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Design optimization is proposed for graded foams by investigating the effect of density gradation on the load
bearing and energy absorption characteristics. Stress-strain curves obtained experimentally for polyurethane
foams with five different nominal densities are first used to generate a data set containing the deformation re-
sponse of foams over a wide range of densities. Using this data set as the input, an analytical approach is
employed to study the local and global constitutive response and energy absorption of continuously graded
and discretely layered foams. Results obtained for the discretely layered structures are experimentally verified
by conducting uniaxial compression on layered foam structures fabricated in-house. Results indicate that for lay-
ered structures, the convex gradation functions yield in an improved energy absorption and load-bearing perfor-
mance, as well as lower overall structural weight, compared with monolithic foams. The analysis has been
extended to study continuously graded foams in order to determine the optimal gradation functions which pro-
mote improved strength aswell as superior energy absorption, comparedwith the single phase foamof the same
structural weight.
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1. Introduction

Due to their superior energy absorption characteristics, polymeric
foams arewidely used as cushioning structures in automotive industries
and as core materials in lightweight sandwich structures. In addition to
their excellent energy absorption properties, polymeric foams have sig-
nificantly low apparent density, are relatively inexpensive to produce
and can be easily molded in complex geometries, thus allowing excel-
lent design flexibility [1]. In compressive loading conditions, the high
energy absorption performance of polymeric foams is attributed to
their different cellular-scale energy dissipation mechanisms, such as
cell-wall bending, buckling, plastic yielding or brittle crushing [2–5]. It
is well-established that the compressive response and energy absorp-
tion of polymeric foams are highly sensitive to the nominal density of
the material. For example, for a given parent material, increasing the
foam density typically results in higher maximum stress but lower fail-
ure strains, although the magnitude of the absorbed energy might be
equal for both cases (see Fig. 1) [3,6–8]. Therefore, from a design per-
spective, there is a compromise between the extent of deformation,
strength and the total weight of the structure, in case the objective of
the design is set on energy absorption and/or crashworthiness criteria.

To take advantage of all the aforementioned properties, i.e. high
strength, large failure strains and low overall weight, while retaining
ngineering, University of South
USA.
the same energy absorption performance, the concept of functionally
graded foam material (FGFM) has been proposed [9–11]. The funda-
mental concept in high energy-absorbing FGFMs is to tailor a single
foam structure from various components each having unique advanta-
geous properties that can contribute to the enhancement of the energy
absorption and strength of the structure as a whole, while keeping the
structure as lightweight as possible. There have been great efforts in re-
cent years to look into the possibility of designing FGFMs for different
applications. For instance, Gupta [12] fabricated graded foam structures
which were capable to withstand 60–75% compressive strains without
any significant loss in strength. In thiswork, hollowmicroballoons filled
with synthetic foams of different initial densities were used to produce
graded foam materials with significantly improved energy absorption
characteristics when subjected to quasi-static loading. Owing to the nu-
merous applications of polymeric foams in dynamic loading conditions,
a greater body of literature on graded foam materials has been dedi-
cated to the study of dynamic response of these materials. Sun et al.
[13], for instance, attempted to improve the crashworthiness of thin-
walled structures by introducing graded foam fillers. Their work indi-
cated that the spatial variation and sequence of foam density has a sub-
stantial influence on the crashworthiness performance of a graded foam
structure. Cui et al. [14] proposed a graded foammodel with improved
energy absorption characteristics compared with single-phase foams.
Stress wave propagation in functionally graded foams with various gra-
dient functionswas investigated by Kiernan et al. [15]. It was found that
the amplitude of the stresswave is shaped by gradient function and that
the stress wave can be amplified or diminished following propagation



Fig. 1. Schematic representation of the stress-strain curves for polymeric foamsmade from
the same parent material but with different apparent density, ρ, strength, σ, and failure
strain, ε. ‘W’ denotes the specific energy (work done per unit volume).
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through the graded foam. Similar studies attempting to examine the dy-
namic deformation response andwave propagation through the graded
foams have been conducted in [16–19].

A detailed survey within the available literature confirms that the
energy absorption performance of an FGFM is highly influenced by the
gradient function and the sequence of layers with different nominal
densities, arranged together to form the graded foam. However, there
exists a lack of a systematic study which takes into account the gradient
effect in the design of graded foam structures, focusing on concurrent
energy absorption and strength properties of the graded structure
with variable density through the gradient direction. Accordingly, the
objective of the present study is to provide a systematic analytical ap-
proach for the design of graded polymeric foam materials with opti-
mized energy absorption and efficiency. The proposed approach has
first been successfully applied in the study of discretely layered foams
with layers having different nominal densities through the gradient di-
rection. The analytical approach is then extended to investigate the load
bearing and energy absorption performance of continuously graded
foams with different gradient exponents. The approach presented in
this work is indicated to allow for a detailed study on the local and
global deformation response of graded foams within a wide range of
gradient functions.

2. Constitutive modeling

The materials examined in this work are closed-cell polyurethane
(PUR) foams with different nominal densities, fabricated by General
Fig. 2. (a) Experimental true stress-strain curves for foam specimens with different nominal
density.
PlasticsManufacturing® under the commercial name FR-6700. The par-
ent solid material is the same for all foam specimens examined in this
work, while the only varying parameter is their cellular structure,
which results in variation of nominal density. Foam specimens with
nominal densities of 160, 240, 288, 320 and 400 kg/m3were tested indi-
vidually under quasi-static compression and their true stress-strain re-
sponses were extracted. Quasi-static loading was applied
monotonically until complete failure in displacement-control mode
and at a strain rate of 1.3 × 10−3 s−1. Fig. 2a illustrates true stress-
strain curves obtained for the foamsampleswith different nominal den-
sities. Stress-strain curves in Fig. 2a are plotted up to the global strains at
which visible surface cracks were detected. Differences observed in the
stress-strain curves in Fig. 2a were mainly in terms of elastic modulus,
yield stress, plateau stress and the area below the stress-strain curve,
i.e. specific energy. Variation of compressive elastic modulus and yield
stress as a function of foamdensity are plotted in Fig. 2b, indicating a lin-
ear variation of these mechanical parameters with foam density.

Stress-strain curves obtained from experiments were fitted with a
simple non-linear phenomenological constitutive model, proposed by
Liu and Subhash [20], with a general form:

σ ¼ A
eαε−1
Bþ eβε

þ eC eγε−1ð Þ ð1Þ

where A, B, C, α, β and γ are model parameters required to be deter-
mined for each foam density. σ and ε denote compressive stress in
MPa and compressive strain in percent, respectively. Note that parame-
ter A in Eq. (1) is a scaling factor controlling the overall magnitude of the
curve on the stress axis. B controls the onset of plasticity and the term
eC(eγε−1) governs stress increment during the densification stage
[20]. The utilized model basically has no physical connection to the
real mechanisms in the compressive deformation of foams; rather it is
mathematically accurate enough to describe the constitutive response
of single-phase polymeric foams under uniaxial compression loading.
Further mathematical explanation of the utilized model and its param-
eters is beyond the scope of thiswork, but is provided in detail in [20]. In
thepresentwork, parametersB,α andβwere taken as constants for sim-
plicity; while A, C and γ were determined as functions of the nominal
density, ρ. Mathematical expressions of themodel parameters are listed
in Table 1.

Constants and mathematical expressions listed in Table 1 were de-
termined based on a regression analysis. These model parameters are
capable of predicting the constitutive response of the foam materials
with densities ranging from 160 to 400 kg/m3 with high accuracy
(R2 N 0.99). This is shown in Fig. 3, where experimental and model-
densities. (b) Variation of elastic modulus and yield stress as a function of nominal foam



Table 1
Mathematical expressions and values of the model parameters as a function of nominal
density.

Parameter Valuea

A 3.378×10−5ρ2+2.156×10−2ρ−1.877
C −1.675×10−5ρ2+2.351×10−2ρ−7.105
γ −1.248×10−4ρ+0.130
B 1
α 0.5
β 0.5

a Nominal density, ρ, in (kg/m3).
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predicted true stress-strain curves are compared for selected nominal
densities. Close agreement observed between both sets of curves in
Fig. 3 confirms the accuracy of the model parameters obtained in this
work.

Having obtained the model parameters as functions of the nominal
density, a deformationmap can be constructedwhich facilitates the cal-
culation of stress as a function of applied strain and material density.
The significance of this deformation map is described in detail in
Section 4, where local strains in a graded structure are to be inversely
calculated from the applied far-field load and the local density. Fig. 4 de-
picts the deformation map constructed for PUR foams with nominal
densities ranging from 160 kg/m3 to 400 kg/m3, deformed under
quasi-static compression. The contour plot shown in Fig. 4 encompasses
the stress-strain information on a wide variety of foam densities. Ac-
cordingly, considering strain and foam density as independent vari-
ables, the stress magnitude can be extracted from the deformation
maps shown in Fig. 4.

Magnitude of the absorbed energy can be calculated from the data
presented in Fig. 4. The absorbed energy per unit volume (specific en-
ergy) is calculated as the area below the stress-strain curve for a given
nominal density. Accordingly, Fig. 5a represents the absorbed energy
as a function of applied compressive stress and strains, as well as nom-
inal density. The isoenergy contour lines in Fig. 5a indicate that for a pre-
scribed amount of energy absorption, there exists a large collection of
nominal densities which offer the same magnitude of energy absorp-
tion. For instance, see the dashed isoenergy line on the contour plot.
On this line, a low density foam exhibits large deformation and low
stress levels at a given energy level (see point A in Fig. 5b), while the
same magnitude of energy can be absorbed by a higher density foam
at lower strain and higher stress values (see point B in Fig. 5b). Such a
compromise in the selection of foams with different nominal densities
requires for the design of graded foamstructureswith optimized energy
Fig. 3. Comparison of experimental stress-strain curves with their corresponding model
fits. R2 N 0.99 for all cases.
absorption, load-bearing and weight capacities, as discussed in detail in
the following sections.

3. Design of functionally graded foam material

3.1. Discretely layered FGFM and experimental validation

Discretely layered FGFMs containing 4 distinct layers, each with a
different nominal density and thickness were fabricated, as schemati-
cally shown in Fig. 6. Cylindrical layered specimens were designed in
three different configurations by varying the thickness of each layer,
while attempting to maintain the overall length of the specimen (see
Table 2). Cylindrical specimens were all prepared in 24 mm diameter
and approximately 32 mm total length. Layers were bonded together
with a thin layer of highly-flexible strong polyurethane adhesive. Dis-
cretely layered specimens were tested in uniaxial compression until
failure, at strain rates similar to those used in testing of single-phase
foams. Fig. 7 shows the experimental setup containing images of the ini-
tial and deformed configurations of a layered foam specimen. More de-
tailed discussions on the deformation response of the material are
provided later in Section 5.1. Global stress-strain curves for the layered
specimens were determined from machine load-cell and cross-head
displacement measurements. Experimentally measured stress-strain
curves were compared with those obtained from the mathematical ap-
proach in order to verify the analytical results. The employed analytical
approach is discussed in detail in Section 4.

3.2. Continuously graded FGFM

Virtual cylindrical FGFM specimenswere designedwith axially vary-
ing density, such that the direction of the applied compressive load co-
incides with the gradient direction. In this work, the density gradient of
continuously graded foams is defined by a power-law function as:

ρ yð Þ ¼ ρmin þ Δρð Þ y
H

� �m
; Δρ ¼ ρmax−ρmin ; 0≤y≤H ð2Þ

where H is the initial length of the specimen, and y is the vertical posi-
tion from the bottom. ρ(y) denotes the localmaterial density at position
y; ρmin and ρmax are theminimum (160 kg/m3) andmaximum (400 kg/
m3) nominal foam densities studied in this work, respectively. m in
Eq. (2) is the gradient exponent which governs the spatial variation of
foamdensity along the axis of the specimen. For a continuously increas-
ing density configuration, the gradient function, ρ(y), changes from
convex to concave with the variation of m from lesser than to greater
than unity, as depicted in Fig. 8. The energy absorption and load-
bearing performance as a function of the gradient exponentwere inves-
tigated by varying the value of m from 0.1 to 10 at 0.1 increments.

Note that the apparent density of a continuously graded foam, ρa,
can be calculated as:

ρa ¼
1
H

Z H

0
ρmin þ Δρð Þ y

H

� �m
� �

dy
� �

→ρa ¼ ρmin þ
Δρð Þ

mþ 1

� �
: ð3Þ

Eq. (3) indicates that the apparent density of the graded foamwith a
power-lawgradation function depends on its lightest and heaviest com-
ponents, as well as the gradient exponent; while it is intuitive that a
larger value ofm results in a lower apparent density. Variation of appar-
ent density, ρa, with the gradient exponent has been plotted in Fig. 9.
Note that from manufacturing perspective, continuously-graded foams
can be produced by controlling the local temperature of the mold, ap-
plying a controlled-variable back pressure on the freely expanding
foam, using 3D printing and additive manufacturing or following the
potential approach successfully practiced in the work by El-Hadek
et al. [9].



Fig. 4. Deformation map showing the stress magnitude as a function of compressive strain and nominal density, constructed for PUR foam specimens examined in this work. The map is
generated for quasi-static compression and strain rate of 1.3 × 10−3 s−1.
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4. Analytical approach

Let us consider the general stress equilibrium as:

σ ij; j þ ρbi ¼ ρai: ð4Þ

In the case of uniaxial compression along y-axis, and in the absence
of shear stress components and body force, b, Eq. (4) is reduced to:

∂σyy

∂y
¼ ρay: ð5Þ

In quasi-static loading conditions, due to the substantially slow rate
of deformation, the axial acceleration on the right hand-side of Eq. (5),
Fig. 5. (a) Variation of the absorbed energy as a function of compressive stress, compressive
(b) Stress-strain curves extracted from points A and B showing similar specific energies at com
i.e. ay, can be neglected, thus resulting in:

∂σyy

∂y
¼ 0→σyy ¼ const: ð6Þ

The constant value of σyy can be calculated at any given time during
deformation, as the stress applied on the uppermost surface of the spec-
imen. This stress value remains spatially constant along the axis of the
specimen. For a graded foam specimen, the stress applied at any loca-
tion along its axis can be calculated accordingly, whereas the local den-
sity of thematerial at the point of interest is also prescribed fromEq. (2).
Therefore, the only unknown parameter required to use the contour
map shown earlier in Fig. 4 will be the axial strain component devel-
oped on the point of interest. Considering the existing constitutive
models proposed for polymeric foams, including the one presented in
strain and nominal density, determined for PUR foam specimens examined in this work.
pressive strains of 44% and 15%, respectively.



Fig. 6. Schematic of the discretely layered FGFM tested in this work. H and ρa denote the
total specimen length and apparent density, respectively.

Fig. 7. (a) Experimental setup used to test a discretely-layered foamwith linear gradation
(see Table 2). Close up views of the initial and deformed specimens are shown in (b) and
(c), respectively.
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Eq. (1), it is clear that there is no straight forward method to determine
the unknown strain for a given stress value. Therefore, the following ap-
proach was proposed to inversely calculate the local strain from known
stress and density values:

1. Construct a full-grid material data set with known density, strain
and stress values at each grid point using Eq. (1) along with the
density-dependent model parameters in Table 1. The material data set
generated here would be similar to that presented earlier in Fig. 4.
Note that the larger the number of data points in the grid, the more ac-
curate the outcome will be. The full data set in the present work
contained 14,701 data pointswith 241 different values for density, rang-
ing from 160 kg/m3 to 400 kg/m3 at 1 kg/m3 increments, and 61 differ-
ent values for strain, ranging from 0 to 0.6 at 0.01 increments.

2. Prescribing the values of the compressive axial stress applied on
the graded foam and the local density at the point of interest, use a
scattered-data interpolation scheme to inversely estimate the local com-
pressive strain at the same point. In the present work, a triangulation-
based cubic interpolation with C2 continuity was used for this purpose.
The interpolation was performed in the software MATLAB, using an in-
house written code.

3. Repeating step 2 for all the points along the specimen axis, the
full-field density-strain-stress distribution corresponding to the glob-
ally applied compressive stress can be reconstructed.

4. Next, update the applied compressive stress value and repeat
steps 2 and 3 to obtain the local stress-strain data at any given point
along the specimen axis.

5. Steps 2 to 4 can be repeated for a different gradient exponent, m,
to result in a full data set containing a wide variety of density gradation
with their corresponding local stress-strain curves.

6. The total strain in the graded specimen can be determined by in-
tegrating the locally calculated strain values along the specimen axis at
each stress iteration. The global stress will also be equal to the pre-
scribed value set at the beginning of the iteration. Using these two var-
iables, the global stress-stain response in a specific gradation case can be
determined at the end of the process.

Note that the exact same procedure can be employed for a discretely
layeredmaterial, aswell. It should also be clarified that the approach de-
scribed here can also be used for the case of dynamic loading. However,
in high strain rate loading conditions, the assumption of constant axial
stress is no longer valid. Particularly for the case of polymeric foams,
Table 2
Details on the design of three different discretely-layered foam specimens.

Specimen Layer thickness (mm) Overall thickness (m

h1 h2 h3 h4 H

LIN 7.93 8.07 7.99 8.02 32.01
CNV 11.03 9.00 7.32 5.90 33.25
CVX 5.96 7.26 8.75 11.00 32.97
the low impedance nature of the material yields in a delayed state of
stress equilibrium, giving rise to a highly non-uniform distribution of
axial stress [21,22]. This challenge alongwith the strong strain rate sen-
sitivity of the polymeric foams increase the complexity and the compu-
tation cost of the problem. The challenge associated with strain rate
dependence of the material can be overcome by using appropriate
rate-dependent constitutive models available in the literature [23–25].
However, the non-equilibrium stress state requires more rigorous
mathematical algorithms to be employed, the concept which is beyond
the scope of this work but is considered as a subject of great interest for
future research.

The following basic assumptions were considered in the analytical
approach described above:

• For the discretely-layered configuration, the bond between the layers
is perfect and infinitesimally small, containing no gaps or flaws.

• The stress state is uniaxial compression only. No shear component of
stress is developed, neither within the layer nor in the interface vicin-
ity.

• The layers can expand freely in lateral direction, while the magnitude
of the Poisson's ratio is close for all layers within the range of grada-
tion considered in this work for both discretely-layered and continu-
ously graded configurations. This assures the relative motion
between the layers is insignificant and diminishes the chance of
shear stress formation at the interface.

The last assumption has been validated for low density polymeric
foams bymeasuring their plastic Poisson's ratio [14,26]. Note the plastic
Poisson's ratio for different density foams are measured using
stereovision digital image correlation (3DDIC), following the procedure
detailed in [22]. For all the foam densities examined in this study,
m) Layer density (kg/m3) Apparent density (kg/m3)

ρ1 ρ2 ρ3 ρ4 ρa

160 240 320 400 280.24
160 240 320 400 259.46
160 240 320 400 300.15



Fig. 8. Variation of density vs. normalized distance for different values of the gradient exponentm.
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Poisson's ratios b 0.05 were measured. As shown in Fig 7c., negligible
lateral expansions are depicted in the layers, indicating the Poisson's ef-
fect is insignificant.

5. Results and discussions

5.1. Experimental and analytical results for discretely layered FGFMs

Global stress-strain curves for discretely-layered specimens were
obtained fromexperiment, aswell as the analytical approach. Fig. 10 de-
picts the obtained global constitutive curves, comparing experimental
and modeling results. Close agreement between the two sets of curves
verifies the results of the analytical approach proposed in this work.
Note that the flow curves acquired for all three specimens show a step-
wise increase in the value of stress, at certain stress levels. To elaborate
this finding, stress-strain curve obtained for the linear gradation case is
investigated in more detail in Fig. 11. Considering this figure, the step-
wise increments observed in the global flow curves are attributed to
Fig. 9. Variation of the apparent density, ρa, with the gradient exponent, m.
the stress levels at which each individual layer reaches its elastic limit
and yields. This behavior is consistent with that observed previously
in [27], and suggests that for the case of a piecewise variation of the den-
sity in a layered FGFM, desired strength canbe obtained by adjusting the
nominal density and thickness of each layer.

Next, the energy absorption characteristics of three discretely lay-
ered configurations were studied. Fig. 12 compares the energy absorp-
tion curves obtained for the three discretely layered FGFMs, with that
of the highest density single-phase foam. It is clearly observed that at
stress levels lower than 18 MPa, the graded foams show significantly
improved energy absorption performance. This can be due to the contri-
bution of the extended plateaus in the stress-strain response of the
lower density components present in the graded structure. Note that
in this region, i.e. σ b 18 MPa, the concave gradation shows slightly
higher energy absorption than the other two layered FGFMs. This can
also be attributed to the larger volume fractions of low density
Fig. 10. Global stress-strain response for discretely layered foams, comparing the
experimental and analytical curves.



Fig 11. Stress-strain curve of the specimen ‘LIN’. The stress levels atwhich each layer yields
are also marked. Layer #1 corresponds to the lowest density layer.
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components in the CNV specimen, which promote extended plateaus
and consequently higher energy absorption, as previously depicted in
Fig. 10.

At stress levels higher than 18 MPa, energy absorption of the single-
phase foam becomes superior. This can be explained through the more
rapid pace of stress increases during the densification stage of the
single-phase foam, compared with that of graded structures, as
discussed in detail in Section 5.2. In addition, as the stress exceeds
18 MPa, the energy absorption of the convexly graded specimen
(CVX) becomes slightly higher than the other two FGFMs. This can be
due to the more prominent contribution of higher density layers in
this specimen which lead to a more rapid increase of the flow curve,
thus increasing the energy absorption at a faster rate.
Fig. 12. Comparison between the energy-stress curves of single-phase (ρ=400 kg/m3)
and discretely layered foams.
The following remarks can be stated to summarize the findings pre-
sented for the case of discretely layered FGFMs:

1) For low stress and energy levels, the graded foamperforms better
than the single-phase foam in terms of energy absorption
characteristics.

2) The concave gradation is preferred when discretely layered
FGFMs with improved energy absorption are desired.

3) At high stress and/or energy levels an opposite trend is observed,
indicating that high density single-phase foambecomes amore efficient
choice in terms of energy absorption and load bearing properties.

5.2. Continuously graded foam

Fig. 13 illustrates the tress-strain curves obtained for continuously
graded foams with three differentm values, corresponding to three dif-
ferent apparent densities, as discussed in Eq. (3). The obtained stress-
strain curves were compared with those of single-phase foams with
densities equal to that of the graded ones. For instance, a continuously
graded foamwithm=0.2, having an apparent density of 360kg/m3 (ac-
cording to Eq. (3)) was compared with a single-phase foam of the same
360 kg/m3 density. Fig. 13 depicts the comparison between graded and
single-phase foams obtained in this way for three different gradations,
i.e. convex (m=0.2), linear (m=1) and concave (m=5).

In all cases, the curve obtained for the graded foam shows higher
strength than that of equal-density single-phase foam, at any given
global strain value. This means that for the continuously graded config-
uration, there is always a tendency to achieve higher overall strength as
the result of gradation. The exact physics governing this phenomena is
not clear. However, this behavior could be due to the fact that the pro-
gressive strain hardening of the continuously graded structure is likely
to contribute to withstanding of larger load magnitudes before failure.
The energy absorption performance of the continuously graded samples
showed different results at different loading regimes on the stress-
strain curve. Consider for instance Fig. 14a, where the stress-strain re-
sponse of continuously graded and single phase foams with 280 kg/m3

overall density are compared. This figure is similar to Fig. 13b, however
three regions have been identified in the new figure. Each region in
Fig. 14a corresponds to the same region on the energy-stress curves
shown in Fig. 14b. At Region 1, i.e. the stress levelswell below the elastic
limits of both curves, the energy absorbed by the graded foam is slightly
higher than the single-phase material, due to higher effective elastic
modulus of the graded structure. The trend is inverted as the stress
level is increased, such that within the global stress range of ~4 to
19 MPa, the single-phase foam absorbs more energy than the graded
foam. This is the result of the larger extents of the plateau region ob-
served in stress-strain curve of single-phase foam; where at any given
stress magnitude within Region 2, the area below the stress-strain
curve of single-phase foam is larger than that of the graded one. At the
onset of Region 3, another reversion occurs and the graded foam again
tends to absorb more energy compared with the single-phase foam.
This is owing to the higher hardening rate of increase in the value of
stress for the graded foam. Eventually, at stress levels above the limits
of Region 3, no explanation can be provided since theremight be partial
or complete failure taking place in the single-phase and/or graded sam-
ples. Fig. 14 indicates that although the graded structure shows higher
strength at all strain levels, its energy absorption performance does nec-
essarily follow this trend, at least for the case of the considered gradient
exponent m=1.

Another way to present the concurrent strength and energy absorp-
tion responses of foams is to plot the efficiency parameter, E, as a func-
tion of stress [3]. This parameter is defined as the ratio of the absorbed
energy and the stress, as:

E ¼

Z ε

0
σdε

σ
ð7Þ



Fig. 13. Comparing global stress-strain curves obtained for continuously-graded and single-phase foams with an equal overall density, for gradient exponent (a)m=0.2 (b) m=1 and
(c)m=5.
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where, the integral on the numerator represents the absorbed energy.
The efficiency curves for the data previously shown in Fig. 14 are plotted
in Fig. 15. Fig. 15 confirms the explanations provided earlier for Fig. 14,
indicating that at Region 2, the efficiency of the single-phase foam is
higher than that of the continuously graded foam with a linear
Fig. 14. Comparison between (a) the flow response and (b) energy absorption character
gradation function. Also it is observed that the efficiency decreases
monotonically after a peak at stress value of ~12 MPa for the single-
phase foam.

The anomalous findings presented in Figs. 14 and 15 necessitate a
thorough investigation of the influence of gradation on the energy
istics of single-phase and continuously graded foam with linear gradation (m=1).



Fig. 15. Efficiency-stress curves plotted for single-phase and linearly graded (m=1)
foams.
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absorption and efficiency of continuously graded foams. To this pur-
pose, the efficiency of graded foamswith awide range of gradient expo-
nents, m, were examined. It should be emphasized here that as
discussed earlier in Eq. (3), increasing the value of m results in a pro-
gressive decrease in the apparent density of the graded foam structure,
thus lowering the overall structuralweight. In addition, for all the values
of mN0, Eq. (3) predicts lower overall density (lighter weight) com-
pared with a structure of the same geometry and dimensions made en-
tirely from the single-phase strongestmaterial, i.e. ρ=400kg/m3, hence
a more favorable design. This was previously shown in Fig. 9, where the
variation of apparent density was plotted for different values of m,
confirming that the apparent density of a continuously graded foam is
lower than that of the strongest single-phase foam, at all gradient
exponents.

Global stress-strain relation for continuously graded foamswith var-
ious gradient exponents was obtained from the analytical model, as de-
scribed earlier. Fig. 16a depicts the deformation map determined for
different values ofm. It is clearly shown that the effect of gradient expo-
nent on the stress response of the graded foam is more significant at
higher global strain values. In addition, the iso-stress lines in Fig. 16a
suggest that in case the design criterion is based on load-bearing
Fig. 16. (a) Contour map showing the variation of global stress at different strain and gradient
curves extracted from two representative points shown in (a), indicating significant differen
exponents.
capacity and lower overall deformation (lower strain), smaller values
of m (i.e. convex gradient) are favorable. On the other hand, for a
givenmagnitude of stress, higher strains are achieved at larger gradient
exponents. This is shown in Fig. 16b, where the global stress-strain
curves are extracted and compared for two different m values. A larger
gradient exponent indicates a concave gradation configuration and con-
sequently greater energy absorption. However as discussed earlier, the
energy absorption criterion by itself may not result in the most opti-
mized design; whereas, the efficiency of a specific gradation (see
Eq. (7)) can be considered as a more useful measure for the design op-
timization of an FGFM with continuous gradation.

Efficiencies of the continuously graded foams with different expo-
nents were calculated from the global stress-strain curves obtained for
each case. Fig. 17a illustrates the efficiency map as a function of strain,
gradient exponent and stress. It is realized that the gradient exponent
has a substantial effect on the efficiency of continuously graded foams,
and generally, the efficiency increases with increasing global strain.
This is evidenced in Fig. 17b where the evolution of efficiency extracted
from selected isostrain lines are presented. In this regard, the following
remarks need to be highlighted in depth:

1) Let us consider the efficiency map shown in Fig. 17a. Variation of
the gradient exponent at lower strain values does not seem to have a
considerable influence on the efficiency of the graded foam (see line
‘Ψ’marked on Figs. 17a and b). However, as the applied global strain in-
creases, there is a more noticeable variation of efficiency with changing
the parameterm (see line ‘Φ’). Also evident in Fig. 17a are the locations
of two highest efficiency spots marked with arrows, indicating that
there are certain gradient exponents which offer the highest efficiency
levels. Locating the points of highest efficiencies, two cases with m=
0.3 and m=9 were detected. The energy absorption and efficiency of
these local extrema were plotted and compared with those of the
highest density single-phase foam, as shown in Fig. 18. Note that the
curves in Fig. 18 are plotted up to a global strain of 0.5 in all three
cases. It is seen here, and was shown earlier, that the graded foam
with largerm value, i.e.m=9, has a substantially low apparent density
(ρ=184 kg/m3), thus is weaker and reaches the designated limit strain
of 0.5 at a significantly lower stress. The stress required for this speci-
men to reach ε=0.5 was calculated as 11.2 MPa. However, despite its
lower strength, the graded foamwithm=9exhibits significantly higher
energy absorption and efficiency at all stress magnitudes below its
threshold stress, compared with other two cases in Fig. 18. On the
other hand, comparing with our highest density single-phase foam,
exponent (m) values. The dashed line indicates an isostress level. (b) Global stress-strain
ces in the load-bearing response of continuously-graded foams with different gradient



Fig. 17. (a) Contour map showing the variation of efficiency as a function of strain, gradient exponent, and stress for continuously graded FGFMs in this work. (b) Variation of efficiency
with gradient exponentm over the lines marked asΦ and Ψ in (a).
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the other extremum,m=0.3, demonstrates improved strength, as well
as relatively higher energy absorption and efficiency up to 23 MPa
global stress, while being ~14% lighter in weight.

2) Improved energy absorption performance of the graded foam
withm=0.3 ismainly due to the presence of high-density strong layers
next to the low-density high energy-absorbing components in the
graded specimen. In addition, the larger portion of stronger foam layers
within this specimen makes it a potential material of choice in applica-
tions where both high energy absorption and high strength properties
are the design goals. The other extremum, m=9, on the other hand
can be regarded as a potential candidate where excellent energy-
absorbing and lightweight structures are to be designed.

As a final remark, it should be noted that themaximum strain values
considered in this work were 0.5 for all cases examined; although the
lower density single-phase foams exhibited failure strains of up to 0.6.
The reason for this was to reduce the number of independent variables
in the optimization process, while assuring that failure occurs in none of
Fig. 18. Variation of (a) absorbed energy and (b) efficiencywith applied global stress for three c
foam.
the cases examined in the present work. It is reasonable to expect that
the inclusion of failure strain might slightly change the extents of the
calculated global stress-strain curves in continuously graded foams.
However, the procedure on finding and the values of the gradient expo-
nent extrema remain unchanged.

Finally, the analytical approach detailed in thiswork can bepracticed
for FGFMs made of layers with different parent materials, as well as
other types of functionally graded materials, e.g. metal/ceramic FGMs,
as long as a gradedmaterialwith optimizedweight-strength-energy ab-
sorption conditions is to be designed. As mentioned earlier, the de-
scribed approach can potentially be considered for dynamic and direct
impact loading conditions as a computationally cost effective and accu-
rate means, compared with numerical approaches such as finite ele-
ment analysis. The dynamic part is out of the scope of the current
work. Nevertheless, the application of foam is not limited to high strain
rate loading, for example foams have been widely used in packaging,
luxury furniture and pads due to their energy absorption capability at
ases, continuously graded foamswithm=0.3 andm=9, and highest density single-phase
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quasi-static loading condition. The idea of the approach proposed in this
work has great potentials in packaging and automotive industries
where low to intermediate velocity impacts are expected. In the case
of dynamic loading, we anticipate the effect of strain rate to be drastic,
thus the results could be significantly different from the quasi-static
conditions.

6. Conclusions

A semi-analytical approach has been proposed to study the effect of
density gradation in graded polymeric foams. Discretely layered and
continuously graded foams with various gradient functions were con-
sidered and their performance in terms of energy absorption and
strength were investigated. In the discretely layered architecture, the
convex gradient was shown to promote both energy absorption and
strength of the graded foam structures, while resulting in a lower over-
all density compared with single phase structures. Results obtained for
the discretely layered structures were also validated by conducting uni-
axial compression on the graded foams fabricated in-house. Similar ap-
proach was employed to evaluate graded foams with continuous
density gradation functions. Results obtained for the continuously
graded foam structures indicated that both convex and concave grada-
tion functions can be considered as optimal gradations, depending on
the intended functionality and application of the structure. More specif-
ically, a strong concave gradient was shown to promote substantially
lighter structural weights with superior energy absorption, in applica-
tions where small deformations are to be exerted on the structure. On
the other hand, a strong convex gradation function relatively enhances
energy absorption and strength in graded foam while promoting the
ability to withstand larger deformations, compared with a monolithic
foam structure of the same weight.
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