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Abstract. In recent years, researchers have focused on structural health monitoring (SHM) and damage detection
techniques using nonlinear vibration and nonlinear ultrasonic methods. Fatigue cracks may exhibit contact acoustic 
nonlinearity (CAN) with distinctive features such as superharmonics and subharmonics in the power spectrum of the 
sensing signals. However, challenges have been noticed in the practical applications of the harmonic methods. For instance, 
superharmonics can also be generated by the piezoelectric transducers and the electronic equipment; super/subharmonics 
may also stem from the nonlinear boundary conditions such as structural fixtures and joints. It is hard to tell whether the 
nonlinear features come from the structural damage or the intrinsic nonlinear boundary conditions. The objective of this 
paper is to demonstrate the application of nonlinear ultrasonic subharmonic method for detecting fatigue cracks with
nonlinear boundary conditions. The fatigue crack was qualitatively modeled as a single-degree-of-freedom (SDOF) system 
with non-classical hysteretic nonlinear interface forces at both sides of the crack surfaces. The threshold of subharmonic 
generation was studied, and the influence of crack interface parameters on the subharmonic resonance condition was 
investigated. The different threshold behaviors between the nonlinear boundary condition and the fatigue crack was found, 
which can be used to distinguish the source of nonlinear subharmonic features. To evaluate the proposed method, 
experiments of an aluminum plate with a fatigue crack were conducted to quantitatively verify the subharmonic resonance
range. Two surface-bonded piezoelectric transducers were used to generate and receive ultrasonic wave signals. The fatigue 
damage was characterized in terms of a subharmonic damage index. The experimental results demonstrated that the 
subharmonic component of the sensing signal can be used to detect the fatigue crack and further distinguish it from inherent 
nonlinear boundary conditions.

INTRODUCTION

Monitoring, locating, and evaluating the severity of fatigue cracks promptly is not only important for the structure 
security and the prevention of serious failure, but also provides decisions supportive for the maintenance of the 
structure. Recently, nonlinear vibration and nonlinear ultrasound methods are drawing increasing interest in structural 
health monitoring (SHM) and nondestructive evaluation (NDE). These nonlinear techniques, specifically the harmonic 
generation methods, are sensitive to closed-contact defects, micro-cracks, and early stage fatigue. However, challenges 
have been noticed in the practical applications of the harmonic methods. For instance, superharmonics can also be 
generated by the piezoelectric transducers and the electronic equipment. These harmonics increase the background 
noise and deteriorate the S/N ratio [1, 2]. The presence of nonlinearity introduced by amplifiers and transducers during 
the measurement makes it difficult to detect the defect-induced nonlinearity such as the fatigue cracks. Another 
challenge is that harmonics may also stem from the contact boundary conditions such as structural fixtures and joints.
It is hard to tell whether the harmonics come from the structural damage or the intrinsic nonlinear boundary conditions.
Aymerich et al. [3] demonstrated the importance of the effect of boundary conditions when nonlinear acoustics is used 
for impact damage detection. Polimeno and Meo [4] investigated the effect of a clamping boundary on Nonlinear 
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Elastic Wave Spectroscopy (NEWS) nondestructive technique. To date, few researches on distinguishing the defect-
induced nonlinearities from boundary nonlinearities have been reported. Several studies focused on subharmonics for 
damage detection. Unlike superharmonics, subharmonics cannot be introduced by electronic equipment and their 
generation requires specific excitation conditions, which makes them more reliable for damage detection [5-8].
Because of these features, subharmonic generation method can get rid of the nonlinear effects of measurement 
equipment. Subharmonics generally exhibit a threshold behavior, where they can only occur when certain conditions 
on the input (amplitude and frequency) are satisfied. The specific excitation conditions make it possible to distinguish 
the source of the nonlinearity.

This paper aims to demonstrate the application of nonlinear ultrasonic subharmonic method for detecting fatigue 
cracks with nonlinear boundary conditions. For the threshold phenomenon of subharmonic, the excitation conditions 
such as excitation amplitude and excitation frequency were first investigated by developing a SDOF qualitative model. 
Then experiments of an aluminum plate with a fatigue crack were conducted to quantitatively verify the subharmonic 
resonance range and the different threshold behaviors between the nonlinear boundary condition and the fatigue crack.
The results demonstrated that the subharmonic methods have the potential to detect damage with nonlinear boundary 
conditions.

QUALITATIVE MODEL OF FATIGUE CRACK

A SDOF qualitative model of fatigue crack is developed, shown in Fig 1. Two crack interfaces A and B remain 
closed before large amplitude dynamic load acts on them. A persistent excitation with the displacement amplitude of 

and the frequency is applied on side A, and transmit through the crack interface to side B.

psin( t) x

Fc

x0 d cd ad bd

FIGURE 1. Closed crack model. FIGURE 2. Relationship between crack interface force and 
interface distance.

The differential equation of motion of the dynamic displacement on the B side can be expressed as:+ + = , (1)

where is mass, is damping, is stiffness, and is interface force which will be discussed in next section. is
the relative displacement of two crack surfaces expressed as= sin( ). (2)

Similar with the research in [9], the hysteresis closed crack model introduces the threshold effect into breathing 
crack model. If the excitation amplitude is lower than the threshold, the crack remains closed, otherwise the crack 
starts to open and close. The threshold is set as 0.001 in this model. The relationships between interface force and 
relative displacement of the model is segmentally linear which made the model different from breathing crack model. 
Hysteresis effect is simulated through the changes of the curve of interface force and relative displacement which 
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turned to be a closed curve as it is shown in Fig 2. The x-axis is relative displacement  and the y-axis is interface 
force .

(1)When side B moves away from side A in Fig 1, the interfaces force changes as blue arrow shown in Fig 2
and is expressed as

=                              <        <   0                             >            ,
(3)

where ,  are displacement segment coefficients.  is the equilibrium position, where the interface force becomes 0.
is the fatigue crack interfacial roughness. When , the interface force effectively behaves as a

compressional force and decreases with the increment of relative displacement. The crack stiffness in this stage is .
When < , performs as tensional force and increases with the decrease of relative displacement. The 
interface tension is maximum when relative displacement reaches ad. The crack stiffness in this stage is .
When < ,  performs as tensional force but decrease with the increment of relative displacement. The 
crack stiffness in this stage is . When  >   ,  the crack is completely open and becomes 0.

(2) When the side B moves towards side A, the interface force changes as the red arrow in Fig 2 and can be
expressed as

=                                 <          0                      <      , (4)

where c is a displacement segment coefficient. When < , stays 0. When < , behaves as a
tensional force and decreases with the decrease of  . The crack stiffness is . When  ,   becomes 
compressional force and increase with the decrease of . The crack stiffness is . As shown in Fig 2, the process of 
the crack opening and closing from to  is different, which simulated hysteresis characteristics of a closed crack.

Parameters used in this model are = 1, = 0.05, = 1,  = 1 × 10 , = 0.6 × 10 ,  = , =4, = 5, = 3, = 1 × 10 , = 10 . MATLAB is used to calculate the closed crack model with the sampling 
frequency of 10 Hz and the computing time of 2000s. The natural frequency is found to be 0.2Hz by applying a sweep 
frequency excitation on the model. It should be noted that this model is only a reduced order qualitative approach to 
investigate the subharmonic generation threshold behavior of the closed fatigue crack.

FIGURE 3. The subharmonic generation region of excitation frequency and amplitude.

Base on the theory that subharmonic components appear when the excitation frequency is around twice the natural 
frequency [8], simulation was carried out to verify that this theory is also suitable for closed crack model. The 
simulation focused on the excitation frequency around twice the natural frequency which was chosen to range from 
0.38 Hz to 0.42 Hz with the step of 0.002 Hz. The excitation amplitude was from 0.0234 to 0.024 with the step of 5e–
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5. The roughness  of the crack model was set as 1 × 10 , and the equilibrium position was 10 , the region of 
the conditions which can produce subharmonic is shown in Fig 3. Similar with the result in [7], it shows a V-shaped
region which can produce subharmonic. It means that the threshold of excitation amplitude reaches its minimum when 
the excitation frequency is around twice the natural frequency. Higher excitation amplitude is required to generate 
subharmonics while the excitation frequency is away from twice the natural frequency.

EXPERIMENTAL STUDY

To investigate the different threshold behaviors between the nonlinear boundary condition and the fatigue crack, 
which can be used to distinguish the source of nonlinear subharmonic features, experiments on an aluminum plate 
with a fatigue crack were conducted to quantitatively verify the subharmonic resonance range.

FIGURE 4. 1-mm thick aluminum plate with a fatigue crack.

We used a 1-mm thick aluminum plate with a fatigue crack and an intact aluminum plate for the experiment. To 
produce a fatigue crack in the aluminum plate, firstly we machined a notch in the plate and then applied cyclic loading 
by the fatigue testing machine. The fatigue loading configuration adopted 0.2-10.0KN/5Hz for 3600 cycles, 0.2-
10.0KN/10Hz for 4300 cycles, and 0.2-5.0KN/5Hz for 10000 cycles; followed by displacement control, with 
0.1mm/10Hz for 37000 cycles. The fatigue crack on the plate was 11.5 mm long as shown in Fig 4. Two PZT
transducers, with diameter of 12mm and thickness of 0.6mm, were surface bonded on the cracked plate for 
transmission and sensing respectively. The PZTs were installed 120mm away to the crack position on each side. An
Agilent 33522A function generator was connected to the transmitter PZT, and an Agilent D50-X3014A oscilloscope 
was connected to the receiver PZT to collect the response data. The experimental setup and the specimen are shown 
in Fig 5.

FIGURE 5. The experimental setup. FIGURE 6. The aluminum plate clamped by a bench vice.

Two soft foams were set under the fatigue plate to approximate free boundary condition as shown in Fig 5. A
sweeping excitation was applied on the transmitter PZT to estimate the natural frequency of the cracked plate, which 
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is around 32.3 KHz. Then, we switched the excitation to continuous sinusoidal waves and tuned the excitation 
frequency around twice of the natural frequency until subharmonic appeared in the spectrum. The nonlinear 
components are shown in Fig 7. The excitation frequency was tuned around twice the natural frequency and voltage
amplitudes which can excite subharmonics are depicted in the area above the V-shaped curve in Fig 8. The tuning step 
is 0.01 KHz in frequency and 1vpp in voltage.

FIGURE 7. The nonlinear components when exciting the 
plate at twice the natural frequency.

FIGURE 8. Subharmonic excitation condition of the 
fatigue crack: area above the V-shaped curve.

Figure 7 shows obvious subharmonic and super-subharmonic components like f/2, 3f/2 and 5f/2. Superharmonic 
components like 2f, 3f, etc. can also be noticed. The maximum voltage of the excitation in this experiment is 10 vpp.
Figure 8 shows that the frequency range that can generate subharmonic and super-subharmonic is from 64.71 kHz to 
64.81 kHz. The subharmonic and super-subharmonic excitation condition of the fatigue crack in Fig 8 is very similar 
to that of the numerical simulation in Fig 3. The threshold of excitation amplitude reaches its minimum when the 
excitation frequency is around twice the natural frequency and higher excitation is required while the excitation 
frequency is away from twice the natural frequency. The minimum excitation amplitude is 7.8 vpp at 64.75 kHz.

After that, the cracked plate was clamped by a bench vice to study the boundary nonlinearity as shown in Fig 6. A 
new range of excitation conditions was found that can generate subharmonic as shown in Fig 10. The nonlinear 
components when subharmonics were generated are shown in Fig 9.

FIGURE 9. The nonlinear components: subharmonic 
generated by the nonlinear boundary condition.

FIGURE 10. Subharmonic excitation condition of the 
nonlinear boundary condition: area above the V-shaped.

curve.
Figure 9 shows that the subharmonic components (mainly f/2) are much less obvious while the harmonics (2f, 3f,

etc.) are still significant. It’s hard to tell the source of these harmonics while the fatigue crack and the clamping 
boundary can both lead to significant harmonics under a large range of excitation frequency. In common with the 
fatigue crack, the generation of subharmonics under clamping boundary condition also acquires strict excitation 
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conditions, i.e., the V-shaped curve shown in Fig 10 which is similar to Fig 8. However, the frequency range that can 
generate subharmonic from the clamping boundary is from 39.65 kHz to 39.87 kHz, which is much different from that 
of the fatigue crack. The minimum excitation amplitude is only 2 vpp to generate subharmonics from nonlinear 
boundary condition. Figure 8 and Fig 10 present two distinct area which means subharmonic from the fatigue crack 
and the connection boundary would not be generated at the same time. The comparing of the amplitude of subharmonic 
between the fatigue crack and boundary is shown in Fig 11. We used the subharmonic index (SI) to represent the 
relative subharmonic amplitude. The SI in Fig 11 is defined asSI = 20 log , (5)

where is the spectral amplitude of the subharmonic and is the spectral amplitude at the excitation frequency. It 

can be found that the boundary SI is obviously smaller than that from the fatigue crack. The SI of fatigue crack 
decreases suddenly while the excitation amplitude decreases below the threshold voltage. But the boundary 
subharmonic keeps low level and decrease gradually.

FIGURE 11. The comparison of SI between fatigue crack and boundary.

FIGURE 12. Excitation conditions for boundary subharmonic generation when different clamping forces were applied.

During the experiments, it was found that the new excitation conditions of the boundary nonlinearity are very 
sensitive to the clamping force of the bench vice. So, when subharmonic was generated from the boundary, the 
clamping force of the bench vice had been slowly tuned slightly. Figure 12 shows the excitation conditions of 
subharmonics at the nonlinear boundary with different clamping forces applied. It was found that the frequency range 
of the V-shaped region in Fig 12 shifts toward high frequency range while the clamping force increases.
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SUMMARY AND CONCLUSION

In this study, a SDOF qualitative model was developed to investigate the excitation conditions of subharmonics 
such as excitation amplitude and excitation frequency. Then experiments on an aluminum plate with a fatigue crack 
were conducted to quantitatively verify the subharmonic resonance range and the different threshold behaviors 
between the nonlinear boundary condition and the fatigue crack. It was found that when subjected to different 
frequencies of sinusoidal excitations, responses form the fatigue crack and the connection boundary both exhibit 
obvious nonlinearities like superharmonics and modulation components. It’s hard to distinguish the source of the 
nonlinearities especially for the superharmonic components during the interrogation of a structure. However, 
subharmonics from the fatigue crack and the connection boundary would not be generated at the same time. The 
consistent results of the numerical simulation and the experiment show that subharmonic appears when the excitation 
frequency is near twice the natural frequency of the structure and the excitation amplitude should be greater than a 
certain threshold. The excitation amplitude-frequency ranges which can produce subharmonic at the crack and the 
boundary are both in a V-shaped region. But the different contact interfaces between the fatigue crack and the 
connection boundary lead to the fact that subharmonics from the fatigue crack and the boundary are generated at 
different frequency ranges. The subharmonic components generated from the boundary are much less obvious than 
that from the fatigue crack. The frequency range of the V-shaped region shifts toward high frequency range while the 
clamping force increases. These features make it possible to judge the source of the subharmonic component.
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