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a b s t r a c t

We evaluate the performance of the Optimal Transportation Meshfree (OTM) method of Li et al. [21],
suitably extended to account for seizing contact and fracture, in applications involving terminal ballistics.
The evaluation takes the form of a conventional Verification and Validation (V&V) analysis. In support of
the validation analysis, we have conducted tests concerned with the normal impact of Aluminum alloy
6061-T6 thin plates by S2 tool steel spherical projectile over a range of plate thicknesses of [0.8 mm,
1.6 mm] and a range of impact velocities of [100, 400]m/s. The tests were conducted at Caltech’s GALCIT
gas-gun Plate-Impact Facility. We find excellent agreement between measured and computed perfora-
tion areas and a ballistic limits over the thickness and velocity ranges considered. Our verification
analysis consists of model-on-model comparisons and an assessment of the convergence of the OTM
method. Specifically, we find excellent agreement between the incident vs. residual velocities predicted
by the OTM method and by the power-law relation of Recht and Ipson [36]. We also find robust linear
convergence of the OTM method as measured in terms of residual velocity error vs. number of nodes.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction or blending regions; difficulties in defining numerical integration
Ballistic penetration of metallic armor supplies an exacting
validation and verification test that probes the very limits of
predictability of any numerical scheme (cf., e.g., [1,2,5,6,19,51] for
reviews). Thus, the ballistic penetration of ductile targets involves
large unconstrained plastic flows, contact and friction, fracture and
fragmentation and complex material behavior. A number of strat-
egies have been devised with a view to meeting these challenges,
including: Eulerian formulations [6,28e30]; particle methods such
as smooth particle hydrodynamics (SPH) [16,23,24,31,39,45,50];
the material-point method [40,42,49]; Lagrangian formulations
with continuous adaptive remeshing [10,27,47]; arbitrary-
Lagrangian-Eulerian (ALE) and related formulations [11]; element
erosion [9,13e15,37,43,44]; meshfree methods [21]; and others.
Many appealing features notwithstanding, some of these methods
still suffer from a variety of shortcomings, including: the intro-
duction of large numerical diffusion errors; large discretization
errors at fluidesolid interfaces; the need for background meshes;
difficulties in maintaining monotonicity, positivity and in tracking
state variables; lack of strict conservation properties; spurious
modes and tensile instabilities; mesh entanglement; the need to
remesh or rezone arbitrary three-dimensional domains; variable
mass matrices; the remapping of state variables; ad-hoc transition
All rights reserved.
rules and satisfying essential boundary conditions; unknown
convergence and stability properties; and others.

A methodwith the potential to overcome these difficulties is the
Optimal-Transportation MeshFree (OTM) method of Li et al. [21].
The OTM method combines: i) optimal transportation concepts
such as the Wasserstein distance between successive mass densi-
ties in order to discretize the action integral in time; ii) Maximum-
entropy (max-ent) meshfree interpolation [3] from a nodal-point
set in order to avoid mesh entanglement and the need for contin-
uous remeshing in simulations of unconstrained flows; and iii)
material-point sampling in order to track the local state of material
points and carry out complex constitutive updates. The optimal
transportation approach to time discretization leads to
geometrically-exact updates of the local volumes and mass densi-
ties, thus bypassing the need for solving a costly Poisson equation
for the pressure and entirely eliminating the mass conservation
errors that afflict Eulerian formulations. In addition, by adopting
a discrete Hamilton principle based on a time-discrete action fur-
nished by optimal transportation, the discrete trajectories have
exact conservation properties including symplecticity, linear and
angularmomentum. The total energy can also be exactly conserved,
subject to solvability constraints, if time is taken as an independent
generalized coordinate and the successive time steps are computed
so as to render the action stationary [17]. Max-ent interpolation [3]
offers the advantage of being mesh-free and entirely defin-
edeessentially explicitlyeby the current nodal-set positions. In
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addition, max-ent interpolation satisfies a Kronecker-delta prop-
erty at the boundary, which greatly facilitates the enforcement of
essential boundary conditions, and has good accuracy, convergence
and monotonicity conditions that render it well-suited to applica-
tions involving shocks. In [3] the authors developed an efficient
solver for the max-ent shape functions based on a standard dual
analysis. Typically, an average of 4 NewtoneRaphson iterations is
required to calculate the shape function and their derivatives.

In this work, we evaluate the performance of the OTM method
in applications involving terminal ballistics. To this end, we extend
then scope of the method to account for contact and fracture, as
required in simulations of ballistics. A convenient feature of OTM,
which is common to other material point methods [41], is that
seizing contact is accounted for automatically, essentially for free,
by simply allowing nodal points from different bodies to belong to
the local neighborhoods of material points. The ensuing cancelation
of linear momentum then automatically accounts for dynamic
contact interactions of the seizing type. Dynamic contact may be
efficiently detected by fast orthogonal range query algorithms such
as kd-tree and cell search algorithms. In comparison to the penalty
method, Lagrangian multipliers or other meshfree contact algo-
rithms [22], the OTM method provides an efficient alternative for
simulating complex contact events during ballistic impacts. A final
component of the material model concerns the simulation of
fracture and fragmentation. Specifically, we simulate fracture by
a variational material-point failure scheme known as eigenfracture
[37]. In this scheme, the energy-release rate attendant to the failure
of a material point is estimated by a local energy-averaging
procedure, and material points are failed when the attendant
energy-release rate exceeds the specific fracture energy of the
material. Unlike other element or material-point erosion schemes,
which fail to converge or converge to the wrong limit, the eigen-
fracture scheme is known to properly converge to Griffith fracture
in the limit of vanishingly small mesh sizes [37]. In particular, the
local neighborhood averaging of the energy which underlies the
calculation of the effective energy-release has the effect of elimi-
nating spurious mesh-dependencies. Because the calculation of the
effective energy-release rate at a material point is carried out
within a local neighborhood of the point and it requires no explicit
representation of the crack, cf. [8,35], the implementation of the
material-point failure scheme is straightforward.

In order to validate the OTM method, we have conducted tests
concerned with the normal impact of Aluminum alloy 6061-T6 thin
plates by S2 tool steel spherical projectile over a range of plate
thicknesses and impact velocities. The tests were conducted at
Caltech’s GALCIT gas-gun Plate-Impact Facility. In all cases, the
projectile remains relatively undeformed and easily perforates the
plate by the conventional mechanism of plugging. The experiments
are simulated using the OTM method, engineering models of
thermoviscoplasticity, and assumptions of adiabatic heating and of
a fixed fraction of plastic work converted to heat. The performance
measures used for validation are the perforation area and the
ballistic limit. The fidelity of the OTM model is assessed by direct
comparison of the predicted and measured performance measures.
Because the system under consideration is highly overmatched,
both the perforation area and the ballistic limit are highly repro-
ducible and exhibit low scatter. In addition, the choice of perfor-
mance measures effectively probes all aspects of the model,
including thermoviscoplasticity and fracture, over a broad range of
operating conditions. These features render the experimental setup
well suited and attractive for purposes of model validation. We
have also verified the OTM model by means of a conventional
convergence analysis. We specifically determine the convergence
rate of the residual velocity as a function of mesh size. Conve-
niently, residual velocity errors effectively convolve all modeling
and numerical errors, including those resulting from spatial and
time discretization, which confers the residual velocity value as
a convergence indicator. Based on this verification and validation
analysis, we find that the OTM-based model results in robust
convergence and high-fidelity predictions of ballistic performance.

2. Experimental setup

The validation experiments that provide the basis for this work
are concerned with the normal impact of Aluminum alloy 6061-T6
thin plates by S2 tool steel spherical projectile over a range of plate
thicknesses and impact velocities. All the tests were conducted at
Caltech’s GALCIT gas-gun Plate-Impact Facility. A general view of
the gas gun and launch package used in the tests is shown in Fig. 1.
A total number of 64 in-house ballistics experiments were con-
ducted specifically for purposes of validation the OTM method in
terminal ballistic applications. In all the experiments, the projectile
with diameter 7.9 mm was glued on to a light-weight styrofoam
sabot and propelled by a gas gun. The gas gun was filled with
helium with the pressure at the desired value of 20e80 psi,
depending on the required velocity in the range. The target plates
with four different nominal thicknesses, 0.8 mm, 1.0 mm, 1.27 mm
and 1.6 mm, was positioned at the end of the barrel and attached to
the 25.4 mm wide steel frame. The two vertical edges of the plate
were simply supported and the other two edges (top and bottom)
were clamped to the steel frame, which results in
a 101.6 � 101.6 mm2 target area. Near the impact end of the barrel,
light emitting diodes were placed in two orifices on the periphery
of the barrel and two fast-response photo detectors are placed in
orifices diametrically opposite to the diodes. When the projectile
passes through these orifices it generates a ramp pulse whose
duration is recorded using a high-speed WaveSurfer 24� oscillo-
scope (LeCroy, Chestnut Ridge, NY), which has a bandwidth of
200 MHz and a sampling rate of 2.5 Giga samples per second. The
projectile velocity was then calculated from the time of travel of the
projectile across the two detectors. The resulting projectile velocity
was verified by calculating the pulse duration corresponding to the
projectile crossing a single detector. The velocity of the projectile is
calibrated against gas pressure and can be controlled within
a maximum error of 5 m/s. The impact velocities achieved in the
tests were in the range of 100e400 m/s. The perforation area was
measured using high-precision gage pins and verified using
a surface profile scanning technique. The surface profile scanning
technique employs a ConoScan 3000 (Optimet, North Andover, MA)
which uses a conoscopic holography technology and has a precision
of 10 mm over a scan area of up to 120 � 120 mm2. A typical 3D
surface conoscopic profile is shown in Fig. 2.

Typical perforation profiles at impact velocities just above the
ballistic limit are additionally shown in Fig. 3. For impact velocities
well above the ballistic limit, such as considered in the present
validation analysis, perforation takes place by the plugging mech-
anism, Fig. 2. Plugging is result of the localization of adiabatic
shearing to a narrow ring of material in the plate, followed by the
propagation of a shear crack through the thickness of the plate. By
contrast, at impact velocities just above the ballistic limit, the
plugging mechanism competes with petalling. Indeed, the forma-
tion of roughly equispaced petals around the rim of the perforation
is clearly visible in Fig. 3.

The ballistic limit Vbl (H), measured as a function of plate
thickness H, is well-approximated by an empirical power-law
relation of the form

VblðHÞ ¼ H0

�
H
D

�s

; (1)



Fig. 1. General view of Caltech’s GALCIT gas-gun Plate-Impact Facility.
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whereas the observed dependence perforation area A (V, H) on
impact velocity V and thickness H is ostensibly obeys the power-
law relation

AðV ;HÞ ¼
8<:

0; if V < Vbl;

K
�
H
D

�p� V
Vbl

�m

; otherwise;
(2)

where D is the diameter of projectile. A least-squares fit of the
coefficients and exponents in these relations to the test data is
Fig. 2. A typical 3D conoscopic surface profile in an aluminum plate perforat
tabulated in Table 1. The low values of the exponents p and m are
indicative of a low sensitivity of the perforation area to the plate
thickness and impact velocity, respectively.
3. The Optimal Transportation Meshfree (OTM) method and
extensions to contact and fracture

In this section we summarize the algorithmic aspects of the
Optimal Transportation Meshfree (OTM) method as employed in
ed by a spherical steel striker at velocities well above the ballistic limit.



Fig. 3. Typical perforation area profiles in aluminum plates produced by spherical steel strikers at velocities just above the ballistic limit.
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the verification and validation calculations presented in the sequel.
A full account of the theoretical foundations of the method and
a number of convergence tests may be found in [21]. In addition to
transporting mass efficiently, a terminal ballistics solver must
account for complex contact, fracture and fragmentation
phenomena. A convenient feature of OTM, which is common to
other material point methods [41] is that seizing contact is
accounted for automatically, essentially for free, by simply allowing
nodal points from different bodies to belong to the local neigh-
borhoods of material points. The ensuing cancelation of linear
momentum then automatically accounts for dynamic contact
interactions of the seizing type. A final component of the material
model concerns the simulation of fracture and fragmentation.
Specifically, we simulate fracture by a variational material-point
failure scheme known as eigenfracture [37]. In this scheme, the
energy-release rate attendant to the failure of a material point is
estimated by a local energy-averaging procedure, and material
points are failed when the attendant energy-release rate exceeds
the specific fracture energy of the material. The eigenfracture
scheme is known to properly converge to Griffith fracture in the
limit of vanishingly small mesh sizes [37]. These extensions of the
OTM method are briefly summarized in this Section for
completeness.
Table 1
Empirical model constants.

H0(m/s) S K (mm2) p m

218.89 0.25 59.12 0.13 0.056
3.1. The Optimal Transportation Meshfree (OTM) method

The aim of the OTMmethod is to approximate a flow at discrete
times t0, t1,.,tk, tkþ1,.To this end, we consider the semi-discrete
action sum
Sdð41;.;4N�1Þ ¼
XN�1

k¼0

(
1
2
d2W ðrk; rkþ1Þ
ðtkþ1 � tkÞ2

� 1
2
½Uð4kÞ þ Uð4kþ1Þ�

)
�ðtkþ1 � tkÞ

(3)

where 4k : B3Rn/Rn is the deformation mapping at time tk, rk is
the corresponding mass density at time tk,

Uð4Þ ¼
Z
B

f ðV4Þdx (4)

is the free energy of the solid, f (74) is the local free-energy density
per unit volume, and

d2W ðra; rbÞ ¼ inf
T :B/B

ra ¼ rbdetðVTÞ

Z
jTðxÞ � xj2raðxÞdx (5)

is the Wasserstein distance between two mass densities ra and rb
over B. For simplicity of exposition, we describe the OTM method
within the framework of nonlinear elasticity. Extensions to general
materials, including materials exhibiting thermoviscoplastic
behavior, are straightforward with the aid of variational



Fig. 4. Spatial discretization scheme used in the OTM method. The figure describes one step of the application of the method between times tk and tkþ1. The open circles represent
the nodal points and the red circles the material points. Bk and Bkþ1 are the configurations of the body at times tk and tkþ1, respectively, and 4k/kþ1 is the corresponding incremental
deformation mapping. Np,k is the local neighborhood of material point xp,k that supports the local max-ent mesh-free interpolation. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)
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constitutive updates [33]. The term 1=2d2W ðrk; rkþ1Þðtkþ1 � tkÞ in
Eq. (3) supplies a measure of the inertial action between times tk
and tkþ1. We also note that in writing Eq. (3) we have restricted
attention to elastic behavior and unforced systems for simplicity.
Extensions accounting for forcing, e.g., in the form of body forces,
boundary tractions, and extensions to inelasticity may be found in
[21].

In order to render the governing equations fully discrete, we
proceed to introduce a spatial discretization of the action Eq. (3), cf.
Fig. 4. To this end, we begin by approximating mass densities by
point masses, namely,

rh;kðxÞ ¼
XM
p¼1

mpd
�
x� xp;k

�
; (6)

where xp,k represents the position at time tk of a material point of
constant mass mp and d (x � xp,k) is the Dirac-delta distribution
centered at xp,k, Fig. 4. Li et al. [21] have shown that the constancy of
the material point masses mp is indeed equivalent to the weak
satisfaction of the continuity equation. To complete the spatial
discretization, we approximate the incremental deformation
mapping as

4h;k/kþ1ðxÞ ¼
XN
a¼1

xa;kþ1Na;kðxÞ; (7)

where {xa,kþ1,a¼ 1,.,N} is an array of nodal coordinates at time tkþ1
and Na,k (x) are conforming shape functions defined over the
configuration at time tk. All local state data is storedeand consti-
tutive calculations are performedeat an evolvingmaterial point set.
As their name indicates, material points designate fix material
points of the body and, therefore, are convected by the deforma-
tion. Material points also carry a fixed volume and mass and serve
the purpose of integration points for the calculation of the effective
nodal forces and masses.

In calculations, we specifically use max-ent shape functions [3]
computed from the array {xa,k,a ¼ 1,.,N} of nodal coordinates at
time tk. Since max-ent shape functions are strongly localized, the
interpolation at a material point xp,k depends solely on the nodes
contained in a small local neighborhood N p;k of the material point,
Fig. 4. The collection of these local neighborhoods may be regarded
as a dynamical connectivity table. In calculations, the local neigh-
borhoods are continuously updated using range searches [7] to
account for the relative motion betweenmaterial points and nodes,
and the max-ent shape functions are recalculated at every time
step, which effectively results in a dynamic or on-the-fly recon-
nection of nodes and material points. Conveniently, the resulting
reconnection between material points and nodes leaves the
material points invariant, thus entirely eliminating the need for
state-variable remapping.

Inserting these approximations into Eq. (3) we obtain the fully-
discrete action

Sh
�
4h;1;.;4h;N�1

� ¼
XN�1

k¼0

XM
p¼1

(
mp

2
jxp;kþ1 � xp;kj2
ðtkþ1 � tkÞ2

� 1
2

h
mpf

�
V4h;k

�
xp;k

��
þmpf

�
�
V4h;kþ1

�
xp;kþ1

��i)
ðtkþ1 � tkÞ;

(8)

where we again consider the unforced elastic case for simplicity.
The discrete trajectories now follow from the discrete Hamilton’s
principle

dSh ¼ 0 (9)

of stationary action.
The algorithm resulting from the preceding scheme is listed in

Algorithm 1. We see from Fig. 4 that the OTM scheme can be solved
forward explicitly. This forward solution has the usual structure of
explicit time-integration and updated-Lagrangian schemes. In
particular, all the finite kinematics of the motion, including the
mass density and volume updates, are geometrically exact. In
addition, the continuous reconstruction of the local material-point
neighborhoods and shape functions has the effect of automatically



Fig. 5. The material point erosion algorithm. Material points are failed according to
a provably-convergent critical energy-release rate criterion [37], resulting in the
nucleation and propagation of cracks (green line). (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)

Algorithm 1: OTM time step

Require: Initial and final times for time step, tk, tkþ1.
Require: Initial nodal coordinates, xk ¼ {xa,k,a ¼ 1,.,N}.
Require: Initial material-point coordinates, {xp,k,p ¼ 1,.,M}.
Require: Initial shape functions ffNa;kðxp;kÞ; a˛N p;kg; p ¼ 1;.;Mg.
Require: Ibid gradients ffVNa;kðxp;kÞ; a˛N p;kg; p ¼ 1;.;Mg.
Require: Initial deformation gradients, {Fp,k, p ¼ 1,.,M}.
Require: Initial material state at all material points.
1: Compute mass matrix Mk, nodal forces fk, accelerations ak ¼ M�1

k fk .
2: Update nodal coordinates: xkþ1 ¼ xk þ (tkþ1 � tk) (vk þ 1/2
(tkþ1 � tk�1) ak).
3: Update nodal velocities: vkþ1 ¼ (xkþ1 � xk)/(tkþ1 � tk).
4: Update material-point coordinates: xp,kþ1 ¼ 4k/kþ1 (xp,k), p ¼ 1,.,M.
5: Update deformation gradients: Fp,kþ1 ¼ 74k/kþ1 (xp,k) Fp,k, p ¼ 1,.,M.
6: Effect constitutive updates at material points.
7: Update local material-point neighborhoods N p;kþ1, p ¼ 1,.,M.
8: Compute shape functions fNa;kþ1ðxp;kþ1Þ; a˛N p;kþ1g, p ¼ 1,.,M.
9: Ibid gradients fVNa;kþ1ðxp;kþ1Þ; a˛N p;kþ1g, p ¼ 1,.,M.
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reconnecting the material points and the nodal set, at no cost of
remapping the local states carried by the material points. This
property of the method is particularly convenient for inelastic
materials whose local material state often includes additional
internal variable information.

3.2. Seizing-contact algorithm

A particularly convenient feature of OTM, which is common to
other material-point based methods [4], is that seizing contact is
automatically accounted for. This is so because of the cancelation of
linear momentum that naturally occurs when colliding nodes come
within the local neighborhoods of material points. Thus, the linear
momentum of node a follows as [21].

la;k ¼
XM
p¼1

mp
xp;k � xp;k�1

tk � tk�1
Na;k

�
xp;k

�
: (10)

This nodal linear momentum represents an average the
momenta of the material points within a certain neighborhood
N a;k of node a. Additionally suppose that the mass matrix Mk in
Algorithm 1 is a lumped mass matrix and that we set the nodal
velocities to vk ¼ M�1

k lk. Then, the nodal velocities themselves
represent local mass averages of velocities of the material points,
which automatically enforces contact conditions between colliding
bodies. We note that Eq. (10) averages all components of velocity,
which, in particular, results in vanishing normal and tangential
relative velocities between bodies in contact. This type of seiz-
ingdor infinite coefficient of frictiondcontact may be reasonably
expected to arise in terminal ballistics as a result of local adiabatic
heating and mixing at contact surfaces, and is adopted in all the
calculations presented in this work.

3.3. The variational material-point failure algorithm

Finally, we briefly outline the material-point failure scheme
used to simulate fracture and fragmentation phenomena in
terminal ballistics calculations. Within the context of OTM calcu-
lations, fracture can be modeled simply by failing material points
according to an energy-release criterion. When the material points
are failed, they are neglected from the computation of stresses in
the model, which approximates the presence of cracks. Following
Ortiz et al. [32] and Fraternali et al. [37] we compute the energy-
release rate attendant to the failure of material point p as
Gp;kþ1 ¼ Cε
mp;kþ1

X
xq;kþ1˛Bεðxp;kþ1Þ

mqfk
�
Fq;kþ1

�
; (11)

where B
ε
(xp,kþ1) is the ball of radius ε centered at xp,kþ1, or

ε-neighborhood of the material point, cf. Fig. 5,

mp;kþ1 ¼
X

xq;kþ1˛Bεðxp;kþ1Þ
mq (12)

is the mass of the ε-neighborhood and C is a normalizing constant.
The averaging radius ε defines a length scale intermediate

between the discretization size and the macroscopic size of the
bodies. The material point is failed when

Gp;kþ1 � Gc; (13)

where Gc is a critical energy-release rate that measures the
material-specific energy required to create a fracture surface of unit
area. For linear elasticity, Fraternali et al. [37] have shown that
criterion Eqs. (11) and (13) result in approximations that converge
to Griffith fracture in the limit of an infinitely fine discretization.
4. Verification and validation results

In this section, we present the results of a verification and
validation analysis of the OTM method described in the foregoing.
We verify the OTMmodel by means of a conventional convergence
analysis. We specifically determine the convergence rate of the
residual velocity as a function of mesh size. The validate the OTM
model by direct comparison of two predicted and measured
performance measures: the ballistic limit and the perforation area.
4.1. Constitutive model

In all calculations, the materials for the target and projectile are
described by means of J2-viscoplasticity models with power-law
hardening, rate-sensitivity and thermal softening (cf., e.g.,
[10,47]). Specifically, the rate-sensitivity law is assumed to be of the
form:



Table 2
Mechanical constants.

Material r (kg/m3) E (GPa) n sy (MPa) ε
p
0 n _ε

p
0 m

Al6061-T6 2700 69 0.33 276 0.001 13.5 1000 11.5
S2 tool steel 12,695 193 0.3 2000 0.001 22 1 340

Table 3
Thermal constants.

Material c (J/kgK) T0 (K) Tm (K) l b

Al6061-T6 896 298 853 0.5 0.9
S2 Tool steel 477 298 1777 1.17 0.9
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_εp ¼ _ε
p
0

�
s� scðεp; TÞ

s0

�m

(14)

where ε
p is the Mises effective plastic strain, s is a Mises effective

stress, T is the absolute temperature, _εp0 is a reference effective
plastic-strain rate, s0 is a reference stress and m is the rate-
sensitivity exponent. The critical stress for plastic yielding is
assumed of the form

scðεp; TÞ ¼ YðTÞ
�
1þ

�
ε
p

ε
p
0

�1=n	
(15)

where Y (T) is the yield stress, εp0 is a reference effective plastic
strain, and n is the hardening exponent. Finally, the yield stress is
assumed of the form

YðTÞ ¼ sy

�
1� T � T0

Tm � T0

�l

(16)

where sy is the yield stress at reference absolute temperature, T0
and Tm is the reference and melting temperature respectively, and l
is the thermal softening exponent. The elastic response is assumed
to be quadratic in the elastic logarithmic strains, with isotropic
elastic coefficients depending linearly on temperature and van-
ishing at the melting temperature. The equation of state, which
governs the volumetric response of the material, is assumed to be
of the MieeGruneisen type. Under ballistic impact conditions, the
temperature increase experienced by the projectile/target may be
significant, which necessitates the concurrent solution of the
mechanical and thermal field equations. In this paper we assume
adiabatic heating, with heat generated due to plastic work only.
Fig. 6. a) Geometry of computational model and boundary conditions. b) Examples of do
Specifically, we compute the rate of heating per unit undeformed
volume as

S ¼ b _W
p

(17)

where b is the TayloreQuinney coefficient and _W
p
is the plastic

power per unit deformed volume. The effect of the rate of adiabatic
heating on ballistic performance has been investigated in [47].
Higher-fidelity models of adiabatic heating accounting for its
dependence on deformation, deformation rate and temperature are
available [12,38,48], but such enhancements are beyond the scope
of the present work. The material parameters have been chosen
according to the related literature [47] and collected in Table 2 and
Table 3. The rate sensitivity behavior of Al6061-T6 at high strain
rate above 103 s�1 is described by Yadav et al [46].

4.2. Numerical simulations

The geometry and boundary conditions employed in the
calculations are schematically shown in Fig. 6a. These solid model
and boundary conditions exactly match the configurational setup.
A typical discretization of the domain of analysis is shown in Fig. 6b.
Asmay be seen from the figure, the node andmaterial point density
is higher in the region of impactdand is decreased away from
itdin order to provide the highest possible resolution of the
perforation process with a minimum of degrees of freedom. The
mechanical and thermal computations are staggered assuming
constant temperature during the mechanical step and constant
heat generation during the thermal step. Following Lemonds and
Needleman [20], a mechanical step is taken first based on the
current distribution of temperatures, and the heat generation is
computed from Eq. (17) and the discrete thermal equations. The
resulting temperatures are then used in the mechanical step and
main discretizations with nodes and material points used in the OTM calculations.



Fig. 7. Penetration of 0.8 mm aluminum plate at impact velocity 106 m/s.
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incorporated into the thermal softening model Eq. (16) and the
MieeGruneisen equation of state, which completes one time-
stepping cycle.

All calculations have been carried out in the Shared Heteroge-
neous Cluster (SHC) of Caltech’s Center for Advanced Computing
Research (CACR). The SHC configuration consists of 229 AMD dual
processor nodes with an Infiniband connection. A speed-up is ob-
tained by taking advantage of parallelization using PThreads. In our
three-dimensional runs, the target and projectile discretization
include on the order of 5 � 104 material points and required on the
order of 3 h or CPU time using 8 threads.

Typical sample calculations at low velocity below the ballistic
limit and high velocity above the ballistic limit are shown in Figs. 7
and 8. Specifically, the low-velocity case concerns a 0.8 mm thick
Al6061-T6 aluminum plate and an impact velocity of 106 m/s,
whereas the high-velocity case concerns a 1.6 mm thick Al6061-T6
aluminum plate and an impact velocity 370m/s. In the low velocity
calculation, the initial plastic activity is confined to a circular region
bounded by a circular hinge, reminiscent of the conventional the
quasistatic puncturing collapse mode in ideally-plastic plates [25].
At later times, the plastic activity becomes localized around the
boundary of the area of contact, Fig. 7e, which is suggestive of an
incipient plugging mode of perforation. However, the projectile
comes to rest before the plugging mode can develop fully and
perforation is averted. Fig. 7f shows the experimentally observed
final deformed configuration of the plate by way of comparison.
The good overall agreement between the predicted and observed
configurations, Figs. 7e and Figs. 7f, respectively, is noteworthy.

At the higher impact velocity, Fig. 8, the pluggingmode becomes
fully established, leading to perforation of the plate, Fig. 8e. In this
mode of perforation, the plastic activity becomes highly localized to
a circular shear band through the combined effects of adiabatic
heating and thermal softening, eventually resulting in a shear crack
that propagates through the thickness and perforates the plate. The
computed peak temperature rise in the through-thickness shear
zone is of the order of 500 K, which illustrates the need for a careful
accounting of thermal effects in the simulations. Fig. 8f shows the
experimentally observed perforated configuration of the plate by
way of comparison. Again, the good overall agreement between the
predicted and observed configurations, Figs. 8e and f, respectively,



Fig. 8. Perforation of 1.6 mm thick aluminum plate at impact velocity 370 m/s.

B. Li et al. / International Journal of Impact Engineering 42 (2012) 25e36 33
is noteworthy. In all cases, it is also noteworthy how the OTM
calculations are capable of tracking large plastic deformations,
contact, temperatures and fracture in a particularly robust and
predictive manner.

4.3. Verification analysis

A firstdand often illuminatingdform of model verification may
be derived from theoretical considerations, e.g., verification of
conservation laws, or be based on model-on-model comparisons.
Recht and Ipson [36] proposed a power-law relation between
incident and residual velocity of the form

vr ¼ a
�
v
p
i � v

p
bl

�1=p
(18)

where vr denotes the residual velocity, vi the incident velocity, vbl is
the ballistic-limit velocity and a and p are empirical constants. From
conservation laws and analytical considerations, Recht and Ipson
further obtained the values p ¼ 2 and

a ¼ mp

mp þmpl
; (19)
where mp is the projectile mass and mpl is the plug mass. In all
tests under consideration, the projectile mass is mp ¼ 3.324 g.
From the OTM calculations, the plug mass is found to exhibit
a small variation around an average value of mpl ¼ 0.164 g for
plates of thickness 1.27 mm. From these values we calculate
a ¼ 0.953. Finally, the OTM calculations give a ballistic limit
vbl ¼ 130 m/s for plates of the same thickness. Fig. 9 shows
a comparison of the incident vs. residual velocity relation pre-
dicted by the OTM calculations and by the model of Recht and
Ipson [36]. As may be seen from the figure, the agreement
between the two models is quite remarkable.

A typical convergence plot for the case of a plate thickness of
1.6 mm and an impact velocity of 300 m/s is shown in Fig. 10a.
Convergence is defined in terms of the residual velocity error and
the number of nodes N in the model. Fig. 10b shows sample dis-
cretizations used in the analysis. In general, the OTM calculations
are found to overpredict the residual velocity vr, which converges
asymptotically from above to a limiting value vN. The convergence
plot exhibits a well-defined asymptotic regime represented by the
solid line inset in Fig. 10a. The asymptotic regime is determined by
assuming a scaling of the form vr � vN ¼ CNa and determining the
parameters vN, C and a by means of a least-square fit to the results
of the OTM calculations. The limiting residual velocity determined



Fig. 9. Comparison of the residual velocity vr vs. incident velocity vi predicted by the
model of Recht and Ipson [36] and computed from the OTM calculations. The results
correspond to the case of Al6061-T6 aluminum plates of thickness 1.27 mm.

Fig. 10. a) Convergence plot of the residual velocity for 1.6 mm plates at an impact
velocity of 300 m/s. b) Sample discretizations (nodes) used in the convergence
analysis.
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in this manner, vN ¼ 236 m/s, is in good agreement with the value
of the 239 m/s computed from the model of Recht and Ipson, [36].
The computed rate of convergence, ae�1.19, is indicative of the
linear convergence of the residual velocity. Robust, low-order
convergence is expecteddand indeed desirabledin problems
involving complex material behavior, including large-deformation
coupled thermoviscoplasticity, localized dissipation and failure.
The particularly robust asymptotic convergence exhibited by the
OTM method, in terms of a convergence indicator such as the
residual velocity that effectively convolves all sources of error in the
model, is noteworthy.
Fig. 11. Ballistic limit as a function of plate thickness in the range [0.8 mm, 1.6 mm].
4.4. Validation analysis

Finally, we present direct comparisons between predictions of
the OTM method and experimental observations by way of vali-
dation. Specifically, we choose the perforation area and the ballistic
limit as performance measures for purposes of validation. Valida-
tion comparisons are carried out over the thickness range of
[0.8 mm,1.6 mm] and velocity range of [100 m/s, 400 m/s]. Because
the projectile/target system under consideration is highly over-
matched, both the perforation area and the ballistic limit are highly
reproducible and exhibit low scatter, which greatly facilitates
comparisons between observations and calculations. In addition,
the perforation area and the ballistic limit effectively probe all
aspects of the model, including thermoviscoplasticity and fracture,
over a broad range of operating conditions, from low to high impact
velocity.

Fig. 11 compares the ballistic limit observed experimentally and
a linear least-square fit of the ballistic limit predicted by the OTM
method as a function of plate thickness. As may be seen from the
figure, the agreement between the OTM predictions and experi-
ment is excellent. Fig. 12 shows a comparison between the
conventional impact velocity vs. perforation area ballistic curve
predicted by the OTM method and experimentally measured for



Fig. 12. Perforation area vs. velocity for aluminum plates impacted by steel spherical
projectile.
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two plate thicknesses of 1.27 mm and 1 mm. The curve show the
familiar ‘cliff’ form, with an initial range of no-perforation up to the
ballistic limit, followed by a sharp upturndthe cliffdand a plateau
within which the perforation area exhibits small variation. Again,
the agreement between the predictions of the OTMmethod and the
experimental observations, both as regards the location of the
ballistic limit, the steep rise and the subsequent plateau, is
excellent.

5. Summary and concluding remarks

We have evaluated the performance of the Optimal Trans-
portation Meshfree (OTM) method of Li et al. [21], suitably
extended to account for seizing contact and fracture, in applications
involving terminal ballistics. The evaluation takes the form of
a conventional Verification and Validation (V&V) analysis. In
support of the validation analysis, we have conducted tests
concerned with the normal impact of Aluminum alloy 6061-T6 thin
plates by S2 tool steel spherical projectile over a range of plate
thicknesses and impact velocities. The tests were conducted at
Caltech’s GALCIT gas-gun Plate-Impact Facility. In all cases, perfo-
ration takes place by plugging. We find excellent agreement
between measured and computed perforation areas and a ballistic
limits over a thickness range of [0.8mm,1.6mm] and velocity range
of [100 m/s, 400 m/s]. Our verification analysis consists of model-
on-model comparisons and an assessment of the convergence of
the OTM method. Specifically, we find excellent agreement
between the incident vs. residual velocities predicted by the OTM
method and by the power-law relation of Recht and Ipson [36]. We
also find robust linear convergence of the OTM method as
measured in terms of residual velocity error vs. number of nodes.
The study demonstrates the ability of the OTM method to reliable
predict ballistic performance in configurations involving complex
material behavior, including large plastic deformations, thermo-
mechanical coupling and fracture.

Whereas the validation measures considered in the study,
namely, the ballistic limit and perforation area, provide integral
performance measures that convolve all sources of approximation
and error in themodel, a detailed analysis of each of such sources in
turn is also of considerable value. Of particular concern is the
accuracy and fidelity of the eigenfracture scheme in complex situ-
ations involving brittle and ductile fracture. Schmidt et al. [37] have
supplied rigorous proofs of convergence of the eigenfracture
scheme to Griffith fracture in the particular case of linear elastic
fracture mechanics. Schmidt et al. [37] also present numerical
verification examples, also within the framework of linear elastic
fracture mechanics. However, as employed here, the eigenfracture
scheme of material point failure is applied under much more
general conditions of deformation, inelastic behavior, rate of
deformation and temperature. Additional numerical verification
examples that probe the performance of the eigenfracture scheme
under such conditions are presented in [34]. Overall, the eigen-
fracture scheme is found to supply a robust and reliable approach to
fracture that is free of the convergence problems that afflict
conventional erosion methods.

The validation analysis presented in this paper relies on
a direct comparison between predicted and measured perfor-
mance measures and on an expert opinion regarding the goodness
of the comparison. A more quantitative methodology for assessing
the fidelity of a model is provided by methods of Uncertainty
Quantification (UQ). These methods supply quantitative measures,
e.g., in the form of a confidence factor, evaluated through
a combination of simulation and experiment, of the probability
that a system will perform within a certain prespecified operating
range. Uncertainty Quantification indirectly assesses the fidelity
and accuracy of models, since inaccurate and unphysical models
are likely to result in low-confidence predictions, even over
regimes when the system is strongly expected to perform safely. A
UQ analysis of the experimental configuration considered in this
paper based on the OTM method and on concentration-of-
measure probability inequalities [26] may be found in [18]. The
analysis again shows that OTM simulations lead to high-
confidence predictions of lethality over a broad range of thick-
nesses and impact velocities.
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