can be used to solve wave equation of a structure,
for example, Green’s functions for forced loading, semi-analytical
method, normal mode expansion method, etc. Green’s functions
for forced loading can be solved through an integral formulation
relying on the elastodynamic reciprocity principle or integral
transform. However, the Green function for forced loading prob-
lem requires the knowledge of the point load source that generated
the AE event. Extracting information about the point load source
that generated an actual AE event recorded in practice is quite
challenging. Our approach bypassed this difficulty because it only
needs an estimation of the energy released from the tip of the
crack during a crack propagation increment. Our proposed method
novelty lies on calculating AE waveform using energy released
from the tip of the crack. Semi-analytical method requires exten-
sive computational effort and has convergence issue at high fre-
quency. Integral transform provides an exact solution, and easy to
solve numerically.

1.3 Description of Excitation Potentials as Strain Energy
Released From a Crack. When a crack grows into a solid, a
region of material adjacent to the free surfaces is unloaded, and it
releases strain energy. The strain energy is the energy that must be
supplied to a crack tip for it to grow, and it must be balanced by
the amount of energy dissipated due to the formation of new
surfaces and other dissipative processes such as plasticity.

Fracture mechanics allows calculating strain energy released
during propagation of a crack. Figure 1(a) shows a plate with an
existing crack length of 2a, and Fig. 1(b) shows the typical energy
release rate with crack half-length [43]. For small increment of
crack length da (Fig. 1(a)), the incremental strain energy can be
calculated as shown in Fig. 1(c). This incremental strain energy
can be released at different time rate at different time depending
on crack growth and types of material. A real AE source releases
energy during a finite time period. If time rate of energy released
is known (Fig. 1(c)), integration of that with respect to time gives
the time profile of energy (Fig. 1(d)) released from a crack. Total
released energy from a crack can be decomposed to shear excita-
tion potential and pressure excitation potential. Sections 2 and 3
presents a theoretical formulation for Lamb wave solution using
time profile of excitation potentials: a Helmholtz potential
technique.
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2 Formation of Pressure and Shear Potentials

Navier–Lame equations in vector form for Cartesian coordi-
nates are given as

ðkþ lÞ$ð$ � uÞ þ lr2u ¼ q€u (1)

where u ¼ uxî þ uyĵ þ uzk̂ , with î, ĵ, k̂ being unit vectors in the x,
y, z directions, respectively, k;l are Lam�e constants, and q is the
density.

If the body force is present, then the Navier–Lame equations
are to be written as follows:

ðkþ lÞ$ð$ � uÞ þ lr2uþ qf ¼ q€u (2)

Helmholtz decomposition states that [7] any vector can be
resolved into the sum of an irrotational (curl-free) vector field and
a solenoidal vector field, where an irrotational vector field has a
scalar potential and a solenoidal vector field has a vector potential.
Potentials are useful and convenient in several wave theory
derivations [9,10].

Assume that the displacement u can be expressed in terms
of two potential functions, a scalar potential U and a vector poten-
tial H

u ¼ grad Uþ curl H ¼ $Uþ $�H (3)

where

H ¼ Hxiþ Hyjþ Hzk (4)

Equation (3) is known as the Helmholtz equation and is comple-
mented by the uniqueness condition, i.e.,

$ �H ¼ 0 (5)

Introducing additional scalar and vector potentials A� and B� for
body force f [10,14]

f ¼ grad A� þ curl B� ¼ $A� þ $� B� (6)

Here

�B
� ¼ Bx

�iþ By
�jþ Bz

�k (7)

The uniqueness condition is

$ � B� ¼ 0 (8)

Using Eqs. (3) and (6) into Eq. (2), wave equations for potentials
are to be found [44]

c2
Pr2Uþ A� ¼ €U (9)

c2
Sr2Hþ B� ¼ €H (10)

Here, c2
P ¼ ðkþ 2lÞ=q and c2

S ¼ l=q.
The expanded form of Eqs. (9) and (10) is given in Ref. [44].

Equations (9) and (10) are the wave equations for the scalar poten-
tial and the vector potential, respectively. Equation (9) indicates
that the scalar potential, U, propagates with the pressure wave
speed, cP, due to excitation potential A�, whereas Eq. (10) indi-
cates that the vector potential, H, propagates with the shear wave
speed, cs, due to excitation potential B�.

The unit of the excitation potentials is lJ=kg. Inhomogeneous
wave equations for potentials are well known in electrodynamics
and electromagnetic fields. Wolski [45], Jackson [46], and Uman
et al. [47] treated inhomogeneous wave equation for scalar and
vector potential with the presence of current and charge density.
The source can be treated as localized event, and Green function
can be used as the solution of inhomogeneous wave equations.

The derivation Lamb wave equation will be provided by solv-
ing wave Eqs. (9) and (10) for the potentials. In this derivation,
we will consider generation of straight-crested Lamb wave due to
time harmonic excitation potentials. The assumption of straight-
crested waves makes the problem z-invariant. For Pþ SV waves
(Lamb wave) [44], the relevant potentials are U;Hz;A; and Bz.
Equations (9) and (10) are condensed into two equations, i.e.,

r2Uþ 1

c2
P

A� ¼ 1

c2
P

€U; r2Hz þ
1

c2
S

Bz
� ¼ 1

c2
S

€Hz (11)

The P waves and SV waves give rise to the Lamb waves, which
consist of a pattern of standing waves in the thickness direction
(Lamb wave modes) behaving like traveling waves in the x direc-
tion in a plate of thickness h¼ 2d (Fig. 2). Excitation potentials
are considered as z-invariant at x ¼ 0 and y ¼ 0, i.e., source depth
d1 ¼ d. For time harmonic source, the equations for excitation
potentials are

Fig. 1 (a)–(d) Plate with existing crack length 2a, energy
release rate with crack length, time rate of energy from a crack,
and total released energy from a crack

Fig. 2 Plate of thickness 2d in which straight-crested Lamb
waves (P 1 SV) propagate in the x direction due to concentrated
potentials
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A� ¼ c2
PAdðxÞdðyÞe�ixt (12)

B�z ¼ c2
s BzdðxÞdðyÞe�ixt (13)

Here, A and Bz are the source amplitude.
Since the potentials are the time harmonic excitation, the

response potentials U;Hz have the harmonic response, i.e.,

Uðx; y; tÞ ¼ Uðx; yÞe�ixt

Hzðx; y; tÞ ¼ Hzðx; yÞe�ixt
(14)

Then, Eq. (11) becomes

@2U
@x2
þ @

2U
@y2
þ x2

c2
P

U ¼ �Ad xð Þd yð Þ (15)

@2Hz

@x2
þ @

2Hz

@y2
þ x2

c2
S

Hz ¼ �Bzd xð Þd yð Þ (16)

Equations (15) and (16) must be solved subject to zero-stress
boundary conditions at the free top and bottom surfaces of the
plate, i.e.,

ryyjy¼6d ¼ 0; rxyjy¼6d ¼ 0 (17)

3 Solution in Terms of Displacement

Taking Fourier transform of Eqs. (15) and (16), in x direction,

Uðx; yÞ ! �Uðn; yÞ and Hðx; yÞ ! �Hðn; yÞ

�n2 �U n; yð Þ þ �U
00

n; yð Þ þ x2

c2
p

�U n; yð Þ ¼ �Ad yð Þ (18)

�n2 �Hz n; yð Þ þ �Hz
00 n; yð Þ þ x2

c2
S

�Hz n; yð Þ ¼ �Bzd yð Þ (19)

Here, AdðyÞ ¼
Ð1
�1 AdðyÞ½dðxÞe�inxdx� and BzdðyÞ ¼

Ð1
�1 BzdðyÞ

½dðxÞe�inxdx�.
Upon rearranging

�U
00ðn; yÞ þ g2

p
�Uðn; yÞ ¼ �AdðyÞ (20)

�Hz
00ðn; yÞ þ g2

s
�Hzðn; yÞ ¼ �BzdðyÞ (21)

Here

x2

c2
p

� n2

 !
¼ g2

p;
x2

c2
s

� n2

 !
¼ g2

s (22)

Equations (20) and (21) are the second-order ordinary differential
equation in y direction. The total solution of Eqs. (20) and (21)
consists of representation of two solutions [48]:

(a) the complementary solution for the homogeneous equation
(b) a particular solution of that satisfies source effect

Hence [44]

�U n; yð Þ ¼ C1 sin gpyþ C2 cos gpy� A

2gp

sin gpjyj (23)

�Hz n; yð Þ ¼ i D1 sin gsyþ D2 cos gsy�
Bz

2gs

sin gsjyj
� �

(24)

The coefficients C1; C2; D1; and D2 of the complimentary
solutions 23 and 24 are to be determined by using the Fourier
transformed boundary conditions, i.e.,

�ryyjy¼6d ¼ 0; �rxyjy¼6d ¼ 0 (25)

After applying the boundary conditions, we get [44]

n2 � g2
s

� �
C1 sin gpd þ C2 cos gpd � A

2gp

sin gpd

 !

þ2n D1gs cos gsd � D2gs sin gsd � gs

Bz

2gs

cos gsd

� �
¼ 0 (26)

n2 � g2
s

� �
�C1 sin gpd þ C2 cos gpd � A

2gp

sin gpd

 !

þ2n D1gs cos gsd þ D2gs sin gsd � gs

Bz

2gs

cos gsd

� �
¼ 0 (27)

2n C1gp cos gpd � C2gp sin gpd � gp

A

2gp

cos gpd

 !

þ n2 � g2
s

� �
D1 sin gsd þ D2 cos gsd �

Bz

2gs

sin gsd

� �
¼ 0

(28)

2n C1gp cos gpd þ C2gp sin gpd � gp

A

2gp

cos gpd

 !

þ n2 � g2
s

� �
�D1 sin gsd þ D2 cos gsd �

Bz

2gs

sin gsd

� �
¼ 0

(29)

Equations (26)–(29) are a set of four equations with four
unknowns. The equations can be separated into a couple of two
equations with two unknowns, one for symmetric motion and one
for antisymmetric motion.

3.1 Symmetric Lamb Wave Solution. Addition of Eqs. (26)
and (27), and subtraction of Eq. (28) from Eq. (29), yields

C2

D1

� �
¼ 1

Ds

PS n2 � g2
s

� �
sin gsd

PS2ngp sin gpd

2
4

3
5 (30)

Here

Ds ¼
����� ðn

2 � g2
s Þcos gpd 2ngs cos gsd

�2ngp sin gp ðn2 � g2
s Þsin gsd

����
¼ ðn2 � g2

s Þ2 cos gpd sin gsd þ 4n2gsgp cos gsd sin gpd (31)

PS ¼ n2 � g2
s

� � A

2gp

sin gpd þ nBz cos gsd

 !
(32)

PS is the source term for the symmetric solution which contains
source potentials A and BZ.

By equating to zero the DsðnÞ term of Eq. (31), one gets the
symmetric Rayleigh–Lamb equation.

3.2 Antisymmetric Lamb Wave Solution. Subtraction of
Eq. (26) from Eq. (27), and addition of Eqs. (28) and (29), yields

C1

D2

� �
¼ 1

DA

PA2ngs sin gsd

PA n2 � g2
s

� �
sin gpd

2
4

3
5 (33)
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Here

DA ¼
����� ðn

2 � g2
s Þsin gpd �2ngs sin gsd

2ngp cos gp ðn2 � g2
s Þcos gsd

�����
¼ ðn2 � g2

s Þ2 sin gpd cos gsd þ 4n2gsgp sin gsd cos gpd (34)

PA ¼ nA cos gpd þ n2 � g2
s

� � Bz

2gs

sin gsd (35)

PA is the source term for the antisymmetric solution which con-
tains source potentials A and BZ . By equating to zero the DAðnÞ
term of Eq. (34), one gets the antisymmetric Rayleigh–Lamb
equation.

3.3 Displacement Solution. The Fourier transform of out-of-
plane displacement, uy, is [44]

�uy ¼
@ �U
@y
� in �Hz (36)

Substitution of Eqs. (23) and (24) into Eq. (36) yields the expres-
sions for out-of-plane displacement in the wavenumber domain in
terms of coefficients C1; C2; D1; and D2 which are functions of
the wavenumber n. Evaluation of out-of-plane displacement at the
plate top surface, �uyjy¼d , yields

�uy ¼ PS
NS

DS
þ PA

NA

DA

� �
� A

2
cos gpd � n

Bz

2gs

sin gsd (37)

where

Ns ¼ 2n2gp sin gpd sin gsd � ðn2 � g2
s Þgp sin gpd sin gsd

NA ¼ 2ngsgp sin gsd cos gpd þ nðn2 � g2
s Þsin gpd cos gsd

(38)

The complete solution of displacement is the superposition of the
symmetric, antisymmetric, and bulk wave solution. Displacement
solution in the physical domain is obtained by taking inverse Fou-
rier transform of Eq. (37) [44,49–53]; hence, we get

uy ¼ uyL þ uyA þ uyB (39)

where

uyL ¼ i
Xjs

j¼0

PS nS
j

� �NS nS
j

� �
D0s nS

j

� �
2
64

3
75ei nS

j x�xtð Þ

0
B@

þ
XjA

j¼0

PA nA
j

� �NA nA
j

� �
D0A nA

j

� �
2
64

3
75ei nA

j x�xtð Þ

1
CA (40)

uyA ¼ �
A

4

x
cp

� �
x�

1
2 d2 þ x2ð Þ�

1
2d J1

x
cp

d2 þ x2½ �
1
2

� �
e�ixt (41)

uyB ¼ �
Bz

2

x
cs

x x2 þ d2ð Þ�
1
2J0

x
cs

x2 þ d2ð Þ
1
2

� �
e�ixt

� iBz

2

x
cs

� �
x x2 þ d2ð Þ�

1
2Y1

x
cs

� �
x2 þ d2ð Þ

1
2

� �
e�ixt

(42)

uyL is the out-of-plane displacement containing Lamb wave mode,
and uyA; uyB are the out-of-plane displacements of bulk wave for
excitation potentials A and Bz, respectively.

Theoretical derivation reveals that bulk wave is present in
addition to Lamb wave. The Lamb waves consist of a pattern of

standing waves in the thickness direction (Lamb wave modes)
behaving like traveling waves in the x direction in a plate. Guided
waves can propagate long distances and yield an easy inspection
of a wide variety of structures. Whereas, bulk waves generate
from a source and directly reach to the AE sensor without interfer-
ing the boundaries. Bulk waves are categorized into longitudinal
(pressure) and transverse (shear) waves. The displacements
uyA and uyB are the longitudinal and transverse bulk waves,
respectively.

3.4 Effect of Source Depth. If the source is present at differ-
ent locations other than midplane, i.e., y ¼ y0 (Fig. 2), then equa-
tions for excitation potentials become

A� ¼ c2
pAdðxÞdðy� y0Þe�ixt (43)

B�z ¼ c2
s BzdðxÞdðy� y0Þe�ixt (44)

For this new location of excitation potentials, Eqs. (20) and (21)
become

�U
00ðn; yÞ þ g2

p
�Uðn; yÞ ¼ �Adðy� y0Þ (45)

�Hz
00ðn; yÞ þ g2

s
�Hzðn; yÞ ¼ �Bzdðy� y0Þ (46)

Complementary solution of Eqs. (45) and (46) will be the same as
before. Only particular solution will change due to the source in
right-hand side.

The corresponding source terms for symmetric and antisym-
metric solutions (32) and (35) will be

PS ¼ n2 � g2
s

� � A

2gp

sin gpd1 þ nBz cos gsd1 (47)

PA ¼ nA cos gpd1 þ n2 � g2
s

� � Bz

2gs

sin gsd1 (48)

Here, d1 ¼ d � y0.
The corresponding displacement Eqs. (40)–(42) become

uyL ¼ i
Xjs

j¼0

PS nS
j

� �NS nS
j

� �
D0s nS

j

� �
2
64

3
75ei nS

j x�xtð Þ

0
B@

þ
XjA

j¼0

PA nA
j

� �NA nA
j

� �
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3.5 Acoustic Emission Guided Wave Propagation. Acous-
tic emission guided waves will be generated by the AE event. AE
guided waves will propagate through the structure according to
the structural transfer function. The out-of-plane displacement of
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the guided waves can be captured by conventional AE transducer
installed on the surface of the structure, as shown in Fig. 3.

4 Numerical Studies

This section includes guided wave simulation in a plate due to
excitation potentials.

4.1 Time-Dependent Excitation Potentials. The time-
dependent excitation potentials depend on time-dependent energy
released from a crack. A real AE source releases energy during a
finite time period. At the beginning, the rate of energy released
from a crack increases sharply with time and reaches a maximum
peak value within very short time, then decreases asymptotically
toward the steady-state value, usually zero. Time rate of energy
released from a crack can be modeled as a Gaussian pulse. Pres-
sure and shear excitation potentials are assumed to follow the
same time rate and cumulative profiles (Fig. 4). Figure 4(a) shows
the time rate of excitation (pressure and shear potentials). The
corresponding equations are

@A�

@t
¼ A0t2e�

t2

s2 ;
@B�z
@t
¼ BZ0t2e�

t2

s2 (52)

Here, A0 and BZ0 are the scaling factors. The time profile of the
potentials is to be evaluated by integrating Eq. (52), i.e.,
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� � (53)

The time profile of excitation potential is shown in Fig. 4(b). Both
pressure and shear excitation potentials follow the same time
profile, as shown in Fig. 4(b). The time profile of AE source may

follow cosine bell function [37,38] or error function. In this
research, a Gaussian pulse is used to model the growth of the exci-
tation potentials during the AE event; as a result, the actual excita-
tion potential follows the error function variation in the time
domain. Cuadra et al. [33] obtained similar time profile of AE
energy from a crack by using 3D computation method.

The key characteristics of the excitation potentials are:

� peak time: time required to reach the time rate of potential to
maximum value

� rise time: time required to reach the potential to 98% of max-
imum value or steady-state value

� peak value: maximum value of time rate of potential
� maximum potential: maximum value of time profile of

potential

Amplitude of the source A and Bz for unit width is

A ¼ h
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Here, plate thickness h ¼ 2d.

4.2 Acoustic Emission Guided Wave Propagation in a
6 mm Plate: Effect of Source Depth. A test case example is pre-
sented in this section to show how AE guided waves propagate
over a certain distance using excitation potentials. For numerical
analysis, a 304-stainless steel plate with 6 mm thickness was cho-
sen as a case study. The signal was received at a distance 500 mm
away from the source. Time profile excitation potentials
(Fig. 4(b)) were used to simulate AE waves in the plate. Excita-
tion potential can be calculated from the time rate of potential
released during crack propagation. Peak time, rise time, peak

Fig. 3 AE propagation and detection by a sensor installed on a structure

Fig. 4 Excitation profile: (a) time rate plot and (b) cumulative plot
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value, and maximum potential of excitation potentials are 3 ls,
6.6 ls, 0.28 lW=kg, and 1 lJ=kg. Based on this information, a
numerical study on AE Lamb wave propagation was conducted.
Peak time or rise time is one of the major characteristics of AE
source. Several researchers investigate potential effect of rise time
on AE signal by varying the source rise time in-between 0.1 ls
and 15 ls [37–39,53]. In numerical analysis, direct Fourier trans-
forms of the time domain excitation signal were performed to get
the frequency contents of the signal [44]. Then, the source term
and plate transfer function are multiplied with the signal to get
out-of-plane displacement in frequency domain (Eq. (37)).
Finally, an inverse Fourier transform was done to get the time
domain output signal from frequency response of out-of-plane dis-
placement. In this paper, each excitation potential was considered
separately to simulate the Lamb waves. Total released energy
from a crack can be decomposed to pressure and shear excitation
potentials. This paper presents the individual effect of the unit
amplitude of potentials (1 lJ=kg) on AE signals. However, dis-
tributing the energy between the pressure and shear potentials for
real AE source is very important, and we recommend it for future
study for specific damage assumptions (e.g., a crack propagating
under mode I fracture may have a different mix of shear/pressure
potentials than a crack propagating under mode II or mode III
fracture modes; similarly for mixed-mode fracture).

The excitation sources were located at the top surface, 1.5 mm
from the top surface, and 3 mm from the top surface (midplane).
Figures 5–7 show the out-of-plane displacement (S0 and A0
modes and bulk wave) versus time at 500 mm propagation

distance for midplane, top surface, and 1.5 mm depth from top-
surface source location. The summary of the results is listed in
Table 1. Signals are normalized by their individual peak ampli-
tudes, i.e., amplitude/peak amplitude. From Fig. 5, it is observed
that the A0 mode appears only while using pressure potential on
the top surface, whereas S0 mode appears only while using shear
potential. If the AE source is located at top surface, the effect of
the excitation pressure and shear potentials on the S0 and A0
modes seems to be decoupled (Eqs. (32) and (35)): pressure
potential does not contribute to S0 and bulk wave amplitude,
whereas shear potential does not contribute to the A0 and bulk
wave amplitude. Despite the fact that pressure and shear potentials
are decoupled from each other, they may exist simultaneously for
an AE event.

Therefore, both A0 and S0 will exist, only pressure potential
does not contribute to S0 and shear potential does not contribute
to the A0. Another notable characteristic is that the pressure
potential contributes to the high amplitude of the trailing edge
(low-frequency component) of A0 wave packet for top-surface
source. With increasing source depth, the effect of high amplitude
of low frequency decreases (Figs. 6(a) and 7(a)) in A0 signal. Fig-
ures 6 and 7 show that the peak A0 amplitude increases and peak
S0 amplitude decreases with increasing source depth while using
pressure excitation potential only.

Figures 5(b), 6(b), and 7(b) show some qualitative and quantita-
tive changes in spectrum while using shear excitation potentials
only. The amplitude of S0 signal decreases and A0 signal increases
with increasing source depth while using shear excitation potential

Fig. 5 Lamb waves (S0 and A0 modes) and bulk waves propagation at 500 mm distance in 6 mm 304-steel plate
for (a) pressure potential excitation and (b) shear potential excitation (peak time 5 3 ls) located on top surface
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only (Figs. 6(b) and 7(b)). Qualitative change in S0 signal with
source depth refers to the change in frequency content of the signal.
It should be noted that the peak amplitude of S0 and A0 signals
using shear excitation potential located at 1.5 mm depth from the
top surface is more significant compared to pressure potential
located at same location (Fig. 6). However, with increasing source
depth, S0 signals amplitude becomes more significant due to pres-
sure excitation potential over shear excitation potential (Figs. 6 and
7). For all AE source location, the shear potential part of the AE
source has more contribution to the peak A0 amplitude than pres-
sure potential. The peak amplitude of bulk waves increases with
increasing source depth (Figs. 6 and 7). However, the amplitude of
bulk wave is much smaller than the peak A0 and S0 amplitudes.
Therefore, the peak amplitude of bulk wave may not appear in real
AE signal.

4.3 Effect of Higher-Order Lamb Wave Modes. Since AE
signals have a wideband response, higher-order modes should
appear in addition to the fundamental S0 and A0 Lamb wave
modes. This section discusses the effect of higher-order modes
on AE signal due to shear potential excitation and pressure potential
excitation. A real AE sensor does not have ultimate high-frequency
response; therefore, the signals were filtered at 10 kHz and 700 kHz
frequency. Figure 8 shows the higher-order Lamb wave (S1 and
A1) modes at 500 mm distance in 6 mm 304-steel plate. The A1
signal is more dispersive for the shear excitation potential than the
pressure excitation potential. The peak amplitude of the A1 mode is

higher than the peak amplitude of the S1 mode for both shear and
pressure potentials. The peak S1 and A1 amplitudes for pressure
potential are higher than the shear potential. By comparing Figs. 7
and 8, it can be inferred that the peak amplitude of fundamental
Lamb wave mode (S0 and A0) is higher than the peak S1 and A1
amplitudes. Therefore, the peak amplitude of higher-order mode
may not be significant in real AE signal.

4.4 Effect of Propagation Distance. The attenuation of the
peak amplitude of the signal as a function of propagating distance
was also determined. Figures 9(a) and 9(b) show the normalized
peak amplitude of out-of-displacement (S0, A0, and bulk wave)
against propagation distance from 100 mm to 500 mm for pressure
potential and shear potential, respectively. The amplitudes are
normalized by their individual peak amplitudes.

Figures 9(a) and 9(b) show attenuation of S0, A0, and bulk
wave signal with propagating distance from 100 mm to 500 mm.
The effect of the propagating distance was found to produce
increasingly larger losses in S0 and A0 peak signal amplitudes as
the propagation distance varied between 100 mm and 500 mm.
Since the medium was assumed lossless, this attenuation in propa-
gation distance attributes to signal dispersion, which is to be
expected due to the wideband characteristic of the AE excitation.
However, larger attenuation of peak bulk wave amplitude is
observed compared to peak S0 and A0 amplitudes. Therefore, far
from the source, bulk wave becomes less significant and may not
be captured by the AE transducer. Another important observation

Fig. 6 Lamb waves (S0 and A0 modes) and bulk waves propagation at 500 mm distance in 6 mm 304-steel plate
for (a) pressure potential excitation and (b) shear potential excitation (peak time 5 3 ls) located at 1.5 mm depth
from top surface
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is that the peak A0 amplitude attenuates more than peak S0 ampli-
tude while using pressure potential only, whereas the peak S0
amplitude attenuates more than peak A0 amplitude while using
shear potential only. The attenuation of the peak amplitude is
expected due to dispersion of the signal.

5 Summary, Conclusions, and Future Work

5.1 Summary. The guided waves generated by an AE event
were analyzed through a Helmholtz potential approach. The inhomo-
geneous elastodynamic Navier–Lame equation was expressed as a
system of wave equations in terms of unknown scalar and vector solu-
tion potentials, U and H, and known scalar and vector excitation
potentials, A� and B�. The excitation potentials A� and B� were traced
to the energy released during an incremental crack propagation.

The solution was readily obtained through direct and inverse
Fourier transforms and application of the residue theorem. The

resulting solution took the form of a series expansion containing
the superposition of all the Lamb waves modes and bulk waves
existing for the particular frequency-thickness combination under
consideration.

A numerical study of the AE guided wave propagation in a
6 mm thick 304-steel plate was conducted in order to predict the
out-of-plane displacement that would be recorded by an AE sen-
sor placed on the plate surface at some distance away from the
source. Parameter studies were performed to evaluate: (a)
the effect of the pressure and shear potentials, (b) the effect of the
thicknesswise location of the excitation potential sources varying
from midplane to the top surface (source depth effect), (c) the
effect of higher propagating mode, and (d) the effect of propagat-
ing distance away from the source.

5.2 Conclusions. The present work has shown that pressure
and shear source potentials can be used to model the guided wave

Fig. 7 Lamb waves (S0 and A0 modes) and bulk waves propagation at 500 mm distance in 6 mm 304-steel plate
for (a) pressure potential excitation and (b) shear potential excitation (peak time 5 3 ls) located at midplane

Table 1 Comparison of peak amplitudes of Lamb waves (S0 and A0 modes) and bulk waves for different source depths

Peak S0 amplitude (m) Peak A0 amplitude (m) Peak bulk wave amplitude (m)

Source depth Pressure Shear Pressure Shear Pressure Shear

Top-surface source — 5.0� 10�15 7.3� 10�15 — — —
1.5 mm from top surface 7.5� 10�16 3.8� 10�15 7.4� 10�15 1.07� 10�14 7.14� 10�19 2.37� 10�17

Midplane source 2.5� 10�15 1.9� 10�15 1.6� 10�14 2.5� 10�14 1.43� 10�18 2.4� 10�17
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generation and propagation due to an AE event associated with
incremental crack growth. The advantage of this approach is to
decouple the inhomogeneous Navier–Lame equations.

The numerical studies performed over a range of parameters
have shown that:

(i) The peak amplitude of A0 mode is higher than the peak
amplitude of the S0 mode.

(ii) The amplitude of bulk wave is much smaller than peak A0
and S0 amplitude. Therefore, the peak amplitude of bulk
waves may not be significant in real AE signal.

(iii) For midplane AE source location, the shear potential part
of the AE source has more contribution to the peak A0
amplitude than pressure potential, whereas the pressure
potential part of the AE source has more contribution to
the peak S0 amplitude than shear potential.

(iv) With an increase in the source depth, the peak A0 and S0
amplitude increases by considering pressure potential

only, whereas the peak A0 increases and S0 decreases by
using shear potential only.

(v) If the AE source is located at top surface, the effect of the
excitation pressure and shear potentials on the S0 and A0
modes seems to be decoupled: pressure potential does not
contribute to S0 and bulk wave amplitude, whereas shear
potential does not contribute to the A0 and bulk wave
amplitude.

(vi) For top-surface AE source, the pressure excitation poten-
tial has contribution to the high-amplitude low-frequency
component of the A0 wave packet. This contribution
decreases as the source depth increases.

5.3 Future Work. Substantial future work is still needed to
verify the hypotheses and substantiate the calculation of the AE
source potentials that produce the guided wave excitation. The
extensive experimental AE monitoring data existing in the litera-
ture should be explored to find actual physical signals that could
be compared with numerical predictions in order to extract factual
data about the amplitude and time-evolution of the AE source
potentials. A frequency analysis of time domain signal should be
done to analyze the frequency content of the captured AE signals.
Frequency content may help to distinguish different source types
and source location. If necessary, additional experiments with
wider band AE sensors should be conducted. An inverse algorithm
could then be developed to characterize the AE source during
crack propagation. The source characterization can provide infor-
mation about amount of energy released from the crack. There-
fore, it may help to generate a qualitative as well quantitative
description of the crack propagation phenomenon. A further
extensive study on the effect of plate thickness, AE rise time, and
AE source depth would be recommended. Straight-crested Lamb
wave (1D wave guided propagation) was considered in this paper.
However, realistic AE guided wave propagation usually takes
place events in two-dimensional geometries (pressure vessels,
containment vessels, etc.). Hence, the present theory should be
extended to circular-crested Lamb waves (two-dimensional wave
guided propagation). The contribution of pressure and shear

Fig. 8 Higher-order Lamb waves (S1 and A1) modes at 500 mm distance in 6 mm 304-steel plate for (a) pressure
potential excitation and (b) shear potential excitation (peak time 5 3 ls) located at midplane

Fig. 9 (a) Effect of pressure excitation potential and (b) effect
of shear excitation potential: variation of out-of-plane displace-
ment (S0, A0, and bulk wave) with propagation distance in 6 mm
304-steel plate for source (peak time 5 3 ls) located at the
midplane

021002-10 / Vol. 1, MAY 2018 Transactions of the ASME

Downloaded From: http://nondestructive.asmedigitalcollection.asme.org/ on 10/30/2017 Terms of Use: http://www.asme.org/about-asme/terms-of-use



excitation potentials to the total energy release from a crack needs
to be studied through types of materials and crack types.
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