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Full-field deformation response of a copper bar impacted in a three point bending setup is studied. Ultra-
high speed photography (frame rate: 5£ 106 fps) in conjunction with digital image correlation is utilized to
study the in-plane deformation kinematics of the impacted specimen over 25.4ms duration after the
impact. Distributions of D11X Xtemporal derivatives, i.e. strain rate, velocity and acceleration, over the area of
interest are computed using the in-plane displacement and strain fields measured from image correlation.
Complex deformation patterns resulting from wave propagation and inertial loading are studied and dis-
cussed. Having deformed the specimen well into the plastic regime, the idea initially proposed by Pierron
et al. (2011) is extended to identify visco-plastic constitutive response of the examined material by incorpo-
rating an analysis based on the method of virtual fields. Accordingly, a strain rate sensitive constitutive
model for the copper specimen is identified by reconstructing the inertia and the impact forces using full-
field acceleration and reaction force measurements, respectively.

© 2017 Elsevier Ltd. All rights reserved.
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1. Introduction

TaggedPCharacterizing the mechanical behavior of materials at high
strain rates has been a challenge for several decades. Numerous
dynamic testing procedures have been devised within the past cen-
tury to enable the study of the material response when subjected to
dynamic loading conditions. Among those, the Kolsky or Split Hop-
kinson Pressure Bar (SHPB) is one of the most common. The method-
ology devised in conventional SHPB provides limited information
regarding the actual response of the material due to certain restric-
tions associated with simplifying assumptions, including the use of
one-dimensional stress wave propagation [1]. The most significant
of these limitations include the applicability of the procedure to uni-
axial loading conditions, and the assumption of stress and strain
homogeneity in the deforming specimen. The latter is of particular
importance in high strain rate deformation of soft and/or low imped-
ance materials, for which delayed state of stress equilibrium arises
due to the long stress wave reverberation times [2�5]. In such cases,
the non-uniformity of stress within the dynamically deformed speci-
men can be a direct result of the inertial forces. Unless “inertia
effects” are included in the deformation analysis, the accuracy of
the results may not be guaranteed, with the level of inaccuracy
increasing with increasing strain rate [1]. From an experimental
TaggedPperspective, direct measurement of inertia forces and their resultant
stresses are extremely challenging. However, recent advances in
ultra-high speed imaging systems, along with advances in full-field
measurement techniques (e.g. digital image correlation) provide a
direct way to quantify and include inertia effects in dynamic defor-
mation analyses. In recent years, full-field measurement techniques
based on grid method [6�9] and digital image correlation [10�15]
have been coupled with high speed imaging equipment to success-
fully examine the dynamic deformation and failure of various engi-
neering materials. The combination of high speed imaging and full-
field measurement techniques facilitates measurement of the entire
temporal history of deformations (displacement and strain) at a
large number of points within a predefined “area of interest” over a
very short course of time. The temporal rate of change of displace-
ment and strain can then be considered for the calculation of time-
derivative parameters, i.e. velocity, strain rate and acceleration dis-
tributions over the entire field of interest. Among all temporal deriv-
atives, acceleration is of a greater importance, since it can be used to
reconstruct the inertia forces [10].

TaggedPIt is well-known that the presence of inertia forces can make the
global force measurement insufficient for accurate estimation of the
stress history, particularly during the earlier stages of deformation
when stress equilibrium is not yet achieved [4,5]. It is during this
stage that conventional analyses based on stress equilibrium may
not be valid. For stiff engineering materials, e.g. metals, this transient
period is very short. Thus, ultra-high speed imaging with very short
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TaggedPinter-frame times [16] is required since the accuracy and the level of
noise in the temporal derivatives are highly sensitive to data fre-
quency. The importance of increased data density when computing
temporal derivatives is most readily seen when temporal derivatives
are calculated from the displacement and strain fields using numeri-
cal algorithms such as finite difference method [10]. Accordingly,
inter-frame times on the of the order of microseconds (or smaller)
are necessary in order for an accurate assessment of the acceleration
field and the resultant inertia forces. Available ultra-high speed cam-
eras currently permit extremely high frame rates, usually of the
order of several million frames per second, but at the cost of spatial
resolution and/or temporal duration (number of frames acquired
may be quite small). More detailed studies regarding the perfor-
mance and limitations of a number of commercially available ultra
high speed cameras can be found in [10,14,16�19].

TaggedPThe objective in this work is to analyze the full-field deformation
response of a bar subjected to dynamic three-point bending. The
dynamic three-point bending test is a dynamic testing method
widely used to characterize the tensile and flexural strength of
quasi-brittle materials [20�22]. In addition, the idea for conducting
dynamic three-point bending on notched specimens has also been
extensively applied to characterize the dynamic fracture toughness
of materials [23�25]. The basic idea in the current study is to take
advantage of ultra high speed imaging and full-field measurements
to analyze the transient response of a bar subjected to transverse
impact. The significance of the present study is that:

TaggedP(1) Analysis of dynamic deformation is conducted over a time
period during which stress equilibrium has not yet been achieved.
This is the typical case of a quasi-impulsive response, since the test
duration is comparable to the time required for the wave propaga-
tion in the material. Such conditions commonly occur during
dynamic impact testing of brittle materials [20].

TaggedP(2) The strain magnitudes applied on the copper bar in this work
(<5%) are small enough to be typical of the ultimate failure strains of
most brittle and quasi-brittle materials under tension and bending
[26], while sufficiently large to ensure the presence of plastic defor-
mation and moderate strain hardening in the material. The latter is
of greater importance when identification of a constitutive response
for the material is to be performed.

TaggedPThe specimen is impacted in a Hopkinson bar apparatus, modi-
fied for dynamic three point bend experiments. Full- field deforma-
tion response of the material in a 25.4ms duration after the impact
has been studied via digital image correlation in conjunction
with ultrahigh speed photography. Attempts are made to extend the
measurement range into the elastic-plastic regime for the copper
specimen.1 Full-field distributions of strain and displacement along
with their temporal derivatives (strain rate, velocity and accelera-
tion) are obtained and used to explain the underlying deformation
mechanisms in central impact testing of a copper bar. Finally, an
analysis based on the virtual fields method (VFM) is performed with
the purpose of identifying the visco-plastic constitutive response of
the copper specimen.

2. Experimental procedure

2.1. Experimental setup

TaggedPThe experimental setup for the dynamic three-point bending test
is shown in Fig. 1a. The setup consists of a custom made three-point
bending fixture mounted in a Hopkinson bar apparatus. A 152mm
projectile fired by an air gun is utilized to impact the input bar.
The aluminum 7075 input bar is 1822mm long and 12.7mm in
1 The present study extends the work of Pierron et al. [10], conducted on aluminum
bars and using IMACON 200 cameras, where the deformations measured were within
the elastic regime due to the limited number of images available.
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TaggedPdiameter. The impactor end of the bar is machined into a U-shaped
configuration, as shown in Fig. 1b. The pressure used inside the air
gun is 10 psi, and the corresponding velocity of the projectile at the
air gun muzzle is »28m/s. A strain gauge is located 1575mm away
from the tip of the input bar to provide an off-set trigger to the oscil-
loscope, flash unit and the camera. The triggering time is calculated
from the wave velocity of the input bar material (cAl D 5091m/s).
Accordingly, a delay time of 309 ms is calculated, after which the
camera begins acquiring images.

TaggedPAs illustrated in Fig. 1b, two piezoelectric load-cells are inserted
behind the supports of the three-point bending fixture to measure
the reaction force histories. These forces are recorded at 5MHz by
the same oscilloscope used with the strain gauge. The load-cells
used in this work are 22.4 KN capacity PCB Piezotronics

�
load-cells

with 224.8mV/kN sensitivity. These load-cells are designed primar-
ily to measure compressive and impact forces. A polyimide film tap
covering the cap surface of the load-cell reduces high frequency
ringing associated with metal-to-metal impact.

TaggedPThe specimen is a 10mm thick copper 110 alloy with 80£ 6 mm2

(L£W) side dimensions, extracted from the as-received plate. The
span between the three-point bend supports is 40mm, as schemati-
cally shown in Fig. 2a. The camera view of the specimen is illustrated
in Fig. 2b.
2.2. Ultra-high speed imaging and DIC

TaggedPA single Shimadzu Hyper Vision HPV-X ultra-high speed camera
is used to record images of the deforming specimen. Detailed
description of this camera is beyond the scope of this work, but can
be found elsewhere [6,14]. A frame rate of 5£ 106 fps is used in this
work, resulting in a 0.2ms interframe time. The HPV-X camera
allows recording of 128 frames with 400£ 250 pixel2 resolution at
the utilized frame rate. The exposure time at 5 Million fps is 110 ns.
A strobe (Photogenic PowerLight 2500 DR) along with additional
high intensity white LED light source is used for illumination. The
utilized strobe takes 200ms to reach its highest intensity. The light
intensity then remains constant for 1ms before decreasing. There-
fore, triggering of the camera and strobe unit must be performed
carefully to utilize the maximum possible illumination without sig-
nificant variation in lighting. This type of illumination provides suffi-
cient light to acquire images up to 5 million frames per second.
Details regarding the quality assessment of the utilized strobe unit
can be found in [18]. Images are acquired from the speckled side sur-
face of the specimen during the first 25.4ms after the impact. Note
that experimental impact pulse duration has been approximated as
60ms. The 25.4ms record time facilitates image acquisition over
approximately 40% of the first impact pulse duration. This means
that the impactor remains in contact with the specimen over the
entire duration of the image acquisition. The record time used in this
work is long enough to provide early-stage data that can be used to
determine various properties of interest, as detailed in forthcoming
sections.

TaggedPImage correlation process is performed on the area of interest
using the software Vic-2D [27]. Note that the speckled area of inter-
est in this work (see Fig. 2b) covers 66 and 250 pixels in x- and
y-directions, respectively. Full-field in-plane displacement and
strain distributions are computed in this software. Temporal deriva-
tives � velocity, acceleration and strain rate � are calculated sepa-
rately using the DIC displacement and strain results by applying a
central difference scheme:

vi tð ÞD ui tCDt
� �¡ui t¡Dt

� �
2Dt

ð1Þ

ai tð ÞD ui tCDt
� �¡2ui tð ÞCui t¡Dt

� �
Dt2

ð2Þ
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Fig. 1. (a) Experimental setup used for dynamic three-point bending experiment. The three-point bending fixture is shown in (b).
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TaggedP

_e ij tð ÞD eij tCDt
� �¡eij t¡Dt

� �
2Dt

ð3Þ

where ui, vi and ai denote in-plane components of displacement,
velocity and acceleration vectors, respectively; and _eij denotes in-
plane strain rate. In these equations, Dt represents interframe time
(D0.2ms).

TaggedPA correlation window (subset) of 23£ 23 pixel2, with a 6 pixel
step size between subset centers is selected for the image corre-
lation process. Subset dimensions were selected based on a rule
of thumb stating that the subset size should be roughly
3�5 times larger than the size of an average speckle [28]. The
magnification factor is approximately 11 pixels/mm. Image cor-
relation is performed using the ‘normalized squared differences’
matching criterion, with an optimized 4-tap interpolation and
linear (affine) shape functions. In Vic-2D, strains are derived
from the full-field displacement using Gaussian filtering with a
filter size of 5 data points, i.e. the smallest filter size allowed in
this software. No further spatial data smoothing is performed in
this software; though temporal smoothing of the extracted data
is conducted prior to the calculation of velocity, acceleration and
strain rate fields. Temporal smoothing is conducted using sec-
ond-order polynomial over 5.5 ms time spans. The decision on
the use of 5.5 ms time span was made based on the results of an
extensive sensitivity analysis, details of which are beyond the
scope of this work.
Fig. 2. (a) Schematic of the test specimen showing the location of speckled a
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3. Results and discussion

3.1. Full-Field displacement and strain distributions

TaggedPTypical full-field distributions of displacement components in x-
and y-directions are shown in Fig. 3. The contour maps depict the
displacement fields at 5ms, 15ms and 25ms after the impact. Dis-
placement maps in Fig. 3 exhibit patterns that are characteristic of
three-point bending experiments [29].

TaggedPFull-field strain maps are shown in Fig. 4. Fig. 4a exhibits local-
ized compressive exx values over an area near to the impact point.
Local strain values of up to 3.6% are developed in this location, con-
firming the occurrence of plastic deformation in the bar. eyy contour
maps in Fig. 4b represent bending strain, with negative (compres-
sive) values on the impact surface, and positive (tensile) values
developed on the rear face. Note that the occurrence of plastic defor-
mation in the vicinity of the impacted area causes local stretch on
the impact point, resulting in eyy to take positive values over this
region. Maximum tensile strain values of up to 1.8% on the free sur-
face of the bar also confirm the presence of plastic deformation at
the back side of the specimen, as well. Full-field shear strain,exy,
exhibits a typical pattern of shear deformation in three-point bend
experiments, with negative and positive values at positive and nega-
tive y, respectively. As discussed in [10,30], full-field distribution of
shear strains in a dynamic three-point bending experiment can be
utilized to reconstruct the bending force applied on the specimen
rea of interest. (b) Camera view of the specimen. All dimensions in mm.

ing test using ultra high speed DIC and the virtual fields method,
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Fig. 3. Distribution of (a) ux and (b) uy over the entire field of view, at selected times
after the impact. Locations of impact and support are marked. Values are in mm.

Fig. 4. Distribution of (a) ɛxx, (b) ɛyy and (c) ɛxy over the entire field of view, at selected
times after the impact. Locations of impact and support are marked. The arrow indi-
cates the location of impact (yD 0).
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TaggedPusing virtual fields method. This requires the use of elastic shear
strains and the selection of an appropriate virtual displacement field.
A detailed discussion on this subject is out the scope of the present
work, but can be found in [10,30].

TaggedPTo identify the visco-plastic constitutive response of the material,
total equivalent strain developed in the material is determined. Von
Mises equivalent strain, eeq, developed in the entire field of view can
be computed as:

eeq x; y; tð ÞD 2
3
exx2 x; y; tð ÞC eyy2 x; y; tð ÞC2exy2 x; y; tð Þ� �� �1=2

ð4Þ

TaggedPContour maps showing the evolution of eeq at different times are
shown in Fig. 5. It is clearly evident that eeq is accumulated very rap-
idly within areas located closer to the impacted side of the specimen,
growing progressively across the entire field of view. Shown in Fig. 6,
temporal evolution of equivalent strain averaged over a 5.7£ 5 mm2

area of interest indicates total strain buildup to � 2%. Note that the
smaller region considered here is a subset of the actual area of inter-
est which is more closely associated with the impacted region of the
bar, and is symmetric about the x-axis. An interesting point to note
in Fig. 6 is that equivalent strain is shown to have built up in two
successive stages. An initial increase in the value of equivalent strain
is first observed during the first 15ms after the impact. This is fol-
lowed by a plateau extended over approximately 4ms duration and
a second stage of strain accumulation. This behavior is similar to
that observed by Pierron et al. [10], and is due to the reversion of the
stress wave along the x-axis in the bar. Note that as the stress wave
reflects from the free surface of the bar, it opposes the impact
force applied on the impacted side of the specimen. At this point, the
net force applied on the specimen is at its minimum, thus negligible
plastic strain accumulation is occurred in the bar. Strain build up
Please cite this article as: B. Koohbor et al., Analysis of dynamic bend
International Journal of Impact Engineering (2017), http://dx.doi.org/10.
TaggedPcontinues as the stress wave again reflects from the impacted side.
More discussions on this are provided in Section 3.3.

3.2. Full-field distributions of velocity, strain rate and acceleration

TaggedPDistribution of temporal derivatives, i.e. velocity, strain rate and
acceleration are considered next. Typical velocity maps determined
from smoothed displacement data are shown in Fig. 7. Contour
maps show noticeable differences both in pattern and the values of
horizontal and vertical velocity components. The horizontal compo-
nent of velocity, vx, basically takes values one order of magnitude
higher than vy, as expected in a three point bending test configura-
tion. An interesting point to notice is the spatial variation of vx along
x-direction. To give better insight regarding this, the velocity curves
extracted from points A and B in Fig. 8a, along with the loading tip
velocity, have been plotted in Fig. 8b. Loading tip velocity in this
work is calculated by tracking the tip area of the impactor in time
and performing (a) DIC to extract the horizontal displacement vs.
time and (b) numerical time differentiation (see Eq. (1)) with
smoothing to compute the impactor velocity. Results indicate that
there is a time shift of »5ms between the onset of velocity increase
between point A and point B. This time shift is roughly equal to
three consecutive reverberation of the elastic stress wave in the
x-direction for the copper specimen. After this elapsed time, the
ing test using ultra high speed DIC and the virtual fields method,
1016/j.ijimpeng.2016.12.021
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Fig. 5. Evolution of equivalent strain with time. The location of impact (yD 0) is
marked with an arrow.

Fig. 6. Temporal evolution of equivalent strain average over the 5.7£ 5mm2 area
shown in Fig. 5.

Fig. 7. Distribution of (a) vx and (b) vy at tD 10ms. Impactor trajectory is marked
with dashed line.
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TaggedPcurve obtained for Point B also begins to rise for approximately
10ms. Both curves reach a local velocity peak 10ms after the first
increase, with similar magnitude for the peak velocity at point A and
the impactor tip, as expected. The maximum vx value for point A at
its first peak velocity is about 10m/s higher than that of point B,
which indicates a high spatial variability of vx. Such substantial vari-
ation in vx gives rise to a highly heterogeneous distribution of strain
rate, as discussed later in this section. The velocity peaks are fol-
lowed by a decrease of 12m/s and 2m/s for point A and point B,
respectively. This velocity decrease is attributed to the reflection of
elastic stress wave from the supports, causing partial deceleration of
the impactor tip.

TaggedPAt the point where all local velocity curves reach their local min-
ima (tD 16ms), the velocity within the field of view is expected
to be distributed more homogeneously than any other time during
deformation. This is investigated by spatially averaging vx over the
5.7£ 5 mm2 area (see Fig. 5) and plotting the average vx with respect
to time, as illustrated in Fig. 8c. The error bars in Fig. 8c denote the
standard deviation within the area of interest, thus a measure for
the level of spatial variability in vx over this area. As noted earlier,
the lowest spatial variability is found at tD 16ms, i.e. when
the reflected wave reaches the impacted side and decelerates the
impactor.

TaggedPTypical full-field distributions of strain rate components at
selected times after the impact are shown in Fig. 9. Both _exx and _eyy
show highly nonhomogeneous distributions at tD 5ms and
tD 10ms; whereas the degree of spatial strain rate variability is
reduced at tD 16ms. This, as discussed above, is related to the tem-
porary homogenization of the velocity fields as the result of impac-
tor deceleration.

TaggedPAs illustrated in Fig. 9b, local bending strain rate _eyy ranges up
to 2000 s¡1 locally. To determine the average strain rate applied
on the specimen in this work, equivalent strain rate D 1 2X X, _eeq, D 1 3X Xis
computed over the area of interest, using an equation similar to
Eq. (4), as:

_eeq x; y; tð ÞD 2
3

_exx2 x; y; tð ÞC _eyy2 x; y; tð ÞC2 _exy2 x; y; tð Þ
� �� �1=2

ð5Þ
ing test using ultra high speed DIC and the virtual fields method,
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Fig. 8. (a) Location of two representative points from which velocity curves are extracted. (b) Variation of the impactor velocity and vx for points A and B. (c) Evolution of spatially
averaged vx over the 5.7£ 5mm2 area of interest shown earlier in Fig. 5.
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TaggedPFig. 10 illustrates the temporal variation of equivalent strain rate
averaged over the 5.7£ 5mm2 subset area of interest close to the
location of impact. Average equivalent strain rate shows an initial
increasing stage up to tD 10ms, at which average strain rate reaches
1800 s¡1. A remarkable inhomogeneous distribution of strain rate is
present in the field of interest at this point of time (see Fig. 9). The
curve then follows a decreasing trend, reaching a local minimum
at tD 16ms, i.e. the time of uniform velocity distribution, as shown
earlier in Fig. 8.

TaggedPThe significantly D1 4X Xhigh spatial and temporal variability of
strain rates in this work indicates that the material being tested
experiences a wide range of strain rates during its course of
deformation. Therefore, it can be of great interest to attempt to
retrieve strain rate-dependent constitutive laws from a single
experiment such as the one conducted in this work. This has
been previously achieved by the use of virtual fields method
[30�33]. Accordingly, one particular objective in the present
Fig. 9. Distribution of (a) _ɛxx and (b) _ɛyy

Please cite this article as: B. Koohbor et al., Analysis of dynamic bend
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TaggedPwork has also been towards the identification of a visco-plastic
constitutive model for the examined material, as presented and
discussed in forthcoming sections.

TaggedPFull-field distribution of horizontal, ax, and vertical, ay, accelera-
tion components are shown in Figs. 11 and 12, respectively. After
the first establishment of the impact, a localized region containing
large ax values is formed at the impacted side of the specimen, on
which acceleration reaches up to 4£106m/s2. To better understand
the temporal variation of acceleration, average ax and ay values have
been plotted in Fig. 13. The spatial averaging in this figure has
been conducted over the entire area of interest. Notice that temporal
variation of ax shows a slight irregularity during the initial 2.75ms
time. This is due to the absence of neighboring information for the
displacement data located at the end-points. As a result, temporal
smoothing of the displacement data within the first and last 2.75ms
(half width of the smoothing span) may not result in the same
level of accuracy as it does on the rest of the data.
at selected times after the impact.

ing test using ultra high speed DIC and the virtual fields method,
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Fig. 10. Temporal evolution of equivalent strain rate average over the 5.7£ 5mm2

area shown in Fig. 6.
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TaggedPAverage ax values are one order of magnitude greater than ay. It is
also evident that ax follows a periodic trend with a period of »10ms.
The 10ms period of oscillation in ax is equivalent to the time of
roughly 3 elastic wave traverses along the width of the copper bar.
Considering the longitudinal wave velocity of the copper specimen
examined in this work (cCuD 3500m/s), the time for one complete
wave reverberation can be calculated as 3.5ms. The reason why
there is no particular deceleration during the wave reverberation
time in this work is that the impactor remains in contact with the
Fig. 11. Distribution of ax over the entire field of view at different times after the im

Please cite this article as: B. Koohbor et al., Analysis of dynamic bend
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TaggedPspecimen over the entire duration of the analysis and thus, the force
exerted by the impactor opposes the resultant force of deceleration.

3.3. Determination of impact force

TaggedPThe impact force can be estimated using the reaction forces mea-
sured by the load-cells placed behind the supports of the three-point
bend fixture, superimposed with the average inertia force developed
inside the dynamically deformed specimen. This idea has previously
been implemented in reconstruction of impact force from the
boundary-measured and inertia loads [3,11,14]. In the specific case
of dynamic bending, the reaction force is measured by two load-cells
inserted behind the supports in the three-point bend fixture (see
Fig. 1). Fig. 14 shows the reaction forces measured by the two load
cells. The total reaction force is determined as the sum of the forces
measured by the load-cells. There is an evidence of <20% difference
between the maximum forces measured by the load-cells, which
might be due to a slight misalignment of the loading tip and/or the
copper bar within the bending fixture. Note that our calculations
are based on the total reaction force, i.e. the sum of force histories
recorded by the two load-cells. Thus, the final results will be unaf-
fected by the slight differences in the reaction forces measured by
the load-cells.

TaggedPIt is observed that the stress wave reaches the load-cells with a
9.2ms delay after the impact. This delay is due to the elapsed time
between the instant at which the impact is first established and the
time when the stress wave reaches the load-cells. It is realized that
the load-cells are not capable of recording the impact load during
this “transient” state, while the deformation of the material has
already started. Therefore, the use of only reaction forces in the anal-
ysis will not assure a realistic characterization of the deformation
response of the material.

TaggedPHowever, the directly-measured reaction forces can be used in
conjunction with inertial loads to facilitate determining the actual
impact force applied on the impacted side of the specimen [11].
Accordingly, one can simply estimate the impact force, F, by super-
imposing the average inertia force with the reaction force measured
pact. The acceleration values are computed from the smoothed displacement.

ing test using ultra high speed DIC and the virtual fields method,
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Fig. 12. Distribution of ay over the entire field of view at different times after the impact. The acceleration values are computed from the smoothed displacement.
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TaggedPat the back-side of the specimen. Average value of inertia force in
x-direction can be evaluated from the average acceleration multi-
plied by mass of the portion of the bar confined between the two
supports (see Fig. 2) [10]. The impact force applied on the impacted
side of the bar is therefore calculated as:

F ffi Fr C 2ctwrð Þax ð6Þ
where Fr is the reaction force measured by the load-cells, and ax
is the average horizontal acceleration of the specimen. Neglecting
the contribution of the specimen ends located away from the
two supports, ax can be evaluated by spatially averaging the
Fig. 13. Temporal variatio

Please cite this article as: B. Koohbor et al., Analysis of dynamic bend
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TaggedPentire population of acceleration data measured on the specimen
surface. Evolution of impact force estimated using the reaction
force and the average inertial force is plotted in Fig. 15. Impact
force increases monotonically during the first 12ms after the
impact. During this time, a large portion of the impact force is con-
sumed in accelerating the specimen, rather than deforming it. After
this period, the total impact force drops due to the reversion of the
stress wave in the bar and the consequent reduction in accelera-
tion. The impact force reaches a local minimum at tD 15ms, and
continues to build up again upon the second reverberation of the
stress wave.
n of (a) ax and (b) ay.

ing test using ultra high speed DIC and the virtual fields method,
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Fig. 14. (a) Temporal variation of reaction force measured by the load-cells. A close-up view of the reaction force history during the record time is shown in (b).
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TaggedPNote that the accuracy of data presented in Fig. 15 over the initial
and final 2.75ms durations is not verified due to the presence of
smoothing error discussed earlier in Section 3.1, therefore the VFM
analysis is conducted over the middle 20ms of the record time.
3.4. Visco-plastic constitutive model parameter identification

TaggedPAn analysis based on the method of virtual fields is performed in
this work to identify the visco-plastic constitutive response of the
copper specimen over the applied ranges of strain and strain rates.
Fig. 15. Variation of bending force in time. t0 and tf denote the extents over which
VFM analysis is conducted.
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TaggedPFor this purpose, the analysis conducted by Pierron et al. [10] is
adopted. The principle of virtual work is expressed as:

¡
Z
V
s : e�dV C

Z
Sf
T:u�dSC

Z
V

f :u�dV D
Z
V

ra:u�dV ð7Þ

where s and e� are stress and virtual strain tensors, respectively. T is
the traction vector acting on Sf. u� denotes the virtual displacement
vector and f represents volumetric force vector, the contribution of
which is neglected in this work. r denotes material density and a is
the acceleration vector. This principle is valid for any kinematically
admissible displacement and strain fields.

TaggedPThe principle of virtual work has been used in conjunction with
full-field measurements to successfully identify constitutive proper-
ties of materials under quasi-static and dynamic loading conditions.
The concurrent application of this principle along with the full-field
measurements is referred to as the virtual fields method (VFM)
within the experimental mechanics’ community [30]. For the
specific case of dynamic three-point bending, Pierron et al. [10,30]
have suggested a virtual field as:

u�
x D

1
2

c2¡y2
� �

u�
y D xy

e�xx D0

e�yy D x

e�xy D0

8>><
>>:

8>><
>>: ð8Þ

over the area of interest shown in Fig. 16. The volume of the
specimen over which the above virtual field is defined includes
the entire portion of the bar confined between the two supports,
neglecting the contribution of the free ends of the specimens
located away from the supports. The assumption is justified by
the negligible movement of the two specimen ends compared
with the amount of deformation applied on the impacted portion
of the bar between the two supports [10]. Note that the virtual
displacement field considered here is a Bernoulli-like bending
displacement with no virtual shear strain. Using the virtual strain
fields detailed in Eq. (8) and considering Eq. (4), virtual equiva-
lent strain can be determined as:

e�eq D
ffiffiffi
2
3

r
x ð9Þ
ing test using ultra high speed DIC and the virtual fields method,
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Fig. 16. Details of the bending virtual field.
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TaggedPAssuming that (1) in-plane surface measurements represent the
deformation response through the thickness of the bar, and (2)
the examined copper is a rigid-plastic material, i.e. contribution of
elastic strains is negligible, the first integral on the left hand-side
of Eq. (7), i.e. internal virtual work term, can be redefined using the
definition of equivalent stress, s, and equivalent virtual strain, e�eq,
as [34]:

¡
Z
V
s : e�dV D¡t

Z
S
se�eqdS ð10Þ

where t denotes thickness of the copper bar. Note that based on the
quasi-static yield strength of the D15X Xexamined material, the elastic
strains are estimated to be less than 0.2%, which can be neglected
compared with the total strains of about 2% applied on the specimen
in this work. To incorporate the effect of rate sensitivity into the
analysis and ultimately identify the visco-plastic constitutive
response of the examined material, a simple rate-dependent consti-
tutive model is considered to incorporate the effect of applied strain
rate on the flow stress of the material as:

sDKen 1CC ln
_e
_e0

	 
� �
ð11Þ

where e is the equivalent strain and _e is the applied equivalent strain
rate. Note that the term Ken denotes the constitutive response of the
material at reference (quasi-static) conditions. Parameters K and n
were determined in this work as 344MPa and 0.078, respectively,
from the quasi-static tension experiments conducted on the same
copper specimen at reference strain rate ( _e0) of 5£ 10¡4 s¡1. Strain
rate sensitivity of the constitutive response is incorporated by intro-
ducing a simple Johnson�Cook type term to the right hand-side of
Eq. (11). The objective here is to identify the model parameter C
from experimental measurements and the VFM analysis.

TaggedPCombining Eqs. (10) and (11), and approximating the surface
integration with a simple spatial averaging [10, 31], the internal
virtual work can be further simplified to:

¡
Z
V
s : e�dV D¡

ffiffiffi
2
3

r
tw2c Ken 1CC ln

_e
_e0

	 
� �	 
S1
" #

ð12Þ

where the overline indicates the spatial averaging over the area S1
shown in Fig. 16. Due to symmetry and that the full-field measure-
ments are conducted on the upper half of the entire surface S,
Eq. (12) has been manipulated to include the measurement points
located only inside the upper half area S1, i.e. (0 < x < w) and
ð0< y< C cÞ.

TaggedPAt the location of impact (yD0), the only nonzero virtual dis-
placement component is u�

x D c2=2, which is multiplied by the impact
Please cite this article as: B. Koohbor et al., Analysis of dynamic bend
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TaggedP(bending) force, F, to simplify the second integral, i.e. external virtual
work, in Eq. (7) as:Z
Sf
T:u�dSD Fc2

2
ð13Þ

TaggedPThe integral term on the right hand-side of Eq. (7) denotes the
virtual work done by the acceleration and is expanded as:

Z
V

ra:u�dV D tr
Z
S

1
2
ax c2¡y2
� �

dxdyC
Z
S

ayxydxdy

2
4

3
5 ð14Þ

which upon simplification yields:Z
V

ra:u�dV D rtwc2

12
8cax

S1 C3way
S1

h i
ð15Þ

TaggedPQuantities ax
S1 and ay

S1 in Eq. (15) indicate the horizontal and
vertical components of the acceleration spatially averaged over S1.

TaggedPAfter further rearrangements, Eq. (7) can be re-stated for the
specific case of central impact as:

FD Fi C Fd ð16aÞ

Fi D rtw
6

8cax
S1 C3way

S1
h i

Fd D
ffiffiffi
8
3

r
tw2

c
Ken 1CC ln

_e
_e0

	 
� �	 
S1
" #

ð16bÞ
TaggedPEq. (16) states that the impact force, F, in a central impact

bending is consumed in accelerating and deforming the specimen.
Inertia and deformation forces are denoted in Eq. (16) by Fi and
Fd, respectively. Note that the deformation force, Fd, is basically a
function of specimen geometry and the local stress data averaged
spatially over the area of interest. Having determined the impact
force along with full-field acceleration, strain and strain rates, the
only unknown in Eq. (16) will remain to be the key model param-
eter C. The procedure followed here to identify the unknown
model parameter C is similar to those documented in [32,33].

TaggedPIn ideal cases � where the selected constitutive model describes
the material response correctly, deformation measurements are
accurate and noise free, and the virtual field is correctly selected �
the difference between the impact force (F) and the sum of deforma-
tion and inertia forces ðFi C FdÞ must be close to zero. In practice,
due to the presence of measurement noise and that the selected con-
stitutive model might not be a perfect one for the examined material
and/or deformation conditions, the idea will be to construct a cost
function, F, and minimize it with respect to the sought constitutive
model parameters [30]. Accordingly, the cost function in this work
is expressed as the summation of the quadratic difference between
F and ðFi C FdÞ as:

F Cð ÞD
Xtf
tD t0

F¡rtw
6

8cax
S1 C3way

S1
h i

¡
ffiffiffi
8
3

r
tw2

c
Ken 1CC ln

_e
_e0

	 
� �	 
S1
" #" #2

ð17Þ

TaggedPLower (t0) and upper (tf) bounds of the summation represent the
times during which the material undergoes plastic deformation.
Note that following the discussion on the invalid acceleration meas-
urements during the initial and final 2.75ms of the record time, t0
and tf are determined as 3ms and 22ms, respectively.

TaggedPEq. (17) indicates thatF is an implicit function of local stress val-
ues, whereas the local stresses depend on the value of C. Therefore,
Eq. (17) is a nonlinear function of the unknown parameter C. Mini-
mization of the cost function, F, is achieved in this work through a
simple iterative solution. The iterative approach uses an initial esti-
mate for C, such that the local stresses can be determined within the
area of interest. The local stresses determined in this way are highly
inhomogeneous due to the strong spatial variability of local strain
ing test using ultra high speed DIC and the virtual fields method,
1016/j.ijimpeng.2016.12.021
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Fig. 17. Variation of normalized cost functionF/Fmin with model parameter C.
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TaggedPand strain rate data. Local stresses are then spatially averaged and
substituted in Eq. (17). Minimization of the cost function F(C) is
then carried out for the values of C ranging from 0 to 1 at increments
of 2.5£ 10¡4. The value of C that minimizes F is taken as the next
estimate. The same process is iterated until the C values obtained
in two successive steps converge. The final model parameter C
obtained after convergence is considered as the strain rate sensitiv-
ity parameter for the examined material.

TaggedPFig. 17 shows the variation of normalized cost function with the
unknown model parameter C obtained after the final convergence
check. As a direct result of measurement noise and the over/under-
fitting of the constitutive model chosen in the present work, the cost
function does not yield a zero value at any C. However, the minimum
value for the cost function is achieved at Copt D8:75£10¡3. The opti-
mal value of C obtained in this work is consistent with the values
reported for annealed OFHC copper in previous studies, see e.g. [35].

TaggedPThe visco-plastic constitutive model identified here can be fur-
ther improved and used as a baseline for more complex parameter
identification algorithms, e.g. finite element model updating [36,37],
to facilitate the acquisition of an elasto-visco-plastic constitutive
response for the examined material. The approach described in this
work can be used in conjunction with more advanced ultra-high
speed cameras with enhanced spatial and temporal resolutions and
longer record times to determine the constitutive parameters at
larger strains, or possibly using more complex constitutive models.
Attempts are currently being made by the authors to implement a
similar approach in the study of dynamic bending using full-field
measurements conducted over 128ms; by performing ultra-high
speed imaging at a rate of 106 fps, a wealth of experimental data can
be obtained. Although the results obtained from such studies might
not give information as detailed as those presented in the current
work, they can still facilitate a more accurate and more realistic
identification of the visco-plastic constitutive law for the material
over a wider range of strains and strain rates.

5. Conclusions

TaggedPA thorough experimental study on the deformation response
of three point bending specimen subjected to dynamic loading
Please cite this article as: B. Koohbor et al., Analysis of dynamic bend
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TaggedPconditions was presented. Ultra high speed imaging in conjunction
with 2D digital image correlation was implemented to analyze full-
field dynamic deformation response of central impacted copper
specimen. Ultra high speed imaging was carried out using a single
HPV-X camera allowing for the acquisition of 128 images after the
impact, with interframe time of 200 ns. The presence and signifi-
cance of bending waves in the dynamically deformed specimen
were evidenced using the full-field acceleration maps, also indicat-
ing a very complex deformation response of the impacted specimen
in a dynamic three-point bend experiment.

TaggedPAcceleration fields obtained from the in-plane displacements
were used to estimate the average inertia force developed in the
dynamically bent copper specimen. Reaction force measured at
the location of the three-point bending supports was used in
conjunction with the average inertia force to reconstruct the
bending force exerted on the impacted side of the bar. The anal-
ysis was further extended by implementing an approach based
on the Virtual Fields Method, aiming at the identification of the
visco-plastic constitutive response of the examined copper speci-
men. Rate-dependent constitutive response of the material was
identified over strain and strain rates ranging from 0 to 0.02,
and 0 to 1800 s¡1, respectively.

TaggedPThe present work extended a previous study on the concurrent
application of ultra-high speed DIC and VFM by providing a detailed
discussion on dynamic material behavior of a bar in an impact bend-
ing experiment. Taking advantage of a more advanced camera, tem-
poral resolution of the measurement was significantly improved,
compared with the original work [10]. Additionally, the challenge
due to the number of images acquired during the record time was
also resolved by the use of a camera with the capability of recording
128 images upon each trigger. The parameter identification process
based on VFMwas also pushed further into the plastic regime, where
strain rate sensitivity of the material was investigated.
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