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A B S T R A C T

The influences of specimen length-to-diameter ratio, material compressibility, and inertia on direct impact
response of high density closed-cell polymeric foam are investigated. High speed photography and
stereovision digital image correlation are conducted to measure the full-field deformation response of
the material subjected to direct impact. Inertia stress developed in the specimen is calculated from the
acceleration distribution obtained from full-field measurements. Total axial stress magnitude along the
axis of the specimen is then reconstructed from inertia and boundary-measured stresses. It is clearly shown
that there is an appreciable degree of spatial variability in strains, strain rates and stresses developed in
the impacted foam specimens, whereas the degree of such axial variability is more significant at higher
length-to-diameter ratios. The study is further extended to take advantage of such spatial variability to
identify the rate sensitivity of the examined material over a wide range of strain rates from 1000 s−1 to
5000 s−1. The approach proposed here is shown to facilitate the identification of viscoplastic constitu-
tive response of low impedance materials using a minimum number of experiments.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Rigid polymeric foams have gained extensive attention in several
engineering applications that require excellent energy absorption
with structural stability and significant weight reduction. Rigid
polymer foams are widely used in applications such as cushion-
ing, impact and crash mitigation, packaging, sandwich structures,
etc., many of which entail high strain rate loading conditions [1].
Therefore, characterization of the mechanical response of foams
under dynamic loading conditions has been an interesting subject
of study for decades [2]. In this regard, several models have so far
been proposed to characterize the phenomenological constitutive
behavior of polymeric foams under large strain and various strain
rate conditions [3–5].

From an experimental perspective, there are major challenges
encountered during the study of deformation response of polymer-
ic foams at high strain rate loading conditions [6]. The first and
probably most important challenge is associated with the delayed
stress equilibrium, which is due to the low mechanical impedance
nature of these materials. There have been several solutions pro-
posed to minimize the effect of such belated equilibrium conditions.

For instance, application of polymeric bars [2,7,8] or hollow me-
tallic transmission bar [9] in the split Hopkinson pressure bar (SHPB)
experiments has been proposed with the purpose of reducing the
impedancemismatch between the specimen and the bars, and hence
to acquire more accurate transmitted signals. However, applica-
tion of viscoelastic bars raises other challenges associated with wave
propagation attenuation and dispersion due to the material rheo-
logical properties and the radial inertia stresses developed in the
bars [10]. Different methods have been proposed and successfully
practiced to correct the strain signals and restore the actual strain
exerted at the interface of the specimen and the bars [11–15]. Pulse
shaping technique has been established to provide an alternative
solution in dynamic testing of low impedance materials. Applica-
tion of pulse shaper has been established to ensure nearly constant
strain rates, as well as the presence of dynamically equilibrated stress
in the specimen [16,17].

A more general solution to minimize the effects of non-
equilibrium stress state in dynamic testing of low impedance
materials is reducing the length of the sample. In general, wave re-
verberation period is significantly reduced in short specimens,
resulting in a faster stress equilibrationwithin the gauge area [18,19].
In this regard, in the case of polymeric foams and similar cellular
structures there is an additional challenge due to the representa-
tive volume element (RVE) size of the specimen, which requires a
minimum number of cells to be present along the specimen length,
in order to capture the continuum scale response of the material
[6,20,21]; therefore limiting the minimum thickness of the tested
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specimen. None of the proposed solutions discussed above are
capable of taking the local deformation, inertia and compressibil-
ity into account from an experimental perspective. Note that there
are numerical simulations available in the literature that accurate-
ly describe the effects due to the aforementioned challenges on low
impedance cellular materials, see e.g. Ref. [6]. However, from an ex-
perimental testing standpoint, there are still certain imitations that
necessitate the development of alternative solutions to compen-
sate for the above-mentioned restriction.

Recent advances in the areas of high speed photography and full-
field measurements have facilitated the study of deformation and
failure of differentmaterials in awide range of time and length scales
by accounting for the local deformation information [22–26]. In this
regard, extensive attention has been drawn toward the application
of virtual fieldsmethod and non-parametric approaches in dynamic
deformation analysis of low impedance materials [27–31]. For in-
stance, a non-parametric approach was proposed by Othman et al.
[29] with which the full-field stress–strain response of low imped-
ance synthetic rubber specimenswas retrieved. This approach isbased
on the direct calculation of local stress magnitude using the inertia
stress computed from acceleration field, and the boundary mea-
sured stress. This non-parametric method was successfully
implemented by the authors of the present work to characterize
dynamic deformation behavior of compressible polymeric foams
under direct impact and at strain rates of up to 2600 s−1 [30,31].

The main objective in this paper is to extend the previous works
further by investigating the concurrent effects of specimen aspect
ratio and the associated inertia effects and compressibility on the
mechanical response of polymeric foams subjected to direct impact
loading. Specimens with two different length-to-diameter ratios are
subjected to direct impact loading using a modified shock tube ap-
paratus. Deformation of the specimen is measured in-situ using high
speed photography and digital image correlation. Using a non-
parametric analysis along with displacement and acceleration fields
acquired from image correlation, local stress–strain curves along
specimen axis are extracted. It is observed that the transient de-
formation state creates a high variability in the local strain rate
response over the length of the specimen. Local stress–strain curves
are extracted at several positions along the specimen axis, each po-
sitionwith a different strain rate history. Attempts aremade to utilize
the entire set of constitutive data to extract useful stress–strain re-
sponses for the material over a wide range of strain rate conditions
using a minimum number of impact tests. This was originally
achieved by Avril et al. [32] to identify elasto-visco-plastic consti-
tutive response using a single test at quasi-static loading conditions.
Accordingly, the present work attempts to investigate the feasibil-
ity of extractingmeaningful rate-dependent constitutivemodels from
a single experiment carried out at very high strain rate condi-
tions. The method is validated by comparing the results obtained
from the proposed approach with those obtained from convention-
al SHPB tests.

2. Experimental procedure

2.1. Material and specimen geometry

The material examined in this work is a rigid closed-cell poly-
urethane foam supplied by Sandia National Laboratories, under the
commercial name TufFoam35. Nominal density of the as-received
stock was measured as 560 kg/m3 (35 pcf). Cellular structure of the
foam is presented in Fig. 1a, indicating average pore dimensions of
150 μm and 120 μm cell-wall thickness. Compressive elastic modulus
of the material was determined as the initial slope of the quasi-
static stress–strain curves averaged from three independent
measurements and found to be (780 ± 20 MPa). Longitudinal wave
speed of the examined foam, cl , was calculated from the initial
density and compressive elastic modulus and found to be 1180 m/s.

Cylindrical specimenswith two different length-to-diameter ratios
are extracted from the as-received billets, the dimensions of which
are shown in Fig. 1b. Specimens are extracted from a single billet
using a CNC waterjet, with a relatively smooth lateral surface finish
and a ± 0.1 mm dimensional variability. For image correlation pur-
poses, a high contrast speckle pattern is applied on the lateral surface
of each specimen. The speckle pattern consists of random black and
white particles applied using conventional airbrush. Average speckle
size is 100 μm.

2.2. Impact loading

A modified shock tube apparatus is utilized to apply controlled
direct impact on the specimens in the present work. Details on the
design features of our shock tube can be found elsewhere [24,30].
The shock tube is schematically shown in Fig. 2a. Driver and driven
sections of the tube are separated by stretched plastic diaphragms,
under the commercial name “Mylar” sheets. The speckled speci-
men is fixed at the muzzle of the tube, inserted on a custom made
load fixture. The specimen is simply supported by the load cell in
one end and free on the projectile side. To keep the specimen intact
with the load cell, a lithium grease is used, which also serves as a
lubricant tominimize the effect of friction. The other end of the spec-
imen along the impactor side is free, but the same lubricant is applied
to reduce the effects of frictional stresses on the impacted end of
the specimen. Further details on the load fixture utilized in this work
can be found in Refs. [30, 31]. The applied dynamic load is mea-
sured on the back side of the specimen using a piezoelectric load-
cell, as shown in Fig. 2b. The load-cell used in this work is 88.8 kN
capacity PCB piezotronics® load-cell with 56 mV/kN sensitivity, de-
signed primarily to measure compressive and impact forces. A
polyimide film tap covering the cap surface of the load-cell reduces
the effect of high frequency ringing associated with metal-to-
metal contact.

To increase the momentum transferred to the specimen and
achieve higher strain rates, a high strength 70 gr aluminum projectile

Fig. 1. (a) Cellular structure of the foam examined in this work. (b) Cylindrical specimens with different initial dimensions used for direct impact experiments.
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is directly shot at the specimen. The velocity of the projectile at the
instant of impact can be manipulated by varying the thickness of
the Mylar diaphragms [31]. Nominal strain rate applied on the spec-
imen in dynamic compression can be calculated as [33]:

�εnom
v
L

=
0

(1)

where v and L0 represent the impactor velocity and initial speci-
men length, respectively. In the present work, to facilitate the study
of the effect of specimen aspect ratio, impactor velocities are se-
lected such that the resulting �εnom will be consistent for both
specimen geometries. Therefore, the impactor velocities selected for
direct impact experiments are 162 m/s and 123 m/s for L0 = 26 mm
(long) and L0 = 19 mm (short) specimens, respectively (see Fig. 1).

2.3. High speed imaging and digital image correlation

High speed stereo imaging in conjunction with 3D digital image
correlation is used to characterize the full-field dynamic deforma-
tion response of specimens. The stereo camera system consists of
two Photron Fastcam SA-X2 cameras each equipped with a 100mm
macro lens. Images of 256 × 152 pixel2 are acquired at a rate of
2 × 105 fps, resulting in inter-frame intervals of 5 μs. The magnifi-
cation factor is approximately 5.26 pixel/mm.

Image acquisition rate is synchronized with the rate of load-cell
data collection through a high speed data acquisition system and
an oscilloscope. High intensitywhite LED lights are employed as the
illumination source. Stereo-camera system is calibrated using stan-
dard calibrationplates prior to the onset of impact experiments.More
details on the experimental setup, stereo camera system features
and the resolution of the measurements can be found in Ref. [31].

Stereo images acquired during the deformation time are ana-
lyzed in the image correlation software Vic-3D (Correlated Solutions,
Inc.). Subset and step sizes of 19 pixel and 1 pixel, respectively, are
used for the correlation process. Full-field strain distribution was
determined using Gaussian strain filtering with a filter size of 13.
Temporal smoothing of the displacement data was conducted using
2nd order polynomial with 10 μs time filters.

3. Data analysis

The local stress as a function of length and time is extracted by
accounting for inertia using Eq. 2, developed from general dynamic
equilibrium equation [31].

σ σ ρ ξ ξ ξ
ξ

ξ
z t t t a t d

z
, , , ,( ) = ( ) + ( ) ( )

=

=

∫0
0

(2)

where z = 0 is the location on which force can be measured, i.e. lo-
cation of the load-cell. ρ ξ, t( ) is local density and a tξ,( ) is axial
acceleration at a given time, t, and given position, ζ.

The integral on the right hand-side of Eq. 2 represents the inertia
stress, which itself is a function of the spatial variations of axial ac-
celeration andmass density. The fundamental idea here is to evaluate
the variation of density and acceleration in time and space, and use
these parameters to determine the distribution of inertia stress in
the material. This inertia stress can then be superimposed with the
boundary measured stress, i.e. σ 0, t( ), to facilitate the calculation
of the total axial stress.

In cases where dynamic stress analysis of incompressible ma-
terials (e.g. metals) is to be studied, mass density will remain constant
and hence can be simply taken out of the integral. However, for the
case of cellular materials, such as the one considered in this work,
the density changes with the applied strain. To compensate for the
change of density, the analytical model shown in Eq. 3 is consid-
ered:

ρ ρ ε υz t z tz
z t, exp , ,( ) = ( )( )[ ] ( )−

0
2 1 (3)

The compressibility model shown in Eq. 3 is proposed based
on the principle of mass conservation and allows for the calcula-
tion of the local mass density, ρ z t,( ), at any given time, t, and
location, z, along the specimen length, as a function of initial density,
ρ0 , local axial compressive strain, εz z t,( ), and local Poisson’s ratio
of the material, υ z t,( ). Details on the derivation of the proposed
model are beyond the scope of this work, but can be found else-
where [31].

Once the acceleration and density at any time and location along
the specimen length are known, the inertia term can be evalu-
ated. The integral term on the right hand-side of Eq. 2 must be
evaluated over the entire area of interest. To estimate this inte-
gral, the cylindrical geometry of the specimen is first sliced into
several thinner sections. The number of these thin sections depends
on the number of measurement points in the length direction, which
itself is a function of subset size and step size used in the image
correlation process. In the present work, short and long speci-
mens are sliced into 80 and 110 thin sections, respectively. The
thickness of each section, s i( ) , is ~0.22 mm (see Fig. 3).

Density and acceleration values within each thin section are cal-
culated by averaging the entire population of measurement points

Fig. 2. (a) Schematic of the shock tube in its entirety, with a magnified view of the load fixture shown in (b).
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inside each section. In this way, a more circumferentially-
homogeneous distribution of each parameter is obtained (see Fig. 4).
Next, the inertia stress integral in Eq. 2 is approximated as:

ρ ρz t a z t dz a sz
z

z L

i i i
i

n

, ,( ) ( ) ≈
=

=
( ) ( ) ( )

=
∫ ∑0

1

(4)

where ρ i( ) and a i( ) represent the average values of density and axial
acceleration in section i. s i( ) is the thickness of section i, as de-
picted in Fig. 3. n denotes the number of thin sections counted from
left (Load-cell) side of Fig. 3 up to the location of interest.

Having obtained the inertia stress as a function of time, the local
total stress value can be determined by superimposing the

boundary-measured stress (measured at the load-cell side) with the
inertia stress evaluated fromEq. 4. Local axial strain canalsobe readily
extracted from the digital image correlation analysis. Note that the
strain rate might vary spatially across the length of the specimen.
Therefore, the local stress–strain responses obtained using the above
procedure represent the localmaterial responseat variable strain rates.

4. Results and discussion

4.1. Dynamic deformation response and stress equilibrium

Fig. 5 shows the deformation sequence for both specimens at dif-
ferent times after the impact. The geometry of specimen after the
impact indicates a mushroom shape formation at the impacted side,
similar to observations made by Wang et al. [34]. Initiating from
the impact side, surface failure followed by crushing are observed
for short and long specimens at t = 55 μs and t = 40 μs, respective-
ly. Therefore, the whole analysis is conducted over the first 55 μs
for the short specimen, and 40 μs for the long specimen. Videos
showing the deformation and failure of the specimens are avail-
able as supplementary materials.

Based on the longitudinal elastic wave speed calculated for the
foam material examined here ( cl =1180m s), the time for a single
stress wave traverse along the specimen axis, i.e. specimen char-
acteristic time, is calculated as 16 μs for the short specimen, and
22 μs for the long specimen. It is well-established that at least three
consecutive stress wave reverberations are required for stress equil-
ibration [35]. Considering the characteristic times calculated for the
specimens in this work, a minimum time of 48 μs will be required
to achieve equilibrium for the short specimen. The equilibrium con-
dition is expected to establish after a 66 μs delay time after the
impact, for the long specimen. Note that the long specimen fails well
before stress equilibration, while failure in short specimen takes place
fewmicroseconds after equilibrium. Interestingly, for both cases the
transient duration is comparable to the entire duration of the test,
indicating that the influence of inertial loading must be carefully
studied during the entire course of deformation. One particular idea
in the current work is to investigate different cases where (1) failure
time is comparable to the stress equilibration time, and (2) failure
takes place before the establishment of quasi-static equilibrium. In
such conditions, obtaining the material’s constitutive response
following conventional methods, based only on boundary mea-
surements, is quite inadequate. This idea was justified by the use
of short and long specimens.

4.2. Full-field strain

To investigate the deformation homogeneity in the specimens,
the first step is looking the full-field strain distributions. Fig. 6 shows

Fig. 3. Cylindrical specimen sliced into a finite number of thinner sections, used to
calculate the inertia stress applied at each point along the specimen axis.

Fig. 4. Typical full-field distribution of axial displacement, (a) as obtained via DIC
and (b) after sectioning and averaging over each thinner section.

Fig. 5. Deformation sequence at different times after the impact for (a) short and (b) long specimens. The reference time (t = 0) denotes the time of first contact.
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full-field axial strain maps obtained from DIC. As shown in Fig. 6
local strains of up to 0.2, mainly in the middle sections, are devel-
oped in both specimens before failure. In addition, strong spatial
gradients in axial strain along the specimen length are observed for
both geometries, whereas the degree of such spatial variability is
lower for the short specimen. To explain these significant strain gra-
dients, looking at the wave propagation on the sample is important.
Note that the applied impact produces two distinct waves: (1) an
elastic wave traveling at a speed of 1180 m/s; (2) a plastic wave
moving at a slower speed. The plastic wave traverses over the length
of the specimen, reducing its velocity to zero while plastically de-
forming the material. The stress developed behind the plastic wave
deforms the material axially and laterally, and forms the mush-
room configuration at the impacted side of the specimen, as shown
earlier in Fig. 5 [36]. Furthermore, the highest strain magnitudes are
also developed at the location of the plastic wave front.

Similar non-uniform distribution of strain was also observed in
the case of radial strain component. Fig. 7 illustrates the variation
of radial strain with time, extracted from five representative loca-
tions along the specimen axis. In both specimens, maximum radial
strains of up to 10% are developed at the impacted side. Minimum
values of radial strains are also indicated to be developed at the load-
cell side. Comparing the two sets of curves shown in Fig. 7b and 7c
clearly indicates that the radial strain is distributed more
inhomogeneously in the long specimen. This can be attributed to

the higher impactor velocity used for the case of long specimen ge-
ometry. Note that as the contact is first established between the
projectile and the specimen, waves (elastic and plastic waves) are
created and travel through the specimen, changing their structure
from uniaxial strain to a structure more closely associated with the
uniaxial stress state [37]. This might be the reason behind the change
of slope of the curves in Fig. 7b and 7c at earlier deformation times
(15 < t < 20 μs) for both specimens. As the waves structure changes
to the uniaxial stress, radial motion will no longer be constrained
and the waves will have radial components as well as the axial ones.
This change in the structure of the waves in the material results in
a radial stress relief with the consequent large deformation of the
material in radial direction. The magnitude of this stress relief rate
is essentially a function of the impact velocity [36]. At higher impact
velocities, the stress release takes place at a faster pace, giving rise
to a faster radial expansion at the impacted side of the specimen,
as observed in Fig. 7c.

4.3. Poisson’s ratio and compressibility

Evaluation of local Poisson’s ratio is essential for calculation of
the material compressibility in this work (see Eq. 3). Local values
of Poisson’s ratio can be estimated using the full-field axial and radial
strain data as:

Fig. 6. Full-field axial strain for (a) short specimen and (b) long specimen.

Fig. 7. Variation of radial strain components extracted from five representative points shown in (a), for (b) short and (c) long specimens.
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where εr and εz are the radial and axial strain components, re-
spectively; and Δt denotes the inter-frame time. Fig. 8 illustrates
the variation of Poisson’s ratio with time, for both specimen
geometries.

The Poisson’s ratio values depicted in Fig. 8 are simply the average
of all local values over load-cell and projectile halves of the spec-
imen. No particular trend is observed in the values determined for
Poisson’s ratios in this work. For both short and long specimens,
the average Poisson’s ratio values are higher over the regions closer
to the impacted side. This observation is consistent with the fact
that both specimens undergo relatively higher radial expansion on
their impacted side. In addition, the υ values obtained for the long
specimen geometry are generally lower than those of the short spec-
imen. It should be emphasized here that the objective of this work
is not to draw any conclusive information on Poisson’s effect and
its possible rate sensitivity for the utilized foam material; rather,
the evolution of Poisson’s ratio under direct impact loading con-
dition is taken into account only with the purpose of facilitating the
calculation of material compressibility using Eq. 3.

Next, change of mass density over the entire area of interest is
calculated using Eq. 3 and based on the average Poisson’s ratios de-
termined earlier. Fig. 9 depicts the variation of normalized density
in time, for the same five locations shown earlier in Fig. 7a. Con-
sidering the density curves in Fig. 9, the following remarks are
highlighted:

1) Local density increase of up to 11% is observed in both
specimens.

2) There is a considerable delay in the rise time of curves ex-
tracted from A1 and A5 in both specimens. The delay times
are approximately 8 μs and 14 μs for short and long speci-
mens, respectively. These delays are due to the elapsed time
for the stress wave to traverse the length of the specimen from
impacted side to the load-cell side. Similar response was also
observed earlier in Fig. 7.

3) Consistent with the full-field strain response, both speci-
mens show appreciable spatial variation in density, whereas
such spatial variability is more prominent in the long spec-
imen. The short specimen shows maximum compressibility
on its mid-length locations (A2 and A3). This is because (i) the
highest axial strains are developed within middle sections of

this specimen (see Fig. 6a); (ii) lower Poisson’s ratios are mea-
sured on the areas closer to the load-cell side of the specimen.

4) Although higher Poisson’s ratio values are obtained over the
projectile side in the long specimen, substantially higher local
densities are determined on its impacted side. This is due to
significantly larger axial plastic strains evidenced previ-
ously in Fig. 6b.

4.4. Strain rate and acceleration

Distributions of temporal derivatives – strain rate and acceler-
ation–aredeterminedover thegaugeareausing theDICdisplacement
and strain data and by applying a central difference scheme:

�ε
ε ε

ij
ij ijt
t t t t

t
( ) = +( ) − −( )Δ Δ

Δ2
(6a)

a t
u t t u t u t t

t
i

i i i( ) = +( ) − ( ) + −( )Δ Δ
Δ
2

2
(6b)

where ui and εij denote the components of the displacement and
strain, respectively. ai and �εij represent acceleration and strain rate,
respectively. Δt is inter-frame time (= 5 μs).

Variation of axial strain rate along the specimen axis has been
plotted in Fig. 10. Distribution of axial strain rate in the short spec-
imen is such that at t < 30 μs, the highest strain rate values are
measured at the impacted side of the specimen. At t > 30 μs, the
highest strain rate regions move toward the middle section of the
specimen. Similar behavior is observed in the long specimen, as well.
This behavior can be attributed to the plastic wave traverse along
the specimen axis. As the plastic wave passes along the specimen
from the impacted side, it reduces its velocity to zero, while plas-
tically deforming the portion of the specimen left behind [36].

It is clearly indicated that at any given time during the defor-
mation stage, there is a substantial variation in local strain rate values
within the gauge area. Up to 4000 s−1 spatial variation in strain rate
is observed in the specimens in this work, whereas such spatial vari-
ation is more prominent in the long specimen. This high variation
in strain rate – along with the strong rate sensitivity of the exam-
ined material – can actually be turned into an advantage, since the
ultimate goal here is to identify a rate-dependent constitutive law
for the examined foam using a minimum number of dynamic ex-
periments. More discussion on this subject can be found in the
following sections.

Fig. 8. Variation of Poisson’s ratio with time extracted from the load-cell half and projectile half shown in (a), for (b) short and (c) long specimens.
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Fig. 11 shows the variation of axial acceleration extracted from
five locations along the specimen axis. Acceleration curves in Fig. 11
show strong length-wise gradients. In both specimen geometries,
the axial acceleration curves show a significant drop during the first
25–30 μs after the impact. The large magnitudes of acceleration cal-
culated in early stages of impact attribute to the development of
significant inertia stresses. After an early rapid increase in the mag-
nitude of inertia stress, the acceleration is expected to be damped
over a time duration that is roughly equal to 3 reverberations of the
elastic stress wave. This is previously studied and confirmed in Ref.
[31], where lower impact velocities were used to deform a similar
material. In the current work, owing to the substantially higher
impact velocities and the resultant applied strain rate, the long spec-
imen fails before acceleration damping. In the short specimen,
although deformation time is longer than that of the long speci-
men, complete damping does not take place and as a result, the
effects of inertia stresses are significant and need to be included in
the full-field stress analysis.

4.5. Inertia stress and full-field axial stress

Having obtained density and acceleration fields, inertia stress dis-
tribution over the entire area of interest can be evaluated for both
specimens using Eqs. 2–4. Fig. 12 illustrates the evolution of inertia
stresses along the axis of each specimen at different times prior to
failure. Axial inertia stress developed in the specimen is clearly in-
dicated to have the highest magnitude at the impacted side at any
given time. In addition, higher values of inertia stress are mea-
sured in the long specimen, due to the higher impact velocity and
the resultant higher axial accelerations.

Variation of total axial stress along the specimen axis is ob-
tained next by superimposing the inertia stress with the boundary
measured stress (see Eq. 2). The true stress value at the boundary,
i.e. load-cell side, is evaluated as the ratio between the reaction force
measured by the load-cell and the instantaneous cross sectional area
of the specimen. The instantaneous cross sectional area was deter-
mined from the 3D digital image correlation measurement of

Fig. 9. Variation of normalized density, ρ ρ0 , in time for (a) short and (b) long specimen, extracted for the representative locations indicated in Fig. 7a ( ρ0 3560= kg m ).

Fig. 10. Variation of axial strain rate along the specimen axis for (a) short and (b) long specimens.
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specimen profile facilitated by transforming the original Cartesian
coordinate system into a polar coordinate system. This approach has
been explained in more details in Ref. [31]. Evolution of true stress
at the load-cell side of the specimens is shown in Fig. 13. Note that
the boundary measured stress is compressive, but has been plotted
in positive values in this figure, for convenience. Both curves in Fig. 13
show progressive increase in stress until failure, and continue to rise
even after the specimens fail. As mentioned earlier, specimen failure
in this work is referred to the observation of visible surface cracks
mostly formed on regions closer to the impacted side of each spec-
imen, followed by total crushing. At the instant of failure, although
the integrity of the specimen is lost, the stress wave can still prop-
agate through the undamaged parts of the specimen. This attributes
to the steady increase of the boundary measured force for at least
40 μs after the failure.

Variation of total, i.e. inertia plus boundarymeasured, axial stress
along the specimen axis is plotted in Fig. 14 for short and long speci-
mens. It should be noted that:

1) Total axial stress values indicate considerable length-wise vari-
ability, the degree of which is higher for the long specimen.

2) Magnitude of the total axial stress is larger at the impact side
of the specimen, for the entire deformation time in the long
specimen, as well as the first 45 μs after the impact in the
short specimen.

3) At t > 45 μs, upon the reversion of the axial acceleration in
the short specimen, the inertia stress changes sign. This was
evidenced earlier in Figs. 11 and 12. The sign change gives
rise to the development of tensile inertia stresses at the im-
pacted side of the specimen, decreasing the magnitude of the
previously developed compressive stresses and consequent-
ly lowering the spatial variation of stress along the specimen
axis. Predominance of tensile inertia stresses over the areas
closer to the impacted side of the specimen is indicated to
promote tensile strain rates at t > 45 μs in the short speci-
men, as depicted earlier in Fig. 10a.

4.6. Identification of inelastic constitutive response

Fig. 15 shows the variation of strain, strain rate and total stress
in time for both specimens. Note that all variables shown in Fig. 15
are compressive, however for convenience they are all plotted as

Fig. 11. Variation of axial acceleration with time for (a) short and (b) long specimens, extracted for the representative locations indicated in Fig. 7a.

Fig. 12. Variation of inertia stress along the specimen axis for (a) short and (b) long specimens.
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positive quantities hereafter. The trends indicated for total stress
are very similar to those observed in Ref. [31]. The only differ-
ences between the present result with those reported earlier are:
(1) quasi-static equilibrium is not achieved before the specimen
failure in this work; thus the stress–time curves do not tend to fully
converge. This is particularly evident in stress–time curves ob-
tained for the long specimen. (2) Due to the temporal filtering of
the displacement data in the present work, no sudden increase is
observed in the stress–time curves extracted from the impacted side;
rather there exists a smoother rise in the value of total stress at earlier
stages of deformation. In cases where no temporal smoothing is
carried out, there will be a more abrupt increase of stress value on
the locations more closely associated with the impacted side of the
specimen [31].

Having obtained the full-field strain, strain rate and stress dis-
tributions in time and over the entire gauge area, local stress–
strain response of thematerial can be extracted at any given location
within the area of interest. Accordingly, the local stress–strain curves
extracted from three locations over the specimen axis are plotted

in Fig. 16 along with their associated strain rate curves. It is clearly
observed that although stress–strain curves can be acquired locally,
no meaningful material response may be inferred from these local
curves. This is because the local curves are not plotted at constant
strain rates; not to mention that the issue becomes more challeng-
ing in the case of long specimen with higher spatial and temporal
strain rate variabilities. High spatial variability of strain also attri-
butes to the peculiar local stress–strain curves plotted in Fig. 16. This
issue seems to be deteriorated for the longer specimen, contain-
ing higher strain inhomogeneity along its axis. Last but not least,
strain and stress states vary in length of the specimen, changing from
uniaxial strain state on the locations closer to the load-cell side to
uniaxial stress state created behind the plastic wave front, over the
locations closer to the impacted side. In this work we are only con-
sidering the axial stress–strain response of the material, regardless
of the contribution of the lateral stresses and/or strains. There-
fore, the discrepancies observed in Fig. 16 were actually not far from
expectation.

To resolve the above-mentioned challenges and provide more
meaningful constitutive information by obtaining stress–strain curves
at constant strain rate conditions, the following mathematical ap-
proach is proposed:

1. Construct a full-grid material data set with known local strain,
strain rate and stress data calculated within the gauge area. Note
that the larger the number of data points in the grid, the more
accurate the final results will be. In this work, the full-grid data
set is constructed by combining the entire collection of stress–
strain–strain rate data acquired for both short and long specimens.

2. Prescribing the target values for strain and strain rate, use a
scattered-data interpolation scheme to estimate the local stress.
In the present work, a triangulation-based cubic interpolation
with C2 continuity is used for this purpose. The interpolation is
performed in the software MATLAB®, using an in-house written
code.

3. Reconstruct stress–strain curves at a constant strain rate by re-
peating step 2.

Following this procedure and using the entire collection of data
points from both specimen geometries, constitutive curve of thema-
terial at constant strain rate of 1000 s−1 is first acquired over a strain
range of 0.05 to 0.125, and set as the reference curve. Due to the
limited strain data obtained within the strain rate range of 2000–
5000 s−1, the curves corresponding to �ε0 11000> −s could not be

Fig. 13. Variation of true stress measured at the boundary for short and long
specimens.

Fig. 14. Variation of total axial stress along the specimen axis for (a) short and (b) long specimens at different times after the impact.
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directly reconstructed over the desired strain range of 0.05 to 0.125.
Therefore, setting the stress–strain curve interpolated for
�ε0 11000= −s as the reference, and taking advantage of a rate de-
pendent constitutivemodel, stress–strain curves at �ε0 11000> −s were
identified for the examined foam. A simple rate-dependent con-
stitutive model proposed by Nagy et al. [38] was considered for this
purpose. The constitutive model suggested by Nagy et al. [38] is ex-
pressed as:

σ ε σ ε ε
ε

ε

( ) = ( )⎛⎝⎜
⎞
⎠⎟

( )

0
0

�
�

m

(7)

where m ε( ) is strain rate sensitivity exponent of the material,
assumed to be strain dependent [38]. The reference stress, σ0 , in
this work is taken to be the flow stress of the material at
�ε0 11000= −s . Strain rate sensitivity of the material m ε( ) is deter-
mined using the reference curve (i.e. constitutive curve at
�ε0 11000= −s ) and used to reconstruct stress–strain curves at
�ε0 11000> −s .

Fig. 17a shows the variation of normalized stress vs. normal-
ized strain rate at different strain magnitudes. The slope of the best
linear fit for each curve is determined as the strain rate sensitivi-
ty. It is clearly observed thatm values calculated in the strain range

Fig. 15. Variation of total stress, strain and strain rate with time for (a) short and (b) long specimens extracted from the representative points indicated in Fig. 7a.

Fig. 16. Local stress–strain curves in (a) short and (b) long specimens, extracted for the representative locations indicated in Fig. 7a.
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of 1000 s−1 to 5000 s−1 indicate strong strain dependence. Fig. 17b
illustrates the variation of m as a function of applied strain, with
its best fitting curve. The trends observed for the strain-dependence
of m are similar to those previously documented in Ref. [38], con-
firming that the strain rate sensitivity increases at larger strains.

Fig. 18a illustrates the reconstructed flow curves at constant strain
rates in the range of 1000 s−1 to 5000 s−1, confirming the more sig-
nificant influence of strain rate on the constitutive response of the
material at higher strain values. Note that the spatial and tempo-
ral variation of material density is already incorporated into the
analysis from the beginning, by utilizing a compressibility model
described earlier in Eq.3.

To further investigate the effect of strain rate on the constitu-
tive behavior of the examined foam, stress values determined from
the analytical approach are plotted as a function of strain rate in
Fig. 18b. Fig. 18b allows for a consistent comparison of strain rate
effect on the stress response well beyond the elastic deformation
regime and prior to failure. The trend observed in Fig. 18b indi-
cates that beyond 1000 s−1, the foam exhibits a rapid increase in rate
sensitivity. This observation is very similar to the previously docu-
mented data on various polymeric foam specimens [39,40] and

attributes to the critical strain rate hypothesis proposed for cellu-
lar structures [41].

Finally, in order to validate the results obtained from this work,
a comparison was made between the stress–strain response of the
examined foammeasured from conventional SHPB testing and the
results acquired in this work. For this purpose, a conventional SHPB
apparatus with details provided in Ref. [42] was employed. Smaller
cubic specimens of 14 × 14 × 14 mm3 were used in SHPB experi-
ments to enforce more uniform deformation. Typical stress–strain
and strain rate response obtained from SHPB experiments on the
specimen is shown in Fig. 19a. Note that the strain rate applied on
the specimen in the SHPB experiment shows more temporal uni-
formity before failure. The average strain rate applied on the
specimen over a strain range of 0.05–0.125 is determined as 1500
s−1 in the SHPB experiment. Using this average strain rate along with
the results of the proposed analytical approach, the constitutive re-
sponse of the material was predicted. Fig. 19b compares the
constitutive response obtained from experimental SHPB and the
model prediction. Note that the results obtained from the ap-
proach proposed in this work predict the non-linear stress–strain
curve of the examined foam with >90 % accuracy.

Fig. 17. Variations of (a) normalized stress vs. normalized strain rate at various strain magnitudes, and (b) strain rate sensitivity exponent, m, with strain over a range of
0 05 0 125. .< <ε and 1000 5000 1< < −�ε s .

Fig. 18. (a) Stress–strain curves plotted for quasi-static and dynamic conditions. (b) Variation of stress with applied strain rate at a constant strain of 0.125.
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Last but not least, the approach described in this work can be
considered as a novel methodology for extracting a large collec-
tion of data from a minimum number of experiments. This method
of analysis does not depend on any specific specimen geometry, nor
does it require the use of any pulse shaping mechanism, since the
effect of inertia loading is already embedded in the analysis. Clearly,
this was the first attempt to demonstrate the feasibility of the ap-
plication of the procedure detailed in this work. There are indeed
several factors that can improve the results of the proposed ap-
proach. The most important factor is the application of more
advanced cameras with enhanced temporal and spatial resolu-
tions which allow for the acquisition of a larger number of higher
resolution images at significantly shorter interframe times.

The parameter identification method presented in this work is
still in its early phases, and certainly needs more improvement. One
specific aspect which in our opinion can significantly improve the
quality of the results of such approach is the use of more ad-
vanced mathematical tools to identify the trends hidden within the
scattered data obtained from the non-parametric analysis. Simple
scattered data interpolation was employed for this purpose in the
present work. Attempts are currently being made to take advan-
tage of more powerful mathematical tools, particularly neural
networks [43], to further improve the results obtained from similar
experiments.

5. Conclusions

A recently proposed non-parametric analysis was conducted to
study the influence of specimen length-to-diameter ratio on con-
stitutive response of polymeric foams under direct impact. The study
was facilitated by the use of high speed stereovision photography
in conjunction with 3D digital image correlation. Full-field stress
distribution in the specimen was reconstructed by superimposing
the boundary-measured stress with the calculated inertia stresses.
Results obtained in this work clearly indicate that the effects of inertia
are more significant in specimens with higher length-to-diameter
ratios; however, taking advantage of the utilized non-parametric
analysis, consistent constitutive behaviors can be obtained regard-
less of the specimen aspect ratio. One particular remark highlighted
in the current study was that the approach implemented here fa-
cilitates the accurate characterization of the impact response of low
impedance cellular polymers in conditions where stress equilibra-
tion does not take place before failure. Results obtained for the long
specimen in this work are typical of such conditions, i.e. where the
specimen failure occurs well before the establishment of quasi-
static equilibrium.

Additionally, it was confirmed that the low impedance charac-
teristic of the foam specimens can give rise to appreciable spatial
variability in strain, strain rate and stress. In particular, temporal
and spatial variations of strain rate elevate the complexities en-
countered in analyzing the constitutive response of the material.
Spatial and temporal variabilities of strain rate were turned into an
advantage, by conducting an analytical approach to identify the rate-
dependent constitutive response of the material. It was finally
proposed that the method implemented in the present research can
facilitate the identification of the viscoplastic constitutive laws over
a wide range of strain rates, using minimum number of experi-
mental testings.
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